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Řešeńı soustav rovnic – Cramerovo pravidlo

Regulárńı matice
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• Euler̊uv model r̊ustu populace: x(t+ 1) = rx(t)
x(t) . . . velikost populace v čase t

r . . . r̊ustový koeficient (r = 1 + b− d, b porodnost, d úmrtnost)

• Caswell̊uv model r̊ustu populace strukturované podle plodnosti:

x(t+ 1)=σ1(1− γ)x(t)+ f y(t)
y(t+ 1) = σ1γ x(t)+σ2 y(t)

x(t) . . . množstv́ı juvenilńıch jedinc̊u
y(t) . . . množstv́ı plodných jedinc̊u
f . . . očekávané (pr̊uměrné) množstv́ı potomk̊u plodného jedince za jednotku času
γ . . . P(juvenilńı jedinec během časové jednotky dospěje)
σ1 . . . P(juvenilńı jedinec p̌režije časovou jednotku)
σ1 . . . P(plodný jedinec p̌režije časovou jednotku)
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Matice typu (m,n) . . . tabulka č́ısel o m řádćıch a n sloupćıch

A =



















a11 a12 a13 . . . a1,n−1 a1,n
a21 a22 a23 . . . a2,n−1 a2,n
a31 a32 a33 . . . a3,n−1 a3,n
...

...
...

. . .
...

...
am−1,1 am−1,2 am−1,3 . . . am−1,n−1 am−1,n

am1 am2 am3 . . . am,n−1 am,n
















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
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Př́ıklady:

A =

(

1 2 3
−2 3,1415927 1

2

)

, B =

(

8 0
−4 2

)

, R =

(

σ1(1− γ) f

σ1γ σ2

)

, C = (7)

A je matice typu (2, 3), B a R jsou matice typu (2, 2), C je matice typu (1, 1).
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Č́ıslo lze považovat za speciálńı př́ıpad matice, matice jsou zobecněńım č́ısel.
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n-rozměrný řádkový věktor je matice typu (1, n),
w =

(

w1 w2 w3 . . . wn

)

= (w1, w2, w3, . . . , wn)



”
Klasifikace“ matic

5 / 27
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(

8 0
−4 2

)

,





1 2 3
−2 3,1415927 1

2
2

3
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2



 , . . .
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• čtvercová řádu n, pokud m = n

• horńı trojúhelńıková, pokud (∀i, j)i > j ⇒ aij = 0

(

8 −4
0 2

)

,





1 2 3
0 3,1415927 1

2

0 0 1

2



 , . . .



”
Klasifikace“ matic

5 / 27
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”
Klasifikace“ matic

5 / 27

Řekneme, že matice A typu m,n je

• čtvercová řádu n, pokud m = n
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8 0
0 2

)

,

(

0 1
1 2

)

,





1 0 3
0 3,1415927 − 1

2

3 − 1

2
7



 , . . .
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• nulová, pokud (∀i, j)aij = 0, O =

(

0 0 0
0 0 0

)

• jednotková, pokud aij =

{

1, i = j

0, i 6= j,
E =





1 0 0
0 1 0
0 0 1




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A . . . matice typu (m,n)

1. unárńı operace (matice 7→ matice; A 7→ B)

• Transpozice matice: AT = A′ = B
Matice B je typu (n,m), bij = aji

Př́ıklady:
(

1 2 3
−2 3,14 1

2

)T

=





1 −2
2 3,14
3 1

2



 ,

(

8 1
0 0

)T

=

(

8 0
1 0

)

,





1
−2
3





T

=
(

1 −2 3
)

,

(

−1 3
3 7

8

)T

=

(

−1 3
3 7

8

)
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1. unárńı operace (matice 7→ matice; A 7→ B)

• Transpozice matice: AT = A′ = B
Matice B je typu (n,m), bij = aji
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2. vněǰśı operace (č́ıslo, matice 7→ matice; c,A 7→ B)

• Násobeńı matice č́ıslem (skalárem): cA = B
Matice B je téhož typu (m,n), bij = caij

Př́ıklad:

− 1

2

(

1 2 3
−2 3,14 1

2

)

=

(

− 1

2
−1 − 3

2

1 −1,57 − 1

4

)
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2. vněǰśı operace (č́ıslo, matice 7→ matice; c,A 7→ B)

• Násobeńı matice č́ıslem (skalárem): cA = B
Matice B je téhož typu (m,n), bij = caij

Plat́ı
−A = (−1)A
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3. binárńı operace (matice, matice 7→ matice; A,B 7→ C)



Operace s maticemi

6 / 27

A . . . matice typu (m,n)
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• Součet matic: A+ B = C
Obě matice B a C jsou téhož typu (m,n), cij = aij + bij
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• Součet matic: A+ B = C
Obě matice B a C jsou téhož typu (m,n), cij = aij + bij
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(

1 2 3
−2 3,14 − 1

2

)

+

(

3 −1 −2
−1 0,86 2

4

)

=

=

(

1 + 3 2 + (−1) 3 + (−2)
−2 + (−1) 3, 14 + 0,86 − 1

2
+ 2

4

)

=

(

4 1 1
−3 4 0

)
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(

3 −2
3

2
1

)

+
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3 3

2

−2 1

)

=

(

6 − 1

2

− 1

2
2
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3. binárńı operace (matice, matice 7→ matice; A,B 7→ C)

• Součet matic: A+ B = C
Obě matice B a C jsou téhož typu (m,n), cij = aij + bij

Plat́ı: A je čtvercová ⇒ A+ AT je symetrická

Vlastnosti sč́ıtáńı matic:

(A+ B) + C = A+ (B+ C) asociativita
A+ B = B+ A komutativita

A+ O = O+ A = A existuje neutrálńı prvek
A+ (−A) = O ke každé matici existuje opačný prvek
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A . . . matice typu (m,n)

3. binárńı operace (matice, matice 7→ matice; A,B 7→ C)

• Součet matic: A+ B = C
Obě matice B a C jsou téhož typu (m,n), cij = aij + bij

Plat́ı: A je čtvercová ⇒ A+ AT je symetrická

Vlastnosti sč́ıtáńı matic:

(A+ B) + C = A+ (B+ C) asociativita
A+ B = B+ A komutativita

A+ O = O+ A = A existuje neutrálńı prvek
A+ (−A) = O ke každé matici existuje opačný prvek

Matice spolu s operaćı sč́ıtáńı tvǒŕı Abelovskou grupu.
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A . . . matice typu (m,n)

3. binárńı operace (matice, matice 7→ matice; A,B 7→ C)

• Součin matic: AB = C
Matice B je typu (n, p) a matice C je typu (m, p)

cij = ai1b1j + ai2b2j + ai3b3j + · · ·+ ainbnj =
n
∑

k=1

aikbkj

Př́ıklady:

A =





2 0
−3 1
6 2



 , B =

(

1 2
−3 5

)

,

AB =





2 0
−3 1
6 2





(

1 2
−3 5

)

=





2 · 1 + 0 · (−3) 2 · 2 + 0 · 5
−3 · 1 + 1 · (−3) −3 · 2 + 1 · 5
6 · 1 + 2 · (−3) 6 · 2 + 2 · 5



 =





2 4
−6 −1
0 22



 ,

BA . . . nelze vynásobit



Operace s maticemi

6 / 27

A . . . matice typu (m,n)

3. binárńı operace (matice, matice 7→ matice; A,B 7→ C)

• Součin matic: AB = C
Matice B je typu (n, p) a matice C je typu (m, p)

cij = ai1b1j + ai2b2j + ai3b3j + · · ·+ ainbnj =
n
∑

k=1

aikbkj

Př́ıklady:

A =

(

2 3
−1 2

)

, B =

(

1 2
−3 5

)

,

AB =

(

2 3
−1 2

)(

1 2
−3 5

)

=

(

−7 19
−7 8

)

, BA =

(

1 2
−3 5

)(

2 3
−1 2

)

=

(

0 7
−11 1

)
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A . . . matice typu (m,n)

3. binárńı operace (matice, matice 7→ matice; A,B 7→ C)

• Součin matic: AB = C
Matice B je typu (n, p) a matice C je typu (m, p)

cij = ai1b1j + ai2b2j + ai3b3j + · · ·+ ainbnj =
n
∑

k=1

aikbkj

Př́ıklady:

A =





0 −1 1
0 2 −2
0 1 −1



 , B =





2 0 2
−1 0 −1
−1 0 −1





AB =





0 −1 1
0 2 −2
0 1 −1









2 0 2
−1 0 −1
−1 0 −1



 =





0 0 0
0 0 0
0 0 0




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A . . . matice typu (m,n)

3. binárńı operace (matice, matice 7→ matice; A,B 7→ C)

• Součin matic: AB = C
Matice B je typu (n, p) a matice C je typu (m, p)

cij = ai1b1j + ai2b2j + ai3b3j + · · ·+ ainbnj =
n
∑

k=1

aikbkj

Př́ıklady:

A =





−1 1 −3
1 −1 3
1 −1 3





A2 = AA =





−1 1 −3
1 −1 3
1 −1 3









−1 1 −3
1 −1 3
1 −1 3



 =





−1 1 −3
1 −1 3
1 −1 3




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3. binárńı operace (matice, matice 7→ matice; A,B 7→ C)

• Součin matic: AB = C
Matice B je typu (n, p) a matice C je typu (m, p)

cij = ai1b1j + ai2b2j + ai3b3j + · · ·+ ainbnj =
n
∑

k=1

aikbkj

Vlastnosti násobeńı matic:
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A . . . matice typu (m,n)

3. binárńı operace (matice, matice 7→ matice; A,B 7→ C)

• Součin matic: AB = C
Matice B je typu (n, p) a matice C je typu (m, p)

cij = ai1b1j + ai2b2j + ai3b3j + · · ·+ ainbnj =
n
∑

k=1

aikbkj

Vlastnosti násobeńı matic:

(AB)C = A(BC) asociativita
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A . . . matice typu (m,n)

3. binárńı operace (matice, matice 7→ matice; A,B 7→ C)

• Součin matic: AB = C
Matice B je typu (n, p) a matice C je typu (m, p)

cij = ai1b1j + ai2b2j + ai3b3j + · · ·+ ainbnj =
n
∑

k=1

aikbkj

Vlastnosti násobeńı matic:

(AB)C = A(BC) asociativita
m = n ⇒ AE = EA = A k čtvercové matici existuje neutrálńı prvek



Řešeńı soustav rovnic – Gaussova

eliminace

Základńı pojmy

Řešeńı soustav rovnic – Gaussova eliminace

Př́ıklad

Soustava lineárńıch rovnic

Gaussova eliminačńı metoda

Řešitelnost soustavy lineárńıch rovnic

Úplná eliminace s výběrem hlavńıho prvku

Závěrečná poznámka

Determinanty

Řešeńı soustav rovnic – Cramerovo pravidlo

Regulárńı matice

Aplikace – maticové populačńı modely

7 / 27
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Př́ıklad

8 / 27

2x+ 3y=7
x+ 2y=4

x+ 2y=4 | · (−2)
2x+ 3y=7

−2x− 4y=−8
2x+ 3y=7
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2x+ 3y=7
x+ 2y=4

x+ 2y=4 | · (−2)
2x+ 3y=7

−2x− 4y=−8
2x+ 3y=7 +

x+ 2y=4
−y=−1
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−2x− 4y=−8
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−y=−1 y = 1, x = 4− 2 · 1 = 2
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2x+ 3y=7
x+ 2y=4

x+ 2y=4 | · (−2)
2x+ 3y=7

−2x− 4y=−8
2x+ 3y=7 +

x+ 2y=4
−y=−1 y = 1, x = 4− 2 · 1 = 2

Označeńı: A =

(

2 3
1 2

)

, x =

(

x

y

)

, b =

(

7
4

)

Soustava rovnic: Ax = b
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2x+ 3y=7
x+ 2y=4

x+ 2y=4 | · (−2)
2x+ 3y=7

−2x− 4y=−8
2x+ 3y=7 +

x+ 2y=4
−y=−1 y = 1, x = 4− 2 · 1 = 2

Označeńı: A =

(

2 3
1 2

)

, x =

(

x

y

)

, b =

(

7
4

)

Soustava rovnic: Ax = b

Ještě stručněǰśı zápis:
(

2 3 7
1 2 4

)



Př́ıklad
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2x+ 3y=7
x+ 2y=4

(

2 3 7
1 2 4

)

x+ 2y=4 | · (−2)
2x+ 3y=7

(

1 2 4
2 3 7

)

−2x− 4y=−8
2x+ 3y=7 +

(

−2 −4 −8
2 3 7

)

x+ 2y=4
−y=−1 y = 1, x = 4− 2 · 1 = 2

(

1 2 4
0 −1 −1

)

Označeńı: A =

(

2 3
1 2

)

, x =

(

x

y

)

, b =

(

7
4

)

Soustava rovnic: Ax = b

Ještě stručněǰśı zápis:
(

2 3 7
1 2 4

)



Soustava lineárńıch rovnic
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Soustava (systém) m lineárńıch rovnic o n neznámých:

a11x1 + a12x2 + · · · + a1nxn = b1
a21x1 + a22x2 + · · · + a2nxn = b2

...
...

. . .
...

...
am1x1 + am2x2 + · · · + amnxn = bm



Soustava lineárńıch rovnic
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Soustava (systém) m lineárńıch rovnic o n neznámých:

a11x1 + a12x2 + · · · + a1nxn = b1
a21x1 + a22x2 + · · · + a2nxn = b2

...
...

. . .
...

...
am1x1 + am2x2 + · · · + amnxn = bm

Maticový zápis: Ax = b

A =











a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

am1 am2 . . . amn











. . . matice soustavy b =











b1
b2
...
bm











. . . vektor pravých stran

x =











x1

x2

...
xn











. . . vektor neznámých
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Soustava (systém) m lineárńıch rovnic o n neznámých:

a11x1 + a12x2 + · · · + a1nxn = b1
a21x1 + a22x2 + · · · + a2nxn = b2

...
...

. . .
...

...
am1x1 + am2x2 + · · · + amnxn = bm

Maticový zápis: Ax = b

Všechny informace o systému jsou obsaženy v rozš́ı̌rené matici soustavy

(A|b) =











a11 a12 . . . a1n b1
a21 a22 . . . a2n b2
...

...
. . .

...
...

am1 am2 . . . amn bm













Gaussova eliminačńı metoda
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Elementárńı řádkové transformace matice:

• výměna (přehozeńı) řádků
• vynásobeńı řádku nenulovým č́ıslem
• přičteńı jednoho řádku k jinému
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Elementárńı řádkové transformace matice:
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Označeńı: A ∼ B . . .
”
matice B vznikla z matice A pomoćı elementárńıch transformaćı.“
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Elementárńı řádkové transformace matice:

• výměna (přehozeńı) řádků
• vynásobeńı řádku nenulovým č́ıslem
• přičteńı jednoho řádku k jinému

Označeńı: A ∼ B . . .
”
matice B vznikla z matice A pomoćı elementárńıch transformaćı.“

Algoritmus metody:

1. Užit́ım elementárńıch řádkových transformaćı převedeme rozš́ı̌renou matici soustavy na
vhodnou horńı trojúhelńıkovou.

2. Výslednou matici přeṕı̌seme do tvaru soustavy rovnic a vypoč́ıtáme jednotlivé složky
řešeńı.
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x− 2y+4z = 1

2x+ y− z = −1
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1




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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1





přehozeńı 1. a 2. řádku



Gaussova eliminačńı metoda
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

vynásobeńı 1. řádku č́ıslem −3
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

∼





−3 6 −12 −3
0 7 −12 −3
2 1 −1 −1





přičteńı 1. řádku ke 2.



Gaussova eliminačńı metoda
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

∼





−3 6 −12 −3
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
2 1 −1 −1





vynásobeńı 1. řádku č́ıslem 2
3
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

∼





−3 6 −12 −3
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
0 5 −9 −3



 ∼

přičteńı 1. řádku k 3.



Gaussova eliminačńı metoda
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

∼





−3 6 −12 −3
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
0 5 −9 −3



 ∼

∼





1 −2 4 1
0 7 −12 −3
0 5 −9 −3





vynásobeńı 1. řádku č́ıslem − 1
2
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

∼





−3 6 −12 −3
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
0 5 −9 −3



 ∼

∼





1 −2 4 1
0 7 −12 −3
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 5 −9 −3





vynásobeńı 2. řádku č́ıslem 5
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

∼





−3 6 −12 −3
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
0 5 −9 −3



 ∼

∼





1 −2 4 1
0 7 −12 −3
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 −35 63 21



 ∼

vynásobeńı 3. řádku č́ıslem −7



Gaussova eliminačńı metoda
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

∼





−3 6 −12 −3
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
0 5 −9 −3



 ∼

∼





1 −2 4 1
0 7 −12 −3
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 −35 63 21



 ∼

∼





1 −2 4 1
0 35 −60 −15
0 0 3 6





přičteńı 2. řádku k 3.
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

∼





−3 6 −12 −3
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
0 5 −9 −3



 ∼

∼





1 −2 4 1
0 7 −12 −3
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 −35 63 21



 ∼

∼





1 −2 4 1
0 35 −60 −15
0 0 3 6



 ∼





1 −2 4 1
0 7 −12 −3
0 0 3 6





vynásobeńı 2. řádku č́ıslem 1
5
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

∼





−3 6 −12 −3
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
0 5 −9 −3



 ∼

∼





1 −2 4 1
0 7 −12 −3
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 −35 63 21



 ∼

∼





1 −2 4 1
0 35 −60 −15
0 0 3 6



 ∼





1 −2 4 1
0 7 −12 −3
0 0 3 6



 ∼





1 −2 4 1
0 7 −12 −3
0 0 1 2





vynásobeńı 3. řádku č́ıslem 1
3



Gaussova eliminačńı metoda
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

∼





−3 6 −12 −3
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
0 5 −9 −3



 ∼

∼





1 −2 4 1
0 7 −12 −3
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 −35 63 21



 ∼

∼





1 −2 4 1
0 35 −60 −15
0 0 3 6



 ∼





1 −2 4 1
0 7 −12 −3
0 0 3 6



 ∼





1 −2 4 1
0 7 −12 −3
0 0 1 2





x− 2y+ 4z = 1
7y− 12z = −3

z = 2
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

∼





−3 6 −12 −3
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
0 5 −9 −3



 ∼

∼





1 −2 4 1
0 7 −12 −3
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 −35 63 21



 ∼

∼





1 −2 4 1
0 35 −60 −15
0 0 3 6



 ∼





1 −2 4 1
0 7 −12 −3
0 0 3 6



 ∼





1 −2 4 1
0 7 −12 −3
0 0 1 2





x− 2y+ 4z = 1
7y− 12z = −3

z = 2

z = 2
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

∼





−3 6 −12 −3
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
0 5 −9 −3



 ∼

∼





1 −2 4 1
0 7 −12 −3
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 −35 63 21



 ∼

∼





1 −2 4 1
0 35 −60 −15
0 0 3 6



 ∼





1 −2 4 1
0 7 −12 −3
0 0 3 6



 ∼





1 −2 4 1
0 7 −12 −3
0 0 1 2





x− 2y+ 4z = 1
7y− 12z = −3

z = 2

z = 2, y = 1
7
(−3 + 12 · 2) = 3



Gaussova eliminačńı metoda
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Př́ıklady:
3x+ y = 0
x− 2y+4z = 1

2x+ y− z = −1





3 1 0 0
1 −2 4 1
2 1 −1 −1



 ∼





1 −2 4 1
3 1 0 0
2 1 −1 −1



 ∼





−3 6 −12 −3
3 1 0 0
2 1 −1 −1



 ∼

∼





−3 6 −12 −3
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
2 1 −1 −1



 ∼





−2 4 −8 −2
0 7 −12 −3
0 5 −9 −3



 ∼

∼





1 −2 4 1
0 7 −12 −3
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 5 −9 −3



 ∼





1 −2 4 1
0 35 −60 −15
0 −35 63 21



 ∼

∼





1 −2 4 1
0 35 −60 −15
0 0 3 6



 ∼





1 −2 4 1
0 7 −12 −3
0 0 3 6



 ∼





1 −2 4 1
0 7 −12 −3
0 0 1 2





x− 2y+ 4z = 1
7y− 12z = −3

z = 2

z = 2, y = 1
7
(−3 + 12 · 2) = 3, x = 1− 4 · 2 + 2 · 3 = −1
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Př́ıklady:
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5x+8y+2z = 15
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Př́ıklady:
2x+3y− z = −12
x+2y+ z = 9

5x+8y+2z = 15





2 3 −1 −12
1 2 1 9
5 8 2 15



 ∼





1 2 1 9
0 1 3 30
0 −2 −3 −30



 ∼





1 2 1 9
0 1 3 30
0 0 3 30







Gaussova eliminačńı metoda
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Př́ıklady:
2x+3y− z = −12
x+2y+ z = 9

5x+8y+2z = 15





2 3 −1 −12
1 2 1 9
5 8 2 15



 ∼





1 2 1 9
0 1 3 30
0 −2 −3 −30



 ∼





1 2 1 9
0 1 3 30
0 0 3 30



 ∼

∼





1 2 1 9
0 1 0 0
0 0 1 10



 ∼





1 0 0 −1
0 1 0 0
0 0 1 10







Gaussova eliminačńı metoda
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Př́ıklady:
2x+3y− z = −12
x+2y+ z = 9

5x+8y+2z = 15





2 3 −1 −12
1 2 1 9
5 8 2 15



 ∼





1 2 1 9
0 1 3 30
0 −2 −3 −30



 ∼





1 2 1 9
0 1 3 30
0 0 3 30



 ∼

∼





1 2 1 9
0 1 0 0
0 0 1 10



 ∼





1 0 0 −1
0 1 0 0
0 0 1 10





z = 10, y = 0, x = −1



Gaussova eliminačńı metoda
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Př́ıklady:
x1 +2x2 +3x3 = 5

2x1 − x2 + x3 + x4 = 4
x1 +2x2 + x3 +2x4 = −1
x1 +3x2 +3x3 − x4 = 5
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Př́ıklady:
x1 +2x2 +3x3 = 5

2x1 − x2 + x3 + x4 = 4
x1 +2x2 + x3 +2x4 = −1
x1 +3x2 +3x3 − x4 = 5









1 2 3 0 5
2 −1 1 1 4
1 2 1 2 −1
1 3 3 −1 5









∼









1 2 3 0 5
0 −5 −5 1 −6
0 0 −2 2 −6
0 1 0 −1 0









∼









1 2 3 0 5
0 1 0 −1 0
0 0 −5 −4 −6
0 0 −2 2 −6









∼

∼









1 2 3 0 5
0 1 0 −1 0
0 0 1 −1 3
0 0 0 −9 9









∼









1 2 3 0 5
0 1 0 −1 0
0 0 1 −1 3
0 0 0 1 −1









∼









1 2 3 0 5
0 1 0 −1 0
0 0 1 0 2
0 0 0 1 −1









∼

∼









1 2 0 0 −1
0 1 0 0 −1
0 0 1 0 2
0 0 0 1 −1









∼









1 0 0 0 1
0 1 0 0 −1
0 0 1 0 2
0 0 0 1 −1









x1 = 1, x2 = −1, x3 = 2, x4 = −1



Řešitelnost soustavy lineárńıch rovnic
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Př́ıklad:

x+2y = 4
2x+3y = 7

(

1 2 4
2 3 7

)

∼

(

1 2 4
0 1 1

)

x+2y = 4
y = 1

y = 1, x = 2
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11 / 27

Př́ıklad:

x+2y = 4
2x+3y = 7

(

1 2 4
2 3 7

)

∼

(

1 2 4
0 1 1

)

x+2y = 4
y = 1

y = 1, x = 2

x+2y = 4
2x+4y = 7

(

1 2 4
2 4 7

)

∼

(

1 2 4
0 0 1

)

x+2y = 4
0 = 1



Řešitelnost soustavy lineárńıch rovnic
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Př́ıklad:

x+2y = 4
2x+3y = 7

(

1 2 4
2 3 7

)

∼

(

1 2 4
0 1 1

)

x+2y = 4
y = 1

y = 1, x = 2

x+2y = 4
2x+4y = 7

(

1 2 4
2 4 7

)

∼

(

1 2 4
0 0 1

)

x+2y = 4
0 = 1

úloha je něrešitelná
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11 / 27

Př́ıklad:

x+2y = 4
2x+3y = 7

(

1 2 4
2 3 7

)

∼

(

1 2 4
0 1 1

)

x+2y = 4
y = 1

y = 1, x = 2

x+2y = 4
2x+4y = 7

(

1 2 4
2 4 7

)

∼

(

1 2 4
0 0 1

)

x+2y = 4
0 = 1

úloha je něrešitelná

x+2y = 4
2x+4y = 8

(

1 2 4
2 4 8

)

∼

(

1 2 4
0 0 0

)

x+2y = 4
0 = 0



Řešitelnost soustavy lineárńıch rovnic
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Př́ıklad:

x+2y = 4
2x+3y = 7

(

1 2 4
2 3 7

)

∼

(

1 2 4
0 1 1

)

x+2y = 4
y = 1

y = 1, x = 2

x+2y = 4
2x+4y = 7

(

1 2 4
2 4 7

)

∼

(

1 2 4
0 0 1

)

x+2y = 4
0 = 1

úloha je něrešitelná

x+2y = 4
2x+4y = 8

(

1 2 4
2 4 8

)

∼

(

1 2 4
0 0 0

)

x+2y = 4
0 = 0

úloha je řešitelná, řešeńı neńı jednoznačné;
druhou neznámou voĺıme jako parametr: x = 4− 2y
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Hodnost matice A, h(A):
počet nenulových řádků v matici, která vznikne z matice A Gaussovou eliminaćı.
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Kronckerova-Capelliho věta:

Soustava m lineárńıch rovnic o n neznámých

Ax = b.
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Hodnost matice A, h(A):
počet nenulových řádků v matici, která vznikne z matice A Gaussovou eliminaćı.

Kronckerova-Capelliho věta:

Soustava m lineárńıch rovnic o n neznámých

Ax = b.

h(A) < h(A|b) ⇒ úloha nemá řešeńı
h(A) = h(A|b) < n ⇒ úloha má řešeńı, řešeńı neńı jednoznačné
h(A) = h(A|b) = n ⇒ úloha má jednoznačné řešeńı
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Hodnost matice A, h(A):
počet nenulových řádků v matici, která vznikne z matice A Gaussovou eliminaćı.

Kronckerova-Capelliho věta:

Soustava m lineárńıch rovnic o n neznámých

Ax = b.

h(A) < h(A|b) ⇒ úloha nemá řešeńı
h(A) = h(A|b) < n ⇒ úloha má řešeńı, řešeńı neńı jednoznačné
h(A) = h(A|b) = n ⇒ úloha má jednoznačné řešeńı

Ve druhém př́ıpadě lze řešeńı vyjádřit pomoćı n− h(A) parametr̊u.



Řešitelnost soustavy lineárńıch rovnic
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Př́ıklad:
2x+3y+ z = 1
x+4y− 2z = 3
x+3y− z = 2
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Př́ıklad:
2x+3y+ z = 1
x+4y− 2z = 3
x+3y− z = 2





2 3 1 1
1 4 −2 3
1 3 −1 2



 ∼





1 3 −1 2
0 1 −1 1
0 −3 3 −3



 ∼





1 3 −1 2
0 1 −1 1
0 0 0 0



 ∼

∼





1 2 0 1
0 1 −1 1
0 0 0 0





Řešeńı neńı jednoznačné, y = 1 + z, x =1− 2y = 1− 2(1 + z) = −1− 2z



Úplná eliminace s výběrem hlavńıho prvku
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Předpokládáme, že matice soustavy je typu m,n, tj. jedná se o soustavu m rovnic o n

neznámých.

Pro zjednodušeńı zápisu budeme v rozš́ı̌rené matici soustavy prvky v posledńım sloupci
značit symboly ai,j+1.

Algoritmus úpravy rozš́ı̌rené matice soustavy:

1. j := 1 (indexu j p̌rǐrad’ hodnotu 1)

2. mezi prvky aj,j , aj+1,j , aj+2,j , . . . , am,j najdi ak,j takový, že
(∀i = j, j + 1, j + 2, . . . ,m)|ak,j | ≥ |ai,j | (v j-tém sloupci najdi prvek s nejvěťśı
absolutńı hodnotou, p̌ŕıslušný řádek považuj za k-tý)

3. pokud |ak,j | = 0, jdi na krok 7.

4. p̌rehod’ j-tý a k-tý řádek

5. j-tý řádek vynásob č́ıslem
1

aj,j

6. dělej pro každé i 6= j: k i-tému řádku p̌ričti j-tý řádek násobený č́ıslem −ai,j

7. j := j + 1 (index j zvěťsi o 1)

8. pokud j ≤ m, jdi zpět na krok 2., jinak konec
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12 / 27
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Úplná eliminace s výběrem hlavńıho prvku

12 / 27
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12 / 27
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rij =











1, i = j 6= p

c, i = j = p

0, jinak
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přičteńı 2. řádku ke 3.:





1 0 0
0 1 0
0 1 1









1 −2 4
3 0 −2
−1 1 2



 =





1 −2 4
3 0 −2
2 1 0




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ax+ by = e

cx+ dy = f
je-li ad− bc 6= 0 pak x =

ed− bf

ad− bc
, y =

af − ce

ad− bc

Matice soustavy A =

(

a b

c d

)

, vektor pravých stran b =

(

e

f

)



Determinant čtvercové matice řádu 2
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x =

∣

∣

∣

∣

7 3
4 2

∣

∣

∣

∣

1
= 7 · 2− 3 · 4 = 2, y =

∣

∣

∣

∣

2 7
1 4

∣

∣

∣

∣

1
= 2 · 4− 7 · 1 = 1.
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Řešeńı soustavy ťŕı rovnic o ťrech neznámých dosazovaćı metodou:
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16 / 27
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ax+ by + cz = k

dx+ ey + fz = l

gx+ hy + jz = m

z =
1

j
(m− gx− hy)

ax+ by +
c

j
(m− gx− hy) = k

dx+ ey +
f

j
(m− gx− hy) = l

(aj − cg)x+ (bj − ch)y = kj − cm

(dj − fg)x+ (ej − fh)y = lj − fm
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z =
1

j
(m− gx− hy)

(aj − cg)x+ (bj − ch)y = kj − cm

(dj − fg)x+ (ej − fh)y = lj − fm

O jednoznačné řešitelnosti dané soustavy rovnic tedy rozhoduje

det

(

aj − cg bj − ch

dj − fg ej − fh

)

=

= aej2 − ajfh− cgej + cgfh− (bj2d− bjfg − chdj + chfg) =

= j(aej + bfg + cdh − ceg − afh − bdj)
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16 / 27

det





a b c

d e f

g h j



 =

∣

∣

∣

∣

∣

∣

a b c

d e f

g h j

∣

∣

∣

∣

∣

∣

= aej + bfg + cdh− ceg − afh− bdj
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∣

∣

∣

∣

∣

∣

a b c

d e f

g h j

∣

∣

∣

∣

∣

∣

= aej + bfg + cdh− ceg − afh− bdj =

= a(ej − fh)− b(dj − fg) + c(dh− eg)
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= aej + bfg + cdh− ceg − afh− bdj =

= a(ej − fh)− b(dj − fg) + c(dh− eg) = a

∣

∣

∣

∣

e f

h j

∣

∣

∣

∣

− b

∣

∣

∣

∣

d f

g j

∣

∣

∣

∣

+ c
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∣

d e

g h

∣
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∣
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ax+ by + cz= k

dx+ ey + fz= l

gx+ hy + jz=m

Pokud D =

∣

∣

∣

∣

∣

∣

a b c

d e f

g h j

∣

∣

∣

∣

∣

∣

6= 0 pak má daná soustava rovnic jednoznačné řešeńı;

složky řešeńı jsou dány výrazy

x =
1

D

∣

∣

∣

∣

∣

∣

k b c

l e f

m h j

∣

∣

∣

∣

∣

∣

, y =
1

D

∣

∣

∣

∣

∣

∣

a k c

d l f

g m j

∣

∣

∣

∣

∣

∣

, z =
1

D

∣

∣

∣

∣

∣

∣

a b k

d e l

g h m

∣

∣

∣

∣

∣

∣
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neznámých

17 / 27

2x+3y+ z =1
x+2y+ z =−1
x+ y− z =4
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neznámých

17 / 27

2x+3y+ z =1
x+2y+ z =−1
x+ y− z =4

∣

∣

∣

∣

∣

∣

2 3 1
1 2 1
1 1 −1

∣

∣

∣

∣

∣

∣

= −4 + 3 + 1− (2 + 2− 3) = −1 6= 0
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∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣

2 1 1
1 −1 1
1 4 −1

∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣
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∣
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∣
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= −2+12− 1− (8+1+3) = −3,

∣

∣

∣

∣

∣

∣

2 1 1
1 −1 1
1 4 −1

∣

∣

∣

∣

∣

∣

= 2+1+4− (−1+8− 1) = 1,

∣

∣

∣

∣

∣

∣

2 3 1
1 2 −1
1 1 4

∣

∣

∣

∣

∣

∣

= 16− 3 + 1− (2− 2 + 12) = 2.

x = 3, y = −1, z = −2
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Výpočet pomoćı Laplaceova rozvoje podle 1. řádku:

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 a13 . . . a1n

a21 a22 a23 . . . a2n

a31 a32 a33 . . . a3n

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.
an1 an2 an3 . . . ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣
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a32 a33 . . . a3n

.

.

.

.

.

.
. .
.

.

.

.
an2 an3 . . . ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

− a12

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a21 a23 . . . a2n

a31 a33 . . . a3n

.

.

.

.

.

.
. .
.

.

.

.
an1 an3 . . . ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

+ a13

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a21 a22 . . . a2n

a31 a32 . . . a3n

.

.

.

.

.

.
. .
.

.

.

.
an1 an2 . . . ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

− · · ·

· · · + (−1)
n+1

a1n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a21 a22 . . . a2,n−1

a31 a32 . . . a3,n−1

.

.

.

.

.

.
.
.
.

.

.

.
an1 an2 . . . an,n−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣
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kde A1j označuje matici, která vznikne z matice A vynecháńım prvńıho řádku a j tého
sloupce.
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|A| = a11|A11| − a12|A12|+ a13|A13|+ · · ·+ (−1)n+1|A1n|

kde A1j označuje matici, která vznikne z matice A vynecháńım prvńıho řádku a j tého
sloupce.

Obecněji: Determinant čtvercové matice A řádu n je č́ıslo

|A| =
n
∑

j=1

(−1)i+jaij |Aij| =
n
∑

i=1

(−1)i+jaij |Aij|

kde Aij označuje matici, která vznikne z matice A vynecháńım i-tého řádku a j tého
sloupce.
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18 / 27
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∣
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∣
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∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣

− 2

∣

∣

∣

∣

∣

∣

2 1 1
1 1 2
1 3 −1

∣

∣

∣

∣

∣

∣

+ 3

∣

∣

∣

∣

∣

∣

2 −1 1
1 2 2
1 3 −1

∣

∣

∣

∣

∣

∣

=

= 1 + 6 + 6 − (3 − 6 − 2) − 2[−2 + 2 + 3 − (1 + 12 − 1)] + 3[−4 − 2 + 3 − (2 + 12 + 1)] = −18
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Ax = b

Pokud |A| 6= 0, pak soustava rovnic má jediné řešeńı, jehož složky jsou dány rovnostmi

xi =
1

|A|

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 . . . a1,i−1 b1 a1,i+1 . . . a1n
a21 a22 . . . a2,i−1 b2 a2,i+1 . . . a2n
...

...
. . .

...
...

...
. . .

...
an1 an2 . . . an,i−1 bn an,i+1 . . . ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

, i = 1, 2, . . . , n
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∣

∣

∣

∣

∣

∣

∣

∣

1 2 3 5
2 −1 1 4
1 2 1 −1
1 3 3 5

∣

∣

∣
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∣

∣

∣

∣
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∣

∣

∣
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∣

∣
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∣
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∣
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∣
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∣

∣
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∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣

− 5

∣

∣

∣

∣

∣

∣
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1 3 3

∣

∣

∣

∣

∣

∣
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)
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(
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x4 =
18

−18
= −1
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Užit́ı: Ax = b | násobeńı matićı A−1 zleva

x = A−1
b
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AA−1 = A−1A = E
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Inverzńı matice A−1 k čtvercové matici A řádu n:

AA−1 = A−1A = E

Výpočet: X = A−1

AX = E

j-tý sloupec matic:

A































x1j

x2j

...
xj−1,j

xjj

xj+1,j

...
xnj































=































0
0
...
0
1
0
...
0




























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1
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
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
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
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







To je soustava n rovnic o n neznámých. Je jednoznačně řešitelná, pokud h(A) = n.
Inverzńı matici najdeme řešeńım n soustav n lineárńıch rovnic o n neznámých.
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Př́ıklady:
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A =

(

4 −3
2 1

)

(

4 −3 1 0
2 1 0 1

)

∼

(

2 1 0 1
0 −5 1 −2

)

∼

(

10 5 0 5
0 −5 1 −2

)

∼

∼

(

10 0 1 3
0 5 −1 2

)

∼

(

1 0 0,1 0,3
0 1 −0,2 0,4

)

A−1 =

(

0,1 0,3
−0,2 0,4

)

=
1

10

(

1 3
−2 4

)

Obecně plat́ı:
(

a b

c d

)

−1

=
1

ad− bc

(

d −b

−c a

)
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Př́ıklady: B =





−3 3 4
4 1 −6
6 5 −9









−3 3 4 1 0 0
4 1 −6 0 1 0
6 5 −9 0 0 1



 ∼





3 −3 −4 −1 0 0
0 15 −2 4 3 0
0 11 −1 2 0 1



 ∼

∼





3 −3 −4 −1 0 0
0 15 −2 4 3 0
0 0 7 −14 −33 15



 ∼





3 −33 0 −9 −6 0
0 105 0 0 −45 30
0 0 7 −14 −33 15



 ∼

∼





1 −11 0 −3 −2 0
0 21 0 0 −9 6
0 0 7 −14 −33 15



 ∼





1 −11 0 −3 −2 0
0 7 0 0 −3 2
0 0 7 −14 −33 15



 ∼

∼





7 0 0 −21 −47 22
0 7 0 0 −3 2
0 0 7 −14 −33 15





B−1 =
1

7





−21 −47 22
0 −3 2

−14 −33 15




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Ekvivalentně: pokud |A| 6= 0.
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Ekvivalentně: pokud |A| 6= 0.
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Definice a vlastnosti

23 / 27

Čtvercová matice A řádu n je regulárńı, pokud h(A) = n.
Ekvivalentně: pokud |A| 6= 0.

Je-li matice A regulárńı, pak k ńı existuje matice inverzńı.

Vlastnosti násobeńı regulárńıch matic:

(AB)C = A(BC) asociativita
AE = EA = A existuje neutrálńı prvek
AA−1 = E ke každé regulárńı matici existuje inverzńı prvek

Regulárńı matice spolu s operaćı násobeńı tvǒŕı grupu.
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Patrick Holt Leslie (1900–1972)
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Leonard Lefkowitch (1929–2010)
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Obojživelńıci: vaj́ıčko – pulec – dospělý jedinec

Hmyz: vaj́ıčko – larva – kukla – imago
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26 / 27
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pi – pod́ıl jedinc̊u stadia i, ktěŕı se během obdob́ı přeměńı na stadium i+ 1;
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k – počet stádíı
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0 < pi ≤ 1,
pi + qi ≤ 1, i = 1, 2, . . . , k
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Obecná strukturovaná populace
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Časová jednotka: rok
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27 / 27

Př́ıklad: Populace Dipsacus sylvestris

Časová jednotka: rok
Tř́ıděńı: ťŕıda popis

1,2 semena dormantńı 1.rok, dormantńı 2. rok
3,4,5 r̊užice malá, sťredńı, velká

6 kvetoućı rostlina
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