
F (x, y) = x · ex2+y2 . ∂F
∂x

∂F
∂y

∂2F
∂x2

∂2F
∂x∂y

∂2F
∂y∂x

∂2F
∂y2

∂
(

x·ex
2
+y2

)

∂x
= exp (x2 + y2) + 2x2 exp (x2 + y2) = exp (x2 + y2) (1 + 2x2)

∂
(

x·ex
2
+y2

)

∂y
= 2xy exp (x2 + y2)

∂2
(

x·ex
2
+y2

)

∂x2 = 4x exp (x2 + y2)+(1 + 2x2) 2x exp (x2 + y2) = exp (x2 + y2) (4x+ 2x+ 4x3) =
exp (x2 + y2) (6x+ 4x3) = 2x (3 + 2x2) exp (x2 + y2)

∂2
(

x·ex
2+y2

)

∂x∂y
= 2y (1 + 2x2) exp (x2 + y2)

∂2(x·e2+y2)
∂y∂x

= 2y exp (x2 + y2) + 4x2y exp (x2 + y2) = 2y exp (x2 + y2) (1 + 2x2)

∂2
(

x·ex
2
+y2

)

∂y2
= 2x exp (x2 + y2) + 4xy2 exp (x2 + y2) = 2x exp (x2 + y2) (1 + y2)

dω = A(x, y)dx + B(x, y)dy
dω F (x, y) dω = dF

a)
∂A

∂y
=

∂B

∂x
, b)



dω = 0,

dF =
∂F

∂x
dx +

∂F

∂y
dy = A(x, y)dx+ B(x, y)dy

∂

∂x

∂F

∂y
=

∂

∂y

∂F

∂x
=

∂B(x, y)

∂x
=

∂A(x, y)

∂y

A(x, y) =
∂F

∂x
,B(x, y) =

∂F

∂y



V

dω =



∂V

ω





C

dF =



C



dx
∂F

∂x
+ dy

∂F

∂y



=



S (∂S=C )

d



dx
∂F

∂x
+ dy

∂F

∂y



=



S (∂S=C )

d(dF ) = 0,



dω =

 s1

s0


∂F

∂x
(x(s), y(s))

dx

ds
ds +

∂F

∂y
(x(s), y(s))

dy

ds
ds



=

 s1

s0

dF

ds
ds = F (x(s1), y(s1))− F (x(s0), y(s0)) = 0.

dω1 = (x2 − y) dx + x dy. dω2 = dω1/x
2


dω (1, 1) (2, 2) (1, 1) →

(1, 2) → (2, 2) (1, 1) → (2, 1) → (2, 2)

udx y x
x2

− 1
x2



C

dω1 =



C1

dω1 +



C2

dω1

x = 1, y = t, t ∈ [1, 2]

x = t, y = 2, t ∈ [1, 2]



C1

dω1 =

 2

1

dt = 1



dx = 0



C2

dω1 =

 2

1

dt

t2 − 2


=


t3

3
− 2t

2

1

= −2

3



C

dω1 =
1

3
10
3

dω1/x
2

dω = p dV + V dp F
ω


dω (V1, p1) a (V2, p2)

(V1, p1) → (V1, p2) → (V2, p2) (V1, p1) → (V2, p1) → (V2, p2)

ω

∂F

∂V
= p

F = pv + g(p)

V

∂F

∂p
= V = V +

dg(p)

dp

g(p) g(p)
F

F (p, V ) = pV +

−V1p1+V2p2

dQ = c dT +R T
V
dV


dω (V1, T1)

(V2, T2) (V1, T1) → (V1, T2) → (V2, T2) (V1, T1) → (V2, T1) → (V2, T2)
f(V, T ) dQ f dQ
S dS = f dQ.c R

R
V

RT2 ln
V2

V1
+ c (T2 − T1) RT1 ln

V2

V1
+ c (T2 − T1)



p1 p2

p1

p2

f(T, V )

∂(f (T, V )c)

∂V
=

∂

f(T, V )RT

V̄



∂T

c
∂f

∂V
= R

T

V

∂f

∂T
+ fR

V

cV
∂f

∂V
= RT

∂f

∂T
+ fR

f

f(T, V ) = g(T ) · h(V )

V · g(T ) · h(V )

cV
1

h(V )

∂h(V )

∂V
= RT

1

g(T )

∂g(T )

∂T
+ R

V T

cV
1

h(V )

∂h(V )

∂V
=

c ln(h(V )) = · ln(V )

h(V )

h(V ) = V c .



RT
1

g(T )

∂g(T )

∂T
+ R =

1

g(T )

∂g(T )

∂T
=

k

R
− 1

ln(g(T )) =



R
− 1



ln(T )

g(T ) = T R
−1

f(T, V ) = g(T ) · h(V )

f(T, V ) = V c · T R
−1

= 0

f(V, T ) =
1

T

x, y z f(x, y, z) = 0


∂x

∂y



z

=


∂y

∂x

−1

z

∂x

∂y



z

= −

∂x

∂z



y


∂z

∂y



x


∂x

∂y



z

=


∂x

∂y



w

+


∂x

∂w



y


∂w

∂y



z

w w =
w(x, y, z)

x y z

df

dx
=


∂f

∂x



y,z

+


∂y

∂x



z


∂f

∂y



x,z

= 0

df

dy
=


∂f

∂y



x,z

+


∂x

∂y



z


∂f

∂x



y,z

= 0



f


∂y

∂x



z

= −

∂f

∂x



y,z


∂f

∂y



x,z

,


∂x

∂y



z

= −


∂f

∂y



x,z

∂f

∂x



y,z


∂y

∂x



z

·

∂x

∂y



z

=


∂f

∂x



y,z


∂f

∂y



x,z

·


∂f

∂y



x,z

∂f

∂x



y,z

= 1


∂y

∂x



z

= −

∂f

∂x



y,z


∂f

∂y



x,z

z


∂y

∂x



z

= −

∂z
∂x



y


∂f

∂z



y,z


∂z
∂y



x


∂f

∂z



x,z

= −

∂z
∂x



y


∂z
∂y



x

= −

∂z

∂x



y


∂y

∂z



x

(x, y, z) →
(u, v, w)


∂y

∂x



z

=


∂y

∂u



v,w


∂u

∂x



y,z

+


∂y

∂v



u,w


∂v

∂x



y,z

+


∂y

∂w



u,v


∂w

∂x



y,z

z → w 
∂y

∂x



z

=


∂y

∂x



y,w

+


∂y

∂w



pV = NkT p, V T N k


∂p

∂V



T

=


∂V

∂p

−1

T


∂p

∂T



V

=


∂T

∂p

−1

V

∂p

∂V



T

= −

∂p

∂T



V


∂T

∂V



p




∂T

∂V



p

= −

∂T

∂p



V


∂p

∂V



T


∂p

∂V



T

= −NkT

V 2
= − p

V
,


∂V

∂p

−1

T

=



−NkT

p2

−1

=



−V

p

−1

= − p

V

∂p

∂T



V

=
Nk

V
=

p

T
,


∂T

∂p

−1

V

=


V

Nk

−1

=


T

p

−1

=
p

T

∂p

∂V



T

= −NkT

V 2
= − p

V
,−


∂p

∂T



V


∂T

∂V



p

= − p

T

p

Nk
= − p

T
· T
V

= − p

V

∂T

∂V



p

=
T

V
,−


∂T

∂p



V


∂p

∂V



T

=
T

p



− p

V



= −T

V

pV = NkT

pV = n1RT

p = ρkT

µ

p = nkT

p, V, T N n k
k = 1, 38 · 10−23 m2 kg s−2 K−1 R

R = 8, 31 J mol−1 K−1 n1 ρ µ
k R n


NA = 6.022 · 1023 mol−1



[k] =
[p][V ]

[N ][T ]
=

kg ·m−1 · s−2 ·m3

K
= kg ·m2 · s−2

[R] =
[p][V ]

[n1] [T ]
=

kg ·m−1 · s−2 ·m3

mol ·K = kg ·m2 · s−2 ·mol−1

n m−3

pV = N
NA

NA

kT



NAk = R N/NA = n

pV = nRT

µ

pV = N
µ

µ
kT

Nµ N

p =
m

V

1

µ
kT

p =
ρ

µ
kT

N/V = n

p = nkT

20◦C

W =

 V2

V1

dV p(T ) =

 V2(p2)

V1(p1)

dV
nRT

V
= nR ln(V )|V2(p2)

V1(p1)
=

nRT ln
V2 (p2)

V1 (p1)
= nRT ln

nRT
p2

nRT
p1

= nRT ln
p1
p2

≈ 8.31 · 293.15 · ln(10)J ≈ 5.6 kJ

(κ = 1, 63)

pV κ =



p0V
K
0 = p1V

K
1

V1 = κ


p0
p1
V0 =

1.63
√
40 · 61 ≈ 571

p0V0 = nRT0 → n =
p0V0

RT0

p1V1 = nRT1 → T1 =
p1V1

nR
= p1V1

p0V0
T0 =

p1V1

p0V0
T0 =

p1
p0

κ


p0
p1
T0 =


p0
p1

 1

κ
−1

T0 ≈
40

1

1.63 − 1 · 350 K = 84.11 K

p0V0 = p1V1

V1 =
p0
p1
V0 = 40 · 61 = 2401

p1, V1 p2, V2

pV K = = p1V
K
1 = p2V

K
2

W =

 V2

V1

dV p =

 V2

V1

dV
p1V

κ
1

V κ
= p1V

κ
1

V 1−κ

1− κ






V2

V1

=
p1V

κ
1

1− κ


V 1−κ
2 − V 1−κ

1



=
p1V1

1− κ


V2

V1

1−κ

− 1



V pV

W1 = p2 (V2 − V1)



W1 = p1 (V2 − V1) .

pV = nRT

pV κ =

p


RT

p

κ

= p1−κRκT κ = p1−κT κ =

(1− κ)p−κRκT κdp = p1−κRκκT κ−1 dT = 0

(1− κ)dp+
pκ

T
dT = 0

dv

dt
+ (v ·∇)v = −∇p

ρ
− g

∇p = −ρg

dp = −ρg dh



−ρg
κ− 1

κ

dh

p
=

dT

T
=

1

T

dT

dh
dh

p =
ρ

µ
kT

dT

dh
= −µg

k

κ− 1

κ

g = 9.81 m · s−2, µ = 29mH κ = 1.4

dT

dh
≈ 10 K · km−1

k1 = 96.5% CO2

k2 = 3.5% N2 t =
464◦C p0 = 9.1MPa

M = 4.87 · 1024 kg R = 6052 km
ρ0 gv

V = 50 m3 m = 100 kg
t1
t2

Mm (CO2) = 44.0 · 10−3 kg · mol−1,Mm (N2) =
28.0 · 10−3 kg ·mol−1

p =
ρkBT

µ

µ

µ =
k1Mm1

+ k2Mm2

NA

= 7.21× 10−24 kg

ρ =
µp

kBT
= 64.518 kg ·m−3

ag =
GM

R2
= 8.87 m · s−2



ρ V g ≥ mg = (m +m ) g =
m

V
+

µp

kBT

T ≥ Tatm

1− mkBTatm.

V µp

= 760.73 K

∂p

∂h
= −ρg

∂p

∂h
= − pµ

kBT
g

p(h) = p0 exp



− µ

kBT
h



ρ(h) =
µp0
kBT

exp



− µ

kBT
h



= 64.063 kg ·m−3

p =
ρ

µ
kBT =

ρ

µ
kBTatm

ρ = ρ
T

T

T2 ≥
T

1− m
V ρ0

exp


µ

kBT
h
 = 762 K

p = p(V, T ) δQ



dE = δQ− p dV δQ

δQ = dE + p dV

δQ =


∂E

∂T



V

dT +


∂E

∂V



T

+ p



dV

∂

∂V


∂E

∂T



V

=
∂

∂T


∂E

∂V



T

+


∂p

∂T



V


∂p

∂T



V

= 0

Lx ×
Ly × Lz

E =

2

2m
π2


n2
x

L2
x

+
n2
y

L2
y

+
n2
y

L2
y



Lx = Ly = Lz = L

E (L, nx, ny, nz)

nx, ny, nz

E(L+ dx, L, L) = E(L, L, L)− 
2π2

mL3
n2
x dx

dE = −
2π2

mL3
n2
x dx



dE = −F · dr

Fx =

2π2n2

x

mL3

p = F/S

p =

2π2n2

x

mL5

px =


2π2n2

x

mL5



=

2π2

mL5


n2
x



E = 
2π2

mL3


n2
x


+

n2
y


+

n2
z


=

p
2L3

.

f(p, V, T ) = 0

α = p · β · κ

α := 1
V


∂V
∂T



p

β := 1
p


∂p

∂T



V
κ := − 1

V


∂V
∂p



T

p · β · κ = p · 1
p


∂p

∂T



V



− 1

V


∂V

∂p



T



= − 1

V


∂p

∂T



V


∂V

∂p



T

=
1

V


∂V

∂T



p

= α

p = f(V ) · T

∂E
∂V



T
= 0


∂E
∂p



T
= 0

δQ/T

δQ

T
=

1

T


∂E

∂T



V

dT +
1

T


∂E

∂V



T

+ p



dV



dS =
dE

T
+

p

T
dV

dE

dE =


∂E

∂T



V

dT +


∂E

∂V



T

dV

dS =
1

T


∂E

∂T



T

dT +
1

T


∂E

∂V



T

+ p



dV

dS


∂

∂V


1

T


∂E

∂T



V



T

=


∂

∂T


1

T


∂E

∂V



T

+ p



V

1

T


∂

∂V


∂E

∂T



T



V

= − 1

T 2


∂E

∂V



T

+ p



+
1

T


∂

∂T


∂E

∂V



V



T

+


∂P

∂T



V



.

T 2


∂E

∂V



T

+ p = T


∂P

∂T



V


∂E

∂V



T

= Tf(V )− f(V )T = 0


∂E

∂p



T

=


∂E

∂V



T


∂V

∂p



T

= 0


∂p

∂V



ad


∂p

∂V



T

f(p, V, T ) = 0


∂p

∂V



ad

=


∂p

∂V



T

cp
cV



T

∂P

∂V



S

=


∂P

∂V



T

+


∂P

∂T



V


∂T

∂V



S

δQ = dE + p dV

cp cV
dE

δQ =


∂E

∂T



T

dT +


∂E

∂V



T

+ p



dV

dV =


∂V

∂T



p

dT +


∂V

∂p



T

dp

dp = 0

cV =


δQ

∂T



V

δQ

δQ = cV dT +


∂E

∂V



T

+ p


∂V

∂T



p

dT =



cV + T


∂P

∂T



V


∂V

∂T



p



dT

cp =


δQ

∂T



p

= cV + T


∂P

∂T



V


∂V

∂T



p

δQ = 0

0 = dE + p dV

dE

0 = T


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∂T



V
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
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

V

dV + cV


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
∂T

∂V



S

= − T

cV


∂p

∂T



V


∂T

∂V



S

= −cp − cV
cV


∂T

∂V


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
∂P
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

S
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T
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
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
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
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
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S

=


∂P
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∂V



T

=



1 +
cp − cV

cV


∂P
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cp
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
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dS =
cV
T

dT +
nR

V
dV


∂S

∂T



V

=
cV
T

S(V, T ) = cV ln(T ) + C(V )


∂S

∂V



T

=


∂C(V )

∂V



T

=
nR

V

C(V ) = nR ln(V ) +

S(T, V ) = cV ln(T ) + nR ln(V ) +

pV κ = κ = cp/cV
κ

cV = 3
2
R

S(T, V ) = cV ln(T ) + nR ln(V ) + =

ln(T ) + ln


V
nR
cV



= ln


TV
nR
cV



=

TV
nR
cV =

pV

nR
V

nR
cV =

nR

pV
1+nR

cV =



pV
1+

cp−cV
cV = pV

cp

cV = pV K =

pV = f(T )
f(T )

p = f(T )/V

∂E
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

T

+ p = T


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V
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= T



∂ f(T )
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
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T

V


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V

f(T ) = · T
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3
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∂T



V

E = V u(T )
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1

3
u(T ) = T

1

3
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∂T
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cV
T
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cV =


∂E

∂T



V

= 4V T 3

dS

dS = 4V T 2 dT +
4

3
T 3 dV

S(T, V ) =
8

3
V T 3 + 2.

S(T, V ) =

V · T 3 = konst

M ϕ

dE = δQ+M dϕ.

cM
cϕ 

∂M
∂ϕ



a


∂M
∂ϕ



dW = F · dr = −F · (r× dϕ),

F ϕ dϕ
dW = −(F × r) · dϕ

εijk dW

−F · (r× dϕ) = −Fi · (εijk · rj · dϕk) = −εkij · Fi · rj · dϕk = −(F× r) · dϕ = M · dϕ



r

dϕ

Fdr

M = −F× dϕ

dE = δQ+M dϕ
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dE = δQ


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

ϕ
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δQ

∂T
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= cϕ
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∂T



ϕ
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T
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T
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δQ/T
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∂ϕ



T
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ϕ
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M

M

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M
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
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
∂M
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

ϕ


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

M


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cM
dT

cM = cϕ − T


∂M

∂T



ϕ


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∂T



M

Q

0 = cϕdT − T


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ϕ
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
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

ϕ


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
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

ϕ
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
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
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∂ϕ


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

1− cM
cϕ
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

M


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
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
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
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
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
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
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
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
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
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
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
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∆SR =
∆Q

T
=

mcV (T1 − T2)

T2

= mcV


T1

T2

− 1



= −1125.6 J ·K−1

∆ST =

 T2

T1

dT
mcV (T2 − T1)

T
= mcV (T2 − T1) ln(T )|T2

T1

= mcV (T2 − T1) ln


T2

T1



= 131022 J ·K−1

∆S = ∆SR +∆ST = 1298896.4 J ·K−1

∆SR1 = −649.9 J ·K−1,∆SR2 = −562.8 J ·K−1

∆ST1 = 35300 J ·K−1,∆ST2 = 30211 J ·K−1

N+1

T2

i

T (i) =
T2 − T1

N
i− T1

T (i) T (i + 1)

∆SR = mcV
T (i)− T (i+ 1)

T (i+ 1)

∆ST = mcV ln
T (i + 1)

T (i)

T (i) a = T2−T1

N

∆SR = mcV
−a

a(i + 1)− T2

∆ST = mcV a ln
a(i+ 1)− T2

a− T2



∆SR = mcV

N

i=1

−a

a(i+ 1)− T2

∆ST = mcV a

N

i=1

ln
a(i+ 1)− T2

a− T2

∆ST = mcV a ln
a(N + 1)− T2

a− T2

∆SR = mcV

N

i=1

−a

a(i + 1)− T2

≈ −
 N

1

dim cV a
1

a(i+ 1)− T2

= −mcV a ln
a(N + 1)− T2

a− T2

N
N

δρ, δp ρ0 p0

∂2δp

∂t2
= c2

∂2δp

∂x2
,

c =


(∂p/∂ρ)ad

c =


κad/ρ0
κad := −V


∂p

∂V



ad
N2 κ = cp/cV = 7/5

∂v

∂t
+ (v ·∇)v = −∇p

ρ

ρ
∂v

∂t
+ ρv

∂v

∂x
= −∂p

∂x



∂ρ

∂t
+

∂(ρv)

∂x
= 0

ρ = ρ0 + δρ = ρ0 +


∂ρ

∂p



ad.

δp

v
v0 = 0

v = δv

ρ0
∂δv
∂t

+ δρ∂δv
∂t

+ ρ0δv
∂δv
∂x

+ δρδv ∂δv
∂x

=

ρ0
∂δv
∂t

+


∂ρ

∂p



δp∂δv
∂t

+ ρ0δv
∂δv
∂x

+


∂ρ

∂p



δv ∂δv
∂x

= −∂(p0+δp)
∂x

= ∂δp

∂x

ρ0
∂δv

∂t
= −∂δp

∂x


∂ρ

∂p


∂δp

∂t
+ ρ0

∂δv

∂x
+


∂ρ

∂p


∂(δpδv)

∂x
= 0


∂ρ

∂p


∂δp

∂t
= −ρ0

∂δv

∂x

x


∂ρ

∂p



ρ0
∂2δv

∂t2
= ρ0

∂2δv

∂x2

∂2δp

∂t2
= c2

∂2δp

∂x2

c =



∂p

∂ρ



ad

=



∂p

∂V



ad.


∂V

∂ρ



ad.

=



∂p

∂V



ad.



−m

ρ2





m

ρ2
=

V

ρ

m = ρV

c =



−V

ρ


∂p

∂V



ad.

=


κad

ρ
.

pV κ = p
µκ

µκ
V κ =

pµκ

ρκ
= = K


∂p

∂ρ



ad

= κK
ρκ−1

µκ
= κK

ρκ

µκ
ρ−1 = κ

p

ρ
= κ

kBT

µ

p = ρkBT/µ

c =



κ
kBT

µ
= 493.67 m · s−1

V1

V2


∂E

∂V



T

= T


∂p

∂T



V

− p

dS =
cV
T

dT +


∂p

∂T



V

dV

∆E =


∂E

∂T



V

∆T +


∂E

∂V



T

∆V = cV∆T +



T


∂p

∂T



V

− p



∆V

∆E =
0

∆T =
1

cV



p− T


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∂T



V



∆V



∆S =


∂S

∂T



V

∆T +


∂S

∂V



T

∆V =
cV
T
∆T +


∂P

∂T



V

∆V

∆T

∆S =
p

T
∆V



p+
a

V 2



(V − b) = RT

a, b T

∂p

∂V



T

= 0

Tc, pc Vc


∂2p

∂V 2



T

= 0

Tc, pc Vc T ′ = T/Tc

p′ = p/pc V ′ = V/Vc


∂p

∂V



T

= − RT

(V − b)2
+

2a

V 3
= 0


∂2P

∂V 2



T

=
2RT

(V − b)3
− 6a

V 4
= 0

RT
(V−b)2

3a

V 4
=

2a

V 3(V − b)

Vc = 3b

TC =
8a

27Rb

pC =
a

27b2



T = T ′ · Tc

p′ =
8T ′

V ′ − 1
− 3

V ′2

dE = cV dT +



T


∂p

∂T



V

− p



dV = cV dT +
a

V 2
dV

E = cV T − a

V
+

dS =
cV
T

dT +


∂p

∂T



V

dV =
cV
T

dT +
R

V − b
dV

S = cV ln(T ) + R ln(V − b) +

W =

 V2

V1

dV p(T, V ) =

 V2

V1

dV


RT

V − b
− a

V 2



=

RT ln(V − b) +
a

V





V2

V1

= RT ln
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V1 − b
+ a


1

V2

− 1
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

∆S =
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T
∆T +


∂p

∂T



V

∆V

∆S = 0

0 =
cV
T
∆T +

R

V − b
∆V

∆T = − T

cV

R

V − b
∆V



λ = −

∂T

∂p



H

dH = T dS + V dp

λ =
V

Cp

(1− Tαp)

αp :=
1
V


∂V
∂T



p

λ =
T

∂p

∂T



V
+ V


∂p

∂V



T

Cp ·


∂p

∂V



T

λ = 0

λ =
bp+ 3ab

V 2 − 2a
V

p− a
V 2 +

2ab
V 3


· Cp

p−V
λ > 0 λ < 0

H = H(S, p) dH =
T dS + V dp


∂H

∂S



p

= T,


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∂p


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λ αp

cp = T


∂S

∂T



p

V
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
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
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
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∂T


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T


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
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∂T
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
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
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
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
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
∂T
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
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
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∂p



H

= λ



T

∂p

∂T



V
+ V


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∂V



T
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
∂p

∂V



T
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
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∂T



V
+ V


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
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∂T


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
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
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
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
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
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1
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
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
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1
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
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+
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
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+
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
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
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+
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
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
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

=

− 1

V − b


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
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α :=
1

V


∂V

∂T



p


∂S

∂p



T

= −

∂V

∂T



p

= −V α

α

cp
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

V


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∂T


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
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T
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· ·V T 4
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