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Určit obsah S obrazce pod grafem spojité funkce na intervalu 〈a, b〉
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Primitivńı funkce a jej́ı vlastnosti

5 / 17

Funkce F je primitivńı k funkci f na intervalu 〈a, b〉, je-li na tomto intervalu spojitá a pro
každé x ∈ (a, b) plat́ı
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Alternativńı názvy: Funkce F je neurčitý integrál z funkce f .
Funkce F je antiderivace k funkci f .
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∫

(

f(x) + g(x)
)

dx =

∫

f(x)dx+

∫

g(x)dx.
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6 / 17
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[

F
(

ϕ(t)
)]′

=
d

dt
F
(

ϕ(t)
)

= f
(

ϕ(t)
)

ϕ′(t)



Substitučńı metoda
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2. Výpočet integrálu
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Substitučńı metoda

7 / 17
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Substitučńı metoda

7 / 17
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Derivace součinu funkćı:

(

u(x)v(x)
)′

= u′(x)v(x) + u(x)v′(x),

odtud
u(x)v′(x) =

(

u(x)v(x)
)′ − u′(x)v(x),



Integrace
”
per partes“

8 / 17

Derivace součinu funkćı:
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Př́ıklady

9 / 17

∫

x2
√
x

x5
dx =

∫

x2+ 1

2
−5dx =

∫

x− 5

2 dx =
x− 3

2

− 3
2

= − 2
3

1√
x3

∫
(

7ex − 6

x

)

dx
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Př́ıklady

9 / 17

∫

x2
√
x

x5
dx =

∫

x2+ 1

2
−5dx =

∫

x− 5

2 dx =
x− 3

2

− 3
2

= − 2
3

1√
x3

∫
(

7ex − 6

x

)

dx = 7ex − 6 ln |x|= 7ex − lnx6

∫

(cotg x)2 dx =

∫

(cosx

sin x

)2

dx =

∫

1− (sinx)2

(sinx)2
dx =

∫
(

1

(sinx)2
− 1

)

dx =

= − cotg x− x
∫

x2

√
1− x2

dx =

∫

1 + x2 − 1√
1− x2

dx =

∫

1√
1− x2

dx−
∫

√

1− x2dx =

= − arccosx− 1
2x

√
1− x2 + 1

2 arccosx= − 1
2

(

arccosx+ x
√
1− x2

)

∫

3e−xdx = −3e−x

∫

(3x− 7)14dx = 1
3

(3x− 7)15

15
=

(3x− 7)15

45
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Př́ıklady

9 / 17

∫

e
√
xdx = 2

∫

tetdt

u = t u′ = 1
v′ = et v = et
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Př́ıklady: Vypoč́ıtejte obsah parabolické úseče, která má výšku v a délku základny
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Př́ıklady: Vypoč́ıtejte obsah elipsy s poloosami a a b.



Obsah obrazce

12 / 17

y

x

b

a

Obrazec ohraničený osou x, př́ımkami x = a, x = b (a < b) a grafem spojité
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Křivka je grafem spojité funkce na intervalu 〈a, b〉.



Délka rovinné ǩrivky
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13 / 17
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f(x) =
√
r2 − x2, f ′(x) =

−x√
r2 − x2

, (f ′(x))2 =
x2

r2 − x2

ℓ = 4

r
∫

0

√

1 +
x2

r2 − x2
dx = 4

r
∫

0

r√
r2 − x2

dx = 4r2

π

2
∫

0

cos s

r
√

1− (sin s)2
ds =

= 4r

π

2
∫

0

ds = 4r π
2 = 2πr

substituce: x = r sin s, dx = r cos s ds
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Objem tělesa (exhaustivńı metoda)
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14 / 17
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14 / 17

V =

b
∫

a

S(x)dx
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V = π

a+h
∫

a

(

̺2 − x2
)

dx = π
(

̺2
[

x
]a+h

a
−
[

1
3x

3
]a+h

a

)

=

= π
(

̺2h− 1
3 (3a

2h+ 3ah2 + h3)
)
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Objem tělesa (exhaustivńı metoda)
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Integrál na neomezeném intervalu

16 / 17
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pokud obě limity existuj́ı a jsou vlastńı.
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Bod b se nazývá singularita funkce f .
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Př́ıklady:

1
∫

0

1√
1− x2

dx



Integrál z neohraničené funkce
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