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A B S T R A C T 

Recent ly , in the past de c ade , h igh-frequency osc i l l a t ions (HFOs) , very h igh-frequency 
osc i l l a t ions ( V H F O s ) , and ultra-fast osc i l l a t ions (UFOs ) were reported in ep i l ep t i c patients w i th 
drug-resistant ep i lepsy . H o w e v e r , to this day, the phys io log i ca l o r ig in of these events has yet to 
be unders tood . O u r study establ ishes a mathemat i ca l f r amework based on b i furcat ion theory 
for invest igat ing the o c c u r r e n c e of V H F O s and U F O s in depth E EC signals of patients w i th 
foca l ep i lepsy , focus ing on the potent ia l role of r educed c o n n e c t i o n strength be tween neurons 
in an ep i l ep t i c focus . W e demonstrate that s ynch ron i za t i on of a w e a k l y c o u p l e d network can 
generate very and ultra high-frequency signals detectable by nearby microe lect rodes . In 
particular, w e show that a bistabil i ty region enables the persistence of phase-shift s ynchron ized 
clusters of neurons. This p h e n o m e n o n is observed for different h i p p o c a m p a l neuron models , 
i nc lud ing Morr is-Lecar , Destexhe-Pare, and an interneuron m o d e l . The mechan i sm seems to be 
robust for smal l c o u p l i n g , and it also persists wi th random noise affecting the external current. 
O u r f ind ings suggest that w e a k e n e d neurona l connec t i ons c o u l d cont r ibute to the p roduc t i on 
of osc i l l a t ions w i th f requenc ies above 1 0 0 0 H z , w h i c h c o u l d advance ou r unders tand ing of 
ep i l epsy pa tho logy and potent ia l l y improve treatment strategies. H o w e v e r , further exp lo ra t ion 
of var ious c o u p l i n g types and c o m p l e x network mode l s is needed . 

A U T H O R S U M M A R Y 

W e have bui l t a mathemat i ca l f r amework to e x a m i n e h o w a r educed neurona l c o u p l i n g w i th in 
an ep i l ep t i c focus c o u l d lead to very h igh-frequency ( V H F O s ) and ultra-fast osc i l l a t ions 
(UFOs ) in depth EEC signals. By a n a l y z i n g w e a k l y c o u p l e d neurons , w e found a bistabi l i ty 
s ynch ron i za t i on region whe re in-phase and anti-phase s ynch rony persist. These d y n a m i c s can 
be detected as very h igh-frequency E EC signals. The p r inc ip l e of w e a k c o u p l i n g al igns w i th 
the d is turbances in neurona l connec t i ons often observed in ep i l epsy ; moreover , V H F O s are 
important markers of ep i leptogen ic i t y . O u r f ind ings po in t to the potent ia l s ign i f i cance of 
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w e a k e n e d neurona l connec t i ons in p r o d u c i n g V H F O s and U F O s related to foca l ep i lepsy . This 
c o u l d e n h a n c e our unders tand ing of bra in d isorders . W e e m p h a s i z e the need for further 
invest igat ions of w e a k l y c o u p l e d neurons. 

I N T R O D U C T I O N 

Hopf bifurcation (H): 
A change in a dynamica l system that 
is related to cyc le birth from 
equi l ibr ium. 

Limit point of cycles (LPC): 
A point in a dynamica l system 
representing the fold of a sequence of 
per iodic orbits or cycles as a 
parameter changes. 

Phase-locking: 
A state in a dynamica l system where 
oscillators synchronize their 
frequencies, maintaining a constant 
relative phase difference over time. 

It is k n o w n that h i p p o c a m p a l py ramida l neurons c an swi tch f rom integrators to resonators, that 
is, f rom c lass I exc i tab i l i t y to c lass II (Prescott, Ratte, D e Köninck, & Se jnowsk i , 2008 ) . This 
dua l opera t ing m o d e a l l ows for i nd i v idua l spikes, ton ic sp ik ing , and burst ing, as we l l as dif 
ferent f i r ing rates (Ermentrout & Terman , 2 0 1 0 ; I zh ikev i ch , 2006 ) . Spec i f i ca l l y , there is a m a x 
i m u m f i r ing f requency above w h i c h the potent ia l on the neuron m e m b r a n e canno t osc i l la te 
faster; osc i l l a t ions o c c u r at a certa in natural f r equency for a g iven external s t imulus . A l t h o u g h 
different types of neurons have different rates of act ion potent ia l f i r ing, these are p h y s i o l o g i 
ca l l y l imi ted (Gabb i an i & C o x , 2 0 1 7 ; Purves et a l . , 2019 ) . The f-l cu rve ( f requency g i ven a 
f ixed input /) t yp i ca l l y saturates to a f inite level not m u c h above 3 5 0 H z , even for the fastest 
sp ik ing neurons ; see W a n g et a l . (2016). U s i n g mathemat i ca l conduc tance-based mode l s , we 
can e x p l a i n the onset and offset of the f r equency- inpu t cu r ve . For the offset, o n e t yp i ca l l y 
e n c o u n t e r s a H o p f b i f u r c a t i o n or a l i m i t p o i n t of c y c l e s ( I z h i k e v i c h , 2 0 0 6 ; K u z n e t s o v , 
2023 ) . B i ophys i c a l l y p l aus ib le parameter settings then s h o w w e canno t expec t h igher f r equen 
c ies . The d e p e n d e n c e of the ind i v idua l neuron mode l d y n a m i c s on the external current and 
other parameters has been studied extens ive ly (Cessac & Samue l ides , 2 0 0 7 ; D u a n & Lu , 2 0 0 6 ; 
Sh i ln ikov , 2 0 1 2 ; Tsumoto , K i ta j ima, Yosh inaga , A i h a r a , & K a w a k a m i , 2 0 0 6 ; X i n g , Song, W a n g , 
Yang, & C h e n , 2022 ) . Th is b i ophys i c a l basis of the m e c h a n i s m is a lso c o n f i r m e d by c o m p a r 
ison w i th a real neurona l s ignal (Prescott, D e Köninck, & Se jnowsk i , 2008 ) . 

N e v e r t h e l e s s , h i p p o c a m p a l e l e c t r o e n c e p h a l o g r a p h i c s i g n a l s (EEG) s h o w that h i g h -
f requency osc i l l a t ions (HFOs) are reported in the se izure onset z o n e and are c o n n e c t e d w i th 
ep i l ep t i c se izure genera t ion in h u m a n s w i th foca l ep i l epsy ( C i m b a l n i k et a l . , 2 0 1 8 , 2 0 2 0 ; 
Jacobs et a l . , 2 0 0 8 , 2 0 1 2 ; J iruska et a l . , 2 0 1 7 ; Pai l et a l . , 2 0 2 0 ; Řehulka et a l . , 2 0 1 9 ; Staba 
& Brag in , 2 0 1 1 ; Wor re l l & G o t m a n , 2011 ) . M o r e o v e r , the extent of H F O s correlates w i th se i 
zu re f requency and disease severity (Z i j lmans, Jacobs, Z e l m a n n , D u b e a u , & G o t m a n , 2009 ) . 
H F O s are most c o m m o n l y d i s t ingu ished by f requency bands as interictal h igh g a m m a (65-
1 0 0 Hz ) , r ipples ( 100-250 Hz ) , and fast r ipples ( 2 5 0 - 6 0 0 Hz ) . Recent ly , very h igh-frequency 
osc i l l a t ions ( V H F O s , 6 0 0 - 2 0 0 0 H z ; Brázdil et a l . , 2 0 1 7 ; Trávniček et a l . , 2 0 2 1 ; V a s i c k o v a 
et a l . , 2 0 2 3 ) , very fast r ipp les ( V FRs , 6 0 0 - 1 0 0 0 H z ) , a n d ultra-fast r ipp les ( UFRs , 1 0 0 0 -
2 0 0 0 Hz ) , and most recent ly ultra-fast osc i l l a t i ons ( U F O s , over 2 0 0 0 Hz ) we re reported in 
depth EEG record ings of patients w i th ep i l epsy (Brázdil et a l . , 2023 ) . S ince V H F O s were more 
spat ia l ly restricted in the bra in than H F O s wi th lower f requenc ies , they have been suggested as 
nove l b iomarkers of the ep i l ep togen i c z o n e . M o r e o v e r , V F R s present intr iguing s y n c h r o n i z a 
t ion p h e n o m e n a , demonst ra t ing strong phase- lock ing w i th s l ow osc i l l a t ions (Hao et a l . , 2021 ) . 
Th is highl ights the c ruc i a l role s ynch ron i za t i on mechan i sms may p lay in the pa tho log i ca l p ro 
gression and under l y ing propagat ion of ep i l ep t i fo rm discharges w i th in the h i p p o c a m p a l net
wo rk du r ing status ep i l ep t i cus in tempora l lobe ep i lepsy . H o w e v e r , the neurons themselves are 
unab le to p roduce such high osc i l l a t i on f requenc ies . Th is br ings us to the quest ion of whether 
m u l t i p l e c o u p l e d n e u r o n s are c a p a b l e of p r o d u c i n g a s y n c h r o n i z e d s igna l of s u c h h igh 
f requency . 
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Local f ield potentials: 
Electrophysiological signals 
reflecting the summed electrical 
activity of a group of neurons in a 
local area. 

R igid: 
In the context of dynamica l systems, 
refers to behaviors that do not vary or 
change under a set of condit ions. 

Phase-shift synchrony: 
A synchronous state where 
osci l lat ing systems align their cycles 
but with a constant time delay or 
phase difference. 

It is k n o w n that s y n c h r o n i z a t i o n o c c u r s in o s c i l l a t o r s for su f f i c i en t l y s t rong c o u p l i n g 
(Bocca le t t i , P i sa rch ik , D e l G e n i o , & A m a n n , 2 0 1 8 ; P i kovsky , R o s e n b l u m , & Kurths , 2 0 0 1 ; 
Strogatz, 2 0 1 8 ; W i g g i n s , 2003 ) and even that it can o c c u r through external noise (Lang, Lu , 
& Kurths, 2 0 1 0 ; Naga i & Kor i , 2 0 1 0 ; Z h o u & Kurths, 2002 ) . A t the same t ime, the d y n a m i c s 
of c o u p l e d osc i l l a t o r s may be c o m p l e x , c h a o t i c , o r cons i s t of c h i m e r a states (Ab rams & 
Strogatz, 2 0 0 4 ; A i h a r a , Takabe , & T o y o d a , 1 9 9 0 ; C a l i m , Höve l , O z e r , & U z u n t a r l a , 2 0 1 8 ; 
H o p p e n s t e a d t & I z h i k e v i c h , 1 9 9 7 ; M a j h i , B e r a , G h o s h , & Pe r c , 2 0 1 9 ) . T h e r e f o r e , it is 
important to de te rmine h o w c o u p l e d neuron m o d e l s behave d y n a m i c a l l y for p h y s i o l o g i c a l 
parameters and whether and , if so, h o w they c an be s y n c h r o n i z e d w i th higher than natural 
f requenc ies , espec i a l l y w i th in V H F O and U F O f requency bands . 

W i t h i n this paper, w e cons ide r near-identical neurons w e a k l y c o n n e c t e d through gap j u n c 
t ions. In this setup, w e s h o w that loca l f ie ld potent ia ls c an exh ib i t V H F O s and U F O s through 
phase s y n c h r o n i z a t i o n . M o r e o v e r , w e c l a i m that it is not an e x c e p t i o n a l p h e n o m e n o n but 
quite the oppos i te in the case of very w e a k neurona l coup l i ngs . It arises for var ious c o n n e c 
tivity types and neuron mode l s . The m e c h a n i s m is based o n theoret ica l wo rks on the symmetry 
of d y n a m i c a l ne tworks that c an a lso be spa t io tempora l and c an lead to a r ig id phase-shift 
s y n c h r o n y ( G o l u b i t s k y , M e s s i , & Spa rdy , 2 0 1 6 ; G o l u b i t s k y , R o m a n o , & W a n g , 2 0 1 2 ; 
G o l u b i t s k y & Stewart, 2 0 0 6 , 2 0 1 6 ; Go lub i t s k y , Stewart, & Török, 2 0 0 5 ) . W e s h o w that the 
occu r r ence of these higher f requenc ies is poss ib le both in the case of different va lues of mode l 
parameters and in the case of r andom noise affect ing the magn i tude of the external current 
input. 

In the Results sec t ion , w e first d iscuss the Mor r i s-Leca r neuron m o d e l , w h i c h w e e x a m i n e 
thoroughly . Th is inc ludes a d i scuss ion of its fundamenta l d y n a m i c s , f o l l o w e d by an e x p l o r a 
t i on of M o r r i s - L e c a r n e u r o n a l n e t w o r k s . W e then a n a l y z e the b e h a v i o r of t w o c o u p l e d 
Mor r i s-Leca r neuron mode l s , exp l a i n the phase shift, and reveal the c o n c e p t of anti-phase 
co l l e c t i ve s ynch rony in a mode l of a neurona l network . W e s h o w that w e can ach i e ve t ran
sient anti-phase s ynch rony by st imulat ing a subnetwork of neurons due to the ex is tence of the 
bistabi l i ty reg ion. Th is c o n c e p t can lead to an apparent ly h igher f requency in the EEG s igna l . 
W e want to demonstrate that the observed p h e n o m e n a of phase-shift s ynch rony and b i s tab i l 
ity are gener i c for w e a k c o u p l i n g and still ho ld for more phys i o l og i c a l mode l s of neurons . The 
ana lys i s of the M o r r i s - L e c a r m o d e l is s t ra ight forward as the s ing le-neuron m o d e l is two-
d i m e n s i o n a l . The h i p p o c a m p a l neurona l network , however , is cons ide r ab l y more c o m p l e x 
than the s imp le networks c o m p o s e d of Mor r i s-Leca r neuron mode l s , w h i c h exh ib i t a spec i f i c 
course of sp ike d y n a m i c s . W e s h o w that the bistabi l i ty and anti-phase s ynch ron iza t i on appear 
robust ly in network mode l s w i th more c o m p l e x neurona l d y n a m i c s . O n e mode l is an inter-
neuron network that exh ib i ts V H F O s and U F O s wi th anti-phase l o c k i n g , and the other is a 
Destexhe-Pare neuron network that shows V H F O s transiently. S imi la r l y to the Mor r i s-Leca r 
m o d e l , invest igat ing the d y n a m i c s of two c o u p l e d interneurons, w e f ind regions w i th s ynch ro 
n iza t ion and bistabi l i ty and present s imula t ions of the co l l e c t i ve anti-phase behav ior . W e d i s 
cuss transient ultra-fast r ipp les and ultra-fast osc i l l a t i ons in a two-leve l neurona l network . 
Lastly, s imu la t ions of the co l l e c t i ve anti-phase behav io r are presented for the Destexhe-Pare 
neuron m o d e l . In the D i scuss ion and C o n c l u s i o n s sec t ion , w e detai l our pr imary ob jec t i ve to 
invest igate w h e t h e r w e a k e n e d c o n n e c t i o n s be tween neu rons in an ep i l ep t i c f ocus c o u l d 
result in h igh , very high-frequency, and ultra-fast osc i l l a t ions ; w e e x a m i n e h o w our f indings 
suppor t this theory and h o w they p rov ide a mathemat i ca l f r a m e w o r k for interpret ing EEG 
signals f rom patients w i th foca l ep i lepsy , w h i l e a lso h igh l ight ing the need for future research 
on the effects of d i f ferent c o u p l i n g types , strengths, a n d parameters o n the d y n a m i c s of 
c o u p l e d neurons. 
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Saddle-node on an invariant curve 
(SNIC) bifurcation: 
A crit ical event in a dynamica l 
system where a stable limit cyc le is 
created or destroyed alongside an 
equi l ibr ium point. 

Saddle-node equi l ibr ium (LP): 
A state in a dynamica l system where 
two equi l ibr ium points, a stable and 
an unstable one, merge and 
annihilate each other. 

Subcrit ical Hopf bifurcat ion: 
A system transition where an 
unstable limit cyc le exists before 
the bifurcation point and a stable 
equi l ibr ium point loses stability 
after it. 

Bifurcation: 
A crit ical point in a dynamica l system 
where a small change in system 
parameter values results in a 
qualitative change in its behavior. 

R E S U L T S 

Model Dynamics Explaining the Tonic Spiking 

Let us recal l bas ic neuron sp ik ing mechan i sms that lead to ton ic sp ik ing c lea r l y desc r ibed in 
Prescott, D e K o n i n c k , and Se jnowsk i (2008). C lass I neurons con t i nuous l y increase their f i r ing 
rate in response to a steady increase in input current w i thou t any abrupt change in their behav 
ior. Th is type of behav io r arises f rom a saddle-node on an invar iant cu rve (SNIC) b i fu rca t ion , 
cha rac te r i zed by a break of a l imi t c y c l e o n a saddle-node e q u i l i b r i u m as the input current is 
va r i ed . O n the contrary, c lass II neurons exh ib i t a d i s con t i nuous increase in their f i r ing rate in 
response to a change in the input current , w i th a threshold for ton ic sp ik ing emergence . This 
behav io r occu r s near a subcr i t i ca l H o p f b i furcat ion w h e n a stable sp ik ing orbi t a l ready exists 
due to a saddle-node of l imi t c y c l e s w i th respect to the input current. The b i furcat ion d i ag ram 
presented in Figure 1 demonstrates that the Mor r i s-Leca r system Equat ion 11 shows both bi fur 
cat ions at onset and offset as w e vary the external input external current / e x t , as men t i oned . 
No te that c lass III neurons d o not possess ton i c sp ik ing d y n a m i c s w i th a g i ven natural fre
q u e n c y ; hence , w e w i l l not focus on their type of m e c h a n i s m . F rom n o w o n , w e w i l l assume 
the neuron exh ib i t s t on i c sp ik ing d y n a m i c s w i th a certa in g i ven natural f r equency under a 
sui table external s t imulus current. 

Externa l cu r r en t a n d pa ramete r c h a n g e s i n f l u e n c e the n e u r o n natura l f r e q u e n c y ; see 
Figure 1. M e m b r a n e capac i t ance depends on the ce l l ' s and membrane ' s b i ophys i c a l p roper 
ties, i n c l u d i n g f lu idi ty , th ickness , permeab i l i t y , and so forth. (Bakht iar i , M a n s h a d i , C a n d a s , & 
Beskok, 2023 ) . Mo reove r , recently pub l i shed studies (Patel, Tewar i , C h a u n s a l i , & Sonthe imer , 
2 0 1 9 ; Tewar i et a l . , 2018 ) p ropose pa tho log i ca l changes in the effect ive c apac i t ance of n e u 
rons that may contr ibute to ep i lepsy . Therefore, the capac i t ance appears to be an appropr ia te 
parameter for the b i fu r ca t ion ana lys i s in re lat ion to the e m e r g e n c e of H F O s , V H F O s , and 
U F O s in ep i l epsy pat ients . S imi la r l y , o n e c an invest igate the d e p e n d e n c e on other m o d e l 
parameters i n f l uenc ing the neuron f requency , for e x a m p l e , <p a n d / e xt (e.g., see L i u , L i u , & 
L iu , 2 0 1 4 ; Tsumoto et a l . , 2 0 0 6 ; X i n g et a l . , 2022 ) or gCai gK, and gL that can a lso be in f luenced 
by drugs (see M a c d o n a l d , 1 9 8 9 ; N i c h o l s o n , B l anche , M a n s f i e l d , & Tran, 2002 ) . 

Figure 1. Morr is-Lecar model dynamics with respect to the appl ied external current / e x t . Left: The bifurcation diagram shows a limit point (LP) 
for / e x t ss 40 where a saddle-node on an invariant curve (SNIC) leads to a stable cyc le , wh i ch exists for a w ide range of external current values 
(tonic spiking region) until the limit point of cycles near / e x t = 140. The branch of cycles turns and becomes unstable, and ends at a subcritical 
Hopf bifurcation (H). Beyond the LPC, neuronal excitation is impossible. The other parameter values are listed in Table 1, and the membrane 
capacitance is C = 5 for simplicity. Rightlhe natural firing frequency as a function of external current / e x t for various membrane capacitances C. 
As the capaci tance increases, only the frequency of the osci l lat ion decreases but does not affect the existence of the limit cyc le . Other 
parameter values are listed in Table 1. 
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Two-dimensional invariant torus: 
A set of solutions in a dynamica l 
system that form a toroidal shape, 
wherein trajectories neither converge 
nor diverge but remain on the torus. 

Quasi-per iodic : 
A behavior in a dynamica l system 
with osci l lat ions at two or more 
incommensurable (irrational ratio) 
frequencies, creating a nonrepeating 
pattern. 

Two Coupled Morris-Lecar Neuron Models 

To get insight into the behav io r of a large Mor r i s -Leca r neurona l network , let us focus o n the 
sma l l e s t p o s s i b l e n e two r k f irst. C o n s i d e r a pa i r of b i d i r e c t i o n a l l y c o u p l e d M o r r i s - L e c a r 
neurons (Equation 15) for N = 2. It is we l l k n o w n that if the ratio of the f requenc ies of two 
osci l la tors is i r rat ional , the orbi t l ives o n a two-d imens iona l invar iant torus and is ca l l ed asyn 

ch ronous or quas i-per iod ic (Wiggins, 2003 ) . For a strong enough c o u p l i n g e between them, 
the d y n a m i c s of both osc i l la tors can b e c o m e mutua l l y s y n c h r o n i z e d . If the phases of two syn 

c h r o n i z e d osc i l la tors are s imi la r or oppos i t e , w e refer to this as in-phase (IPS, Figure 2B) and 
anti-phase synch rony (APS, Figure 2C) , respect ive ly ; see P ikovsky et a l . (2001). For very dif 

ferent f requenc ies , even strong c o u p l i n g might not be capab l e of s y n c h r o n i z i n g the d y n a m i c s 
of the c o u p l e d systems, see Figure 2 A , w h i l e for c lose f requenc ies , the d y n a m i c s are quasi-

per iod i c o n l y for very w e a k c o u p l i n g . 

•30 0 30 
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0 50 100 150 200 250 300 0 50 100 150 200 250 
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> 
£ 0 

WWWvi 
> 
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Figure 2. Dynamics in the system (Equation 15) for e = 0.05, various values of Q , and f ixed C 2 = 1 (see Figure 4). Leň: projections of orbits 
(blue dotted line), and stable (blue sol id line) and unstable (red dashed line) cyc les onto the state space V-i x V2 found by cont inuat ion. Right: 
time course of (blue) and V2 (red) of the blue orbits in the left panel . Other parameter values are listed in Table 1. Choos ing Q affects the 
dynamics : (A) Q = 2.75, quasi-periodicity. (B) Q = 1.60, a stable in-phase per iodic solution (IPS; the bold blue cyc le on the left state space 
VT x v 2 ) . (C) C| = 0.90, bistability, the system possesses stable in-phase and anti-phase per iodic solutions (IPS and APS ; the bold blue cycles on 
the left state space V-i x V2). (D) Q = 0 .581, bistability, anti-phase cyc le lost stability through a period-doubling bifurcation (PD). 
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Period-doubling bifurcation (PD): 
A transition in a dynamica l system 
where a small change in parameters 
causes the period of osci l lat ions to 
double, often preceding chaos. 

Phase Shift for Two Weakly Coupled Morris-Lecar Neuron Models 

T w o ident ica l osc i l la tors form a symmet r i ca l d y n a m i c a l system wi th a symmetr i ca l pe r i od i c 
so lu t ion . The symmetry of the system is roughly preserved even for non-ident ica l osc i l la tors 
due to the con t i nuous d e p e n d e n c e of the so lut ions on parameters (see Perko, 2001 ) , that is, 
c o u p l e d neurons w i th s imi la r phase d y n a m i c s form a nearly symmetr i ca l system w i th a stable 
l im i t c y c l e s u c h that the phases of bo th t o n i c a l l y s p i k i n g n e u r o n s are m u t u a l l y sh i f t ed , 
a l though hav ing a c o m m o n f requency rough ly the magn i tude of the natural f requenc ies of 
the i nd i v i dua l neurons . This p h e n o m e n o n , so-cal led phase- lock ing , and the theoret ica l b a ck 
g round for this m e c h a n i s m is based on G o l u b i t s k y and Stewart 's results of equ ivar ian t b i fur 
ca t ion theory a l l o w i n g g r o u p o i d fo rma l i sm for networks of systems of dif ferent ia l equat ions 
(Go lub i t sky et a l . , 2 0 1 2 , 2 0 1 6 ; G o l u b i t s k y & Stewart, 2 0 0 6 , 2 0 1 6 ; G o l u b i t s k y et a l . , 2 0 0 5 ; 
N i j h o l t , R ink , & Sanders , 2 0 1 9 ) . T h e symmet r y of the ne twork w i t h a T-periodic so lu t i on 
impl ies the ex is tence and persistence of a r igid phase-shift synchrony . In ou r case of two nearly 
ident ica l w e a k l y c o u p l e d osc i l la tors (Equation 15), there may also exist so lut ions s y n c h r o n i z e d 
w i th t ime shift T/2 for appropr ia te system parameters : the attracting stable c y c l e , c o r r e s p o n d 
ing to the presence of an anti-phase s ynch ronous state (see Figure 2C ) . S imu l taneous ly , the 
system possesses a so lut ion ref lect ing in-phase s ynch rony whe re the neurons osc i l la te a lmost 
ident i ca l l y ; see Figures 2 B , 2 C (middle) , and 2 D (middle) . 

Both b ranches of stable pe r iod i c so lut ions , that is, in-phase and anti-phase synchrony , persist 
ins ide relat ively w i d e regions of the parameter space ; see Figure 3. This fact is also dep i c t ed in 
Figure 4 whe re the b i furcat ion d iagrams wi th respect to Q and C2, and e and Q , respect ively, 
are s h o w n . M o r e accurate ly , Figure 3 prec ise ly cor responds to the dashed sect ions at C2 = 1 

Figure 3. Frequency of the limit cycles in the system (Equation 15) of two coup led Morr is-Lecar 
neuron models with respect to Q. The remaining parameter values are identical (see Table 1), 
C 2 = 1, and e = 0 .05 . The upper and bottom blue branches correspond to the stable in-phase 
and anti-phase synchrony, respectively. The dashed sect ions at the g iven parameter values in 
Figure 4 correspond to these depicted branches. Not ice the bistability, present for a relatively w ide 
range of Q. For completeness, we remark that there exist more and more comp lex periodic so lu
tions of the system (Equation 15) for Q between the L P C 3 and PD^ points, and between P D 2 and 
P D 3 points that are not depicted in this figure. The dashed line at Q = 1.2 denotes the frequencies at 
IPS near 30 H z and APS near 26 H z that reappear in the simulations depicted in Figures S1 and S2 
in the Supporting Information. 
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Figure 4. A rno ld tongues in parameter spaces (A) Q x C 2 and (B) Q x e for two coup led Morr is-Lecar neuron models (Equation 15). The 
regions are del ineated by blue and black sol id LPC curves corresponding to the IPS and APS, respectively. The blue dash-dotted curves refer to 
PD of the anti-phase cyc le . The background co lor indicates the dominant frequency in a simulated composed signal V= + V2. In the region 
bounded by the PD curves, the system may exhibit more complex , even chaot ic dynamics . The red region corresponds to the stable anti-phase 
cycle, whi le the other solutions (yellow) have a frequency close to the natural frequency. Compare with Figure 2: (A) quasi-periodicity outside 
Arno ld tongues; (B) IPS inside the outer A rno ld tongue; (C) bistability in the red region delineated by LPC curves and PD curves; (D) APS lost 
stability due to PD, frequency halves. 

A rno ld tongues: 
Regions in parameter space 
indicating synchronizat ion or 
frequency-locking ranges in 
dynamica l systems, typical ly with a 
characteristic ' tongue' shape. 

a n d e = 0 .05 in F igu re 4 . T h e r eg ions , s o - c a l l e d A r n o l d t o n g u e s o r r e s o n a n c e t ongues 
(Kuznetsov, 2 0 2 3 ; W igg ins , 2003 ) , are de l inea ted by borders be l ong ing to the l imi t point of 
c y c l e (LPC) man i f o l d s . O u t s i d e the A r n o l d tongues , the d i f fe rence in c a p a c i t a n c e s C | and 
C 2 imp l i es a s ynch ronous state w i th heterogeneous f requenc ies (see Figure 1), quas i-per iod ic 
osc i l l a t ions , or more c o m p l e x d y n a m i c s . The L P C man i fo lds were c o m p u t e d for parameters 
listed in Table 1. S ince interchanging Q and C2 mirrors the synchron izat ion regions, the black 
and b lue sol id curves in Figure 4 A are symmetr ica l . Cusps in the intersections of two branches 
of L P C man i fo lds are co-d imens ion t w o b i fu rca t ion points (Kuznetsov, 2023 ) . A l t h o u g h the 
L P C curves in Figure 4 we re c o m p u t e d for g iven parameters f rom Table 1, the general i ty of 
b i furcat ion theory guarantees that these L P C man i fo lds persist for nearby parameter va lues. 

S imi lar ly , the b i furcat ion d iagram in Figure 4B shows the A r n o l d tongues w i th respect to the 
c o u p l i n g strength e and m e m b r a n e c apac i t ance Q. In this case , they emanate f rom the po int 
C| = C 2 (other parameters are identical ) s ince the l imi t case e = 0 be longs to the u n c o u p l e d 
pair of neurons w i th ident ica l f requenc ies . Genera l l y , non iden t i ca l s imi la r neurons w i l l have 
s imi la r intr insic f requenc ies , and the A r n o l d tongue w o u l d emanate f rom a cusp po int w i th the 
same f requency , but the m e m b r a n e capac i t ances Q , C 2 , as we l l as other parameters, w o u l d 
differ sl ightly. M o r e o v e r , results presented in Kobe l e v sk i y (2008), w h i c h dea ls w i th M o r r i s -
Lecar m o d e l s that i n co rpo ra t e t ime-de l a yed gap- junc t i ona l c o u p l i n g , suggest that s im i l a r 
d y n a m i c s w i l l emerge in such mode l s . Fur thermore , an increase in de l ay may even p lay a 
s tab i l i z ing role. 

The b a c k g r o u n d c o l o r in the b i furcat ion d iagrams in Figure 4 A a n d 4B indicates the d o m 
inant f requency detected in a c o m p o s e d signal V- V, + V 2 s imula ted on a t ime interval [200, 
1,200], d i s ca rd ing 2 0 0 ms transients, for parameter va lues f rom a 401 x 401 gr id and app ro 
priate init ial cond i t i ons . These regions may not match prec ise ly s ince the two-cyc le created by 
cross ing the P D curves has a s imi la r sp ike shape to the c y c l e co r r e spond ing to the APS (see 
Figure 2 D ) . Furthermore, a round the po in t [1, 0] in Figure 4B , that is, for very weak c o u p l i n g 
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Table 1. Typical physiological parameter values for the Morris-Lecar neuron model of a hippocampal 
pyramidal cell (Gutkin & Ermentrout, 1998) 

Setting Un i t M e a n i n g 
c 0.1-2 .6 /uf/cm2 m e m b r a n e capac i t ance 

gl 2 m S / c m 2 m a x i m u m leak c o n d u c t a n c e 

gCa 4 m S / c m 2 m a x i m u m C a 2 + c o n d u c t a n c e 

8K 8 m S / c m 2 m a x i m u m K + c o n d u c t a n c e 

vL - 6 0 m V e q u i l i b r i u m potent ia l of leak c h anne l 

120 m V e q u i l i b r i u m potent ia l of C a 2 + c h anne l 

VK - 8 0 m V e q u i l i b r i u m potent ia l of K + c h an n e l 

-1 .2 m V tun ing parameters for C a 2 + act ivat ion func t ion 

A 18 m V 

A 10 m V tun ing parameters for K + act ivat ion func t ion 
and t ime func t ion tw 

Ä 17.4 m V 

<p 1/15 s-1 reference f requency 

'ext 43 / i A / c m 2 externa l ly app l i ed d i rect current 

and s imi la r m e m b r a n e capac i t ances , the observed d o m i n a n t f requency of ~ 6 0 H z in the c o m 
pos i t ion is caused by long-last ing transient d y n a m i c s . 

Synaptic coup l ing : 
The process where activity in one 
neuron influences another through 
synaptic transmission, facilitating 
communica t ion and synchronizat ion 
between neurons. 

Anti-Phase Synchrony in a Model of Morris-Lecar Neuronal Network Leading to Higher 
Collective Frequency 

A s imi la r app roach c an be used for more c o m p l e x networks of (nearly) ident ica l neurons w i th 
symmetry . The p h e n o m e n o n leads to c o m p l e t e co l l e c t i ve s ynch rony or phase-shift s ynch rony 
in the network of neurons. 

Exper iments , s imu la t i ons , and theory s h o w that ant i-phase c o l l e c t i v e s y n c h r o n i z a t i o n is 
poss ib le (Chowdhury , Rakshit , B u l d u , G h o s h , & Hens , 2 0 2 1 ; K a w a m u r a , N a k a o , A r a i , Kor i , 
& Ku r amo to , 2 0 1 0 ; Sebek, K a w a m u r a , Not t , & Kiss, 2019 ) . Ermentrout and Terman (2010) 
p rev ious ly reported on the anti-phase d y n a m i c s of two Mor r i s -Leca r neurons w i th synapt ic 
c o u p l i n g ; howeve r , ou r f ind ings demonst ra te that this p h e n o m e n o n is not e x c e p t i o n a l and 
has the potent ia l to lead to a rise of h igher f r equency in the s u m m e d s igna l . Fur thermore , 
w e have observed s imi la r co l l e c t i ve d y n a m i c s in a network , h igh l ight ing the robustness of this 
p h e n o m e n o n across different scales of neurona l systems. 

Cons ide r a neurona l network mode l (Equation 15) of N = 5 0 w e a k l y c o u p l e d Mor r i s-Leca r 
neurons . Based on the results presented in the prev ious subsec t ion , o n e can expec t the pres
ence of mult is tabi l i ty in this system, that is, the coex i s t ence of mu l t ip l e stable so lut ions co r re 
spond ing to var ious s ynch ronous states d e p e n d i n g on the init ial cond i t i ons and var ied mode l 
parameters e and C„ as is dep i c t ed in Figures S1 and S2 in the Suppor t ing Informat ion. 

Spec i f i ca l l y , for the demons t ra t i on of the c o l l e c t i v e ant i-phase behav io r , let us suppose 
ident ica l c o u p l i n g strength e = 0.1/50 = 0 . 0 0 2 . Further, w e w i l l cons ide r that the heterogeneity 
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of neurons results f rom di f ferences in their m e m b r a n e capac i t ances (one may assume s imi la r 
heterogeneity in other parameters, as men t ioned before). Let C, be independent and f o l l o w a 
truncated norma l (TN) dist r ibut ion de f ined on the interval [0.75, 1.05] to avo id unreal is t ic or 
extreme va lues , that is, C, ~ T N ( 0 . 9 0 , 0 . 0 5 2 , 0 . 75 , 1.05), w h i l e the rema in ing parameters stay 
ident ica l (see Table 1). W e base our c h o i c e for the mean and standard dev i a t ion of neuron 
m e m b r a n e c a p a c i t a n c e s C-, o n d i r e c t m e a s u r e m e n t s f r o m G e n t e t , Stuart , a n d C l e m e n t s 
(2000 ) . To a c c o u n t for p o s s i b l e p a t h o l o g i c a l c h a n g e s near the e p i l e p t i c f o c u s , w e a lso 
exp lo red high va lues of the standard dev i a t i on . F inal ly , let the popu l a t i on cons is t of two sub-
popu l a t i ons of rough l y the same s i ze , V\ = {1, . . . ,25}, V2 = {26, . . . ,50} , that have r a n d o m 
init ial cond i t i ons that part ia l ly ove r l ap 

i//n1 T M / a- =2 c n , „ \ v - D n-n (n\ / T N ( 0 . 0 1 , 0 . 0 2 5 2 , 0 , 0 . 0 8 5 ) , i€Vu 
V/,-(0)~TN(-35,5 , - 5 0 , - 2 0 ) , , G 7 W W 0 H T N ; o . 0 6 , 0 . 0 2 5

2 , 0 , 0 . 1 3 5 ) , / 6 7>, ( 1 ) 

2-

A l s o , w e set / e x t ~ N ( 4 3 , l 2 ) . 

Figure 5 shows that this setting leads to anti-phase s ynch ronous osc i l l a t ions of the two c l u s 
ters, result ing in a d o u b l e f requency in the c o m p o s e d s igna l , as one can see in the per iodo-
grams of the c lusters a n d the c o m p o s i t i o n , respec t i ve ly . N a m e l y , the o b s e r v e d f r e q u e n c y 
increased to ~ 5 6 H z . N o t i c e that i nd i v idua l neurons can j u m p f rom one c luster to the other 
due to the no ise , w h i l e the g loba l behav io r remains u n c h a n g e d . 

Figure 5. (A) Col lect ive APS of two subpopulat ions in a neuronal network model (Equation 15) composed of 50 all-to-all coup led Morr i s-
Lecar neurons with heterogeneous membrane capacitances Q ~ TN(0.90, 0 . 0 5 2 , 0.75, 1.05) and random initial condit ions in Equation 1. This 
setting leads to a doubled dominant frequency in (B) the composed signal V = J2^=i V'f Z o o m i n g in on the dynamics of (C) all neurons, (D) 
composed signal, and the corresponding periodograms of (E) indiv idual neurons and (F) the composed signal. The robustness of the anti-phase 
behavior is demonstrated by a noisy appl ied current / e x t ~ N(43,1 ) at each simulation step A f = 0 .01 . The remaining parameter values are 
identical (see Table 1), e = 0.002. 

Network Neuroscience 301 



Interplay of synchronized phase shifts in neurons 

W e a c k n o w l e d g e that the very h igh-frequency events are o n l y transient p h e n o m e n a in the 
exper imenta l observat ions . W e have just s h o w n that w i th smal l levels of no ise , the anti-phase 
so lu t ion persists. H o w e v e r , h igher levels t yp i ca l l y lead to c o m p l e t e s ynch ron i za t i on ( N e i m a n , 
Sch imansky-Ge ie r , Co rne l l -Be l l , & M o s s , 1 9 9 9 ; P ikovsky et a l . , 2 0 0 1 ; Z h o u & Kurths, 2003 ) . 
Neverthe less , Figure 6 demonstrates that h igher f requenc ies may tempora l l y appear through 
external inputs. Let us change the app l i ed current to / e x t = 43 + p,-(f) + a d W w i th a = 2.0 and 
Pi = 4 0 if f e [716, 718] ms in Equat ion 15 for / e V\. Th is st imulus is app l i ed o n l y to half of the 
popu l a t i on , that is, p,- = 0 for / e V%. W e in i t ia l ize the popu l a t i on into the anti-phase behav io r 
and subsequent l y observe that the p o p u l a t i o n s y n c h r o n i z e s w i t h i n 1 0 0 ms. L o o k i n g at the 
same t ime interval as before, the externa l s t imulus arr ives to ha lve the p o p u l a t i o n e v o k i n g 
anti-phase behav io r that lasts for ~ 2 0 0 ms; then the popu la t ion synchron izes aga in . As the per-
iodograms and t ime series show, it is ev iden t that the higher f requenc ies are t empora l l y pres
ent. Th is transient phase so lut ion also appears if w e st imulate fewer neurons but then lasts o n l y 
a few cyc l e s (data not shown) . This transient p h e n o m e n o n depends on the t im ing of the s t im
ulus as a st imulus du r ing different phases of the pe r iod does not i nduce the anti-phase so lu t ion . 

Model Dynamics for Two Coupled Interneurons 

The d y n a m i c s of two interact ing interneurons c o u p l e d through gap-junct iona l connec t i ons has 
a l ready been studied in C h o w and Kope l l (2000) and Sk inner , Z h a n g , V e l a z q u e z , and Ca r l en 
(1999). A t l o w c o u p l i n g strengths and very high f i r ing rates, the s ynch ronous state is unstable, 
and a pair of ce l l s fires in anti-phase synchrony , w h i l e for a lower range of f requenc ies , the in-
phase and anti-phase synchron ies may be bistable ( C h o w & K o p e l l , 2000 ) . M o r e o v e r , Sk inner 
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Figure 6. (A) Transient col lect ive APS in a neuronal network model (Equation 15) composed of 50 all-to-all coup led Morr is-Lecar neurons 
with heterogeneous membrane capacitances Q ~ TN(1.04, 0 . 0 3 2 , 0.95, 1.13) and random initial condit ions in Equation 1. The parameter 
values remain unchanged from the previous setting, with e = 0.002. The APS is evoked by 2 ms lasting addit ional stimulus at f = 716 (arrow). 
Zooming in on the dynamics of (B) all neurons, (D) composed signal, and the corresponding periodograms of (C) indiv idual neurons and (E) the 
composed signal. 
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et a l . (1999) f ound that b l o c k i n g the inh ib i t i on in a network of interneurons c o u p l e d by gap 
junc t ions and inh ib i tory synapses can lead to anti-phase burst ing w i th higher f requency . 

S imi lar ly , as in the case of Mor r i s-Leca r neu ron , let us focus br ief ly on the d y n a m i c s of the 
interneuron mode l w i th respect to parameters Q, C2, and e. O n e can p roceed ana logous l y 
w i t h r e s p e c t to o t h e r p a r a m e t e r s a f f e c t i n g the f r e q u e n c y o f the m e m b r a n e p o t e n t i a l . 
Figure 7 shows A r n o l d tongues in parameter spaces Q x C2 and Q * e ( ^ / c u r v e s for a single 
interneuron for var ious va lues of C a r e p rov ided in the Suppor t ing Information (see Figure S4); 
the defaul t parameter c h o i c e of / e x t = 24 leads to a f requency of 335 Hz ) . The b lue L P C curves 
de l ineate a pair of A r n o l d tongues co r r e spond ing to two symmetr i ca l in-phase so lut ions ; the 
b lack tongue refers to the anti-phase synchrony . For the sake of comple teness , the red dashed 
l ine denotes the L P C curves of two unstable pe r iod i c so lut ions related to the A P S . The back 
g round c o l o r i l lustrates the d o m i n a n t f requency detected in a c o m p o s e d signal V - V| + V2 

s imula ted o n a t ime interval [500, 1,500], d i s ca rd ing 5 0 0 ms transients, for parameter va lues 
f rom a 401 x 401 gr id and appropr ia te init ial cond i t i ons . These regions d o not match prec ise ly , 
for e x a m p l e , a round the po in t [1, 0] in Figure 7B , that is, for very w e a k c o u p l i n g and s imi la r 
m e m b r a n e capac i t ances , whe re the observed d o m i n a n t f requency of ~ 6 7 0 H z in the c o m p o 
sit ion is caused by transient d y n a m i c s (similar to the behav io r dep i c t ed in Figure 8). 

Simulation of the Transient Collective Anti-Phase Behavior in a Neuronal Network of 
Coupled Interneurons 

C o n s i d e r the neurona l network (Equation 17 and 19) c o m p o s e d of 5 0 interact ing interneurons 
fo rmed into two clusters, V\ = {1,. . . ,25} and V2 = {26, . . . ,50} , respect ively . Further, for the 
demonst ra t ion of the transient anti-phase co l l e c t i ve behav io r in this system, let the c o u p l i n g 
strength take the form 

_ / o . o o i , (/,;) e Vi x Vi u r2 x r2, 
E i ] ~ \ 0.0002, else, 1 ' 

Figure 7. A rno ld tongues in parameter spaces (A) Q x C 2 and (B) Q x e for two coup led interneuron models (Equation 17 and 19) with 
/ext = 24. The regions are delineated by blue and black LPC curves corresponding to the IPS and APS , respectively. The red dashed curves refer 
to the LPC bifurcation of two unstable per iodic solutions. The background co lor indicates the dominant frequency in a simulated composed 
signal V = V] + V2, reaching up to ~ 7 5 0 H z . The ye l low region inside the APS tongue del imited by black curves belongs to the signals where 
the mult iple frequency persists, but is not dominant. 
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Figure 8. (A) Transient anti-phase dynamics of two subpopulat ions in a neuronal network model (Equation 1 7 and 19) composed of 50 all-to-
all coup led interneurons with heterogeneous membrane capacitances Q ~ TN(1, 0 . 0 3 2 , 0 .91, 1.09), coup l ing (Equation 2), and initial c o n 
ditions (Equation 3). This configuration leads to the rise of V H F O s in (B) the composed signal V = J^lli Vi- Dynamics of (C) all neurons are 
zoomed , (D) composed , and depicted with periodograms of (E) indiv idual neurons and (F) the composed signal. The robustness of the anti
phase behavior is demonstrated by a noisy appl ied direct current / e x t ~ N(20,1 2 ) at each simulat ion step A f = 0 .01 . The remaining parameter 
values are identical . 

whe re the first row refers to the c o u p l i n g w i th in each s u b p o p u l a t i o n , w h i l e the second one 
indicates a weake r c o n n e c t i o n be tween them. 

Final ly , assume that the clusters start in roughly oppos i te phases, spec i f i ca l ly , 

V'(°) = {-4o] it-pi] M 0 ) = 0.25, n ; ( 0 ) = 0 . 5 , ieV1UV2. (3) 

F igure 8 revea ls the t rans ient ant i-phase b e h a v i o r of these c lus ters . The p e r i o d o g r a m s 
suggest that this dynamics may result in the emergence of V H F O s in the s imulat ion of the c o m 
posed EEC signal . Name ly , summing the signals of ind iv idua l interneurons resulted in an o s c i l 
lation wi th a f requency of ~ 6 1 0 H z . Moreover , a l though transient, the V H F O s may sustain for a 
relatively long t ime interval, s ignif icantly exceed ing the durat ion of V H F O s observed in real EEG 
signals (Brázdil et a l . , 201 7; C i m b a l n i k et a l . , 2 0 2 0 ; Trávniček et a l . , 2021) . 

Transient UFRs and UFOs in a Two-Level Neuronal Network of Coupled Interneurons 

O n c e more , cons ide r the neurona l network (Equation 1 7 and 19) c o m p o s e d of four interact ing 
interneurons fo rmed into two clusters, V\ = {1 ,2} and V2 = {3,4} , respect ively . Suppose that 
the network connec t i v i t y is g iven by the c o u p l i n g 

_ / 0.0125, (/,;') e 7>i x Vi U V2 x V2, 
S " \ 0.0025, e lse; W 
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Figure 9. Network topology leading to apparent UFRs; see Figure 10. 

see Figure 9. A n d f ina l ly , assume the f o l l o w i n g init ial cond i t i ons : 

V , ( U ) - ^ - 4 0 , 1 6 {2 ,4 } , n , ( U ) ~ \ 0 . 2 7 , i e V 2 , l ( ) 

f 0 . 5 0 , ieVi, 
X 0.52, / 6 V2. P J 

As one c an see in Figure 10 , this conf igura t ion leads to the emergence of transient UFRs in 
the c o m p o s e d signal V = Yl)=\ K- Spec i f i ca l l y , in spite of the no isy app l i ed direct current , the 
s ignal s imu la t ion conta ins a segment report ing a f requency of ~ 1 3 3 5 H z . Desp i te be ing t ran
sient, the s imu l a t ed U F R s exh ib i t a p r o l o n g e d du ra t i on c o m p a r e d to the U F R s and U F O s 
observed in actua l EEC records (Brazdi l et a l . , 2 0 2 3 ; T ravn icek et a l . , 2021 ) . 

200 250 300 350 400 450 500 550 600 650 700 
t[ms] 

200 250 300 350 400 450 500 550 600 650 700 
t[ms] 

t[ms] f[Hz] 

Figure 10. (A) Transient anti-phase dynamics of two subpopulat ions in a neuronal network model (Equation 1 7 and 19) composed of four all-
to-all coup led interneurons with heterogeneous membrane capacitances Q = 0 .998, C 2 = 0.999, C 3 = 1, C 4 = 1.001, coup l ing (Equation 4), 
and initial condit ions (Equation 5). This configuration results in the emergence of UFRs in (B) the composed signal V = J2i=i Dynamics of 
(C) all neurons are z o o m e d , (D) composed , and depicted with periodograms of (E) indiv idual neurons and (F) the composed signal. The robust
ness of the anti-phase behavior is demonstrated by a noisy appl ied direct current / e x t ~ N(24,1 2 ) at each s imulat ion step A f = 0 .01 . The 
remaining parameter values are identical . 
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Moreove r , let us extend the prev ious neurona l network mode l by a third pair of interneu-
rons. Spec i f i ca l l y , c o n s i d e r six in teract ing in terneurons o r g a n i z e d into three c lusters , Pi = 

{1 ,2 } , P2 = {3 ,4 } , a n d V$ = {5 ,6 } , r espec t i ve l y ; a ssume that the ne twork c o n n e c t i v i t y is 
de te rmined by the c o u p l i n g 

0.01, (/,;') G Vi x Vi U V2 x T2 U V5 x V3, 
0.001, e lse; 

see Figure 11 . F inal ly , let the init ial state of the system satisfy 

0.25, i e P i , 
0.26, / G V2, 
0.27, / G 7>3; 

(6) 

cha rac te r i z ing anti-phase s ynch rony w i th in each c luster and sl ight ly shifted phases be tween 
clusters. 

As F igure 12 shows , this setting results in the emergence of U F O s in the c o m p o s e d signal 

V = \\fi=l V,. N a m e l y , despi te the noisy app l i ed d i rect current , after a transient pe r i od , the 

s imula ted s ignal c o m p o s i t i o n osc i l la tes w i th a f requency of ~ 2 k H z . 

Simulation of the Collective Anti-Phase Behavior in a Model of Destexhe-Pare Neuronal Network 

Let us take into a c coun t the neurona l network (Equation 2 0 and 21) c o m p r i s e d of 5 0 c o u p l e d 
D e s t e x h e - P a r e n e u r o n s f o r m e d in to t w o c l u s t e r s , V\ = {1,. . . ,25} a n d V2 = {26, . . . ,50} , 
respect i ve ly . U n l i k e p r e v i ous cases , here w e assume that the d i s t r i bu t ion of c a p a c i t a n c e s 
differs in the mean va lue between these two groups . N a m e l y , let 

C / ~ T N ( 0 . 9 5 , 0 . 0 3 2 , 0 . 8 6 , 1 . 0 4 ) , i € Vu a n d C, ~ T N ( l , 0 . 0 3 2 , 0 . 9 1 , 1 . 0 9 ) , / G V2. (8) 

Let the network connec t i v i t y take the form 

_ / 0.005, (/,;) G 7>i x 7>i U V2 x T2, 
e , y " \ 0.001, else, { J ) 

c h a r a c t e r i z i n g the c o u p l i n g s t rength w i t h i n e a c h s u b p o p u l a t i o n a n d b e t w e e n t h e m , 
respect ively. 
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Figure 12. Stable dynamics of three subpopulat ions in a neuronal network model (Equation 17 and 19) compr is ing six all-to-all coupled 
interneurons with heterogeneous membrane capaci tances Q ~ TN(1, 0 . 0 0 1 2 , 0 .997, 1.003), coup l ing (Equation 6), and initial condit ions 
(Equation 7). This configuration results in the birth of U F O s in (A), (B) the composed signal V = J2i=i Vi- Dynamics of (C) all neurons are 
shown in detail , (D) composed , and depicted with periodograms of (E) indiv idual neurons and (F) the composed signal. The robustness of the 
regular shift-phase behavior is demonstrated by a noisy appl ied direct current / e x t ~ N(24,0.03 2 ) at each simulat ion step A f = 0 .01 . The remain
ing parameter values are identical . 

A n d f ina l ly , for the demonst ra t ion of transient anti-phase behav io r in this network , suppose 
that the clusters start in roughly oppos i t e phases; spec i f i ca l l y , let 

V ; ( 0 ) = f 2 ' ! ! ZU m,(0) = 0.5, /i;(0)=0-2, n;(0) = 0.4, m M , (0) = 0.24, Í £ ? , U ? 2 . 

(10) 

The transient anti-phase behav io r of these clusters is presented in Figure 13 . A t the bot 
t o m , one can see s ignal segments w i th the e x a m i n e d d y n a m i c s . The pe r i odograms co r re 
s p o n d i n g to these segments demons t r a t e that the V H F O s are present in the c o m p o s e d 
EEG signal s imu la t i on . To be more spec i f i c , the c o m b i n a t i o n of s ignals f rom each neuron 
leads to an osc i l l a t i on w i th a f requency of ~ 7 4 0 H z (f-l curves for a single neuron for var
ious va lues of C are p r o v i d e d in the Suppo r t i ng Informat ion (see F igure S5); the defau l t 
parameter c h o i c e of / e x t = 4 0 leads to a f r e q u e n c y of 3 6 0 H z ) . A l t h o u g h trans ient , the 
V H F O s c an persist for a relat ively l ong pe r i od , s igni f icant ly surpass ing the length of V H F O s 
detected in actual EEG signals (Brázdil et a l . , 2 0 1 7 ; Brázdil et a l . , 2 0 2 3 ; C i m b a l n i k et a l . , 
2 0 2 0 ; Trávniček et a l . , 2021 ) . 
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Figure 13. (A) Transient anti-phase dynamics of subpopulat ions V\, V2 in a neuronal network mode l Equation 20 and 21 composed of 50 all-
to-all coup led Destexhe-Pare neurons with heterogeneous membrane capacitances (Equation 8), coup l ing (Equation 9), and initial condit ions 
(Equation 10). Dynamics of (B) composed signal, zoomed dynamics of (C) indiv idual neurons, and (D) composed signal are depicted with 
periodograms of (E) indiv idual neurons and (F) the composed signal. The robustness of the anti-phase behavior is demonstrated by a noisy 
appl ied direct current / e x t ~ N(40,1 2 ) at each simulat ion step A f = 0 .01 . The remaining parameter values are identical . 

D I S C U S S I O N A N D C O N C L U S I O N S 

The pr imary ob jec t i ve of our paper was to establ ish a r igorous basis for the poss ib i l i ty that a 
reduct ion in the strength of the connec t i ons be tween neurons in an ep i l ep t i c focus c o u l d p ro 
d u c e h igh , very high-frequency, and ultra-fast osc i l l a t ions measured at mic roe lec t rodes in its 
v ic in i ty . A l t h o u g h such osc i l l a t ions are b iomarkers used for d iagnost i c purposes in presurgica l 
e va lua t ion , there is still no def in i t i ve w a y to differentiate be tween phys io log i ca l (most c o m 
m o n l y assoc iated w i th the norma l phys io log i ca l func t ion of cogn i t i ve or sensory process ing 
(see Pai l et a l . , 2020 ) and pa tho log i ca l H F O s in EEC signals (Frauscher et a l . , 2018 ) . There 
are recent studies (C imba ln i k et a l . , 2 0 1 8 , 2 0 2 0 ; Ne j ed l y et a l . , 2019 ) that i n t roduced a lgo 
rithms for the detec t ion of pa tho log i ca l H F O s using pa tho log i ca l events v i sua l l y marked by 
expert rev iewers ins ide the se izure onset z o n e of patients w i th foca l ep i l epsy (detect ion t ra in 
ing and m a c h i n e learning), but f i nd ing a w a y to dist inguish between phys io log i ca l and pa th 
o log i ca l H F O s remains c h a l l e n g i n g . In contrast, V H F O s and U F O s are l ike ly to be important 
markers of ep i l ep togen ic i t y (Brázdil et a l . , 2017 ) , and a p laus ib le mechan is t i c exp lana t ion of 
such high f requenc ies in the LFP signal adds to the unders tand ing of the pa thophys io logy and 
improv i ng the treatment of drug-resistant foca l ep i l epsy or the d e v e l o p m e n t of n e w less i n va 
sive tools for its treatment. 

W e es tab l i shed that s y n c h r o n i z a t i o n of a w e a k l y c o u p l e d neurona l ne twork o c cu r s in a 
large parameter reg ion . The p h e n o m e n o n of mult is tabi l i ty a l l ows for the synch ron i za t i on of 
in-phase, anti-phase, or other spat io tempora l l y symmetr i c phase shifts. Th is enab les the net
wo rk to generate ton ic sp ik ing at its o w n f requency and s imu l taneous ly p roduce spikes at a 

Network Neuroscience 308 



Interplay of synchronized phase shifts in neurons 

regular ly shifted phase . Th is p h e n o m e n o n potent ia l l y creates an event that c an be recorded as 
a very h igh-frequency or ultra-fast osc i l l a t ion by nearby e lec t rodes . O n e assumes the recorded 
signal is a we igh ted sum of the nearby act iv i ty (see Katzner et a l . , 2 0 0 9 ; M i t zdo r f , 1985) , but 
here, for s impl i c i t y , al l neurons contr ibute equa l l y as this c h o i c e does not affect the d o m i n a n t 
f requency . W e s imula ted the network for different parameters in phys io log i ca l ranges and sub 
jec ted the system to an externa l cur rent w i th r a n d o m no ise a r o u n d a reference v a l ue . W e 
found that s y n c h r o n i z e d V H F O s and U F O s are poss ib le for very w e a k l y c o u p l e d near ly i den 
t ical neurons , persist ing even wi th smal l r andom noise affect ing the magn i tude of the external 
cur rent input . O u r f i nd ings resonate w i t h pr io r w o r k h igh l i gh t i ng a l r eady fast r ipp les as a 
network p h e n o m e n o n in ep i l ep t i c rodents, dr i ven by out-of-phase s y n c h r o n i z e d f i r ing across 
neuron poo l s (see Jefferys et a l . , 2012 ) . 

In this study, w e imp l emen ted gap-junct iona l c o u p l i n g into our mode l because the reac
t ions of the d y n a m i c s w o u l d manifest more s l ow l y if c h e m i c a l synapses were u t i l i z ed , par t i c 
u lar ly in the context of m o d e l i n g very h igh-frequency osc i l l a t ions . G a p junc t ions , as e lec t r i ca l 
s ynapses , are k n o w n for the i r ab i l i t y to suppo r t r ap id a n d b i d i r e c t i o n a l c o m m u n i c a t i o n 
between neurons , w h i c h makes them sui table for m o d e l i n g h igh-frequency osc i l l a tory d y n a m 
ics. H o w e v e r , w e a c k n o w l e d g e the intr icate, mul t i face ted nature of neurona l networks and 
therefore c o n c e d e that both gap junc t ions and c h e m i c a l synapses might p lay s igni f icant roles 
in the overa l l d y n a m i c behav ior . Never the less , w e have s h o w n that the p h e n o m e n o n of fre
q u e n c y m u l t i p l i c a t i o n is gene r i c and m o d e l - i n d e p e n d e n t . There are other, more c o m p l e x 
mode l s w i th gap-junct iona l c o u p l i n g but r andom (Erdos-Renyi graph) connec t i v i t y that c o u l d 
s h o w the same (see G h o s h et a l . , 2020 ) . Initial s imula t ions s h o w e d emergent network o s c i l l a 
t ions w i th higher f requenc ies (up to 70 H z instead of the i nd i v idua l 10 Hz ) as the c o u p l i n g 
strength increased . W e observed that the network f ired in clusters, but neurons d i d not a lways 
part ic ipate in the act ive cluster. So, w h i l e ou r m e c h a n i s m seems relevant, a c o m p l e t e cha r a c 
ter izat ion requires a separate study. Future studies might benef i t f rom mode l s that concur ren t l y 
in tegrate bo th t ypes of s ynapses to c a p t u r e a b r o a d e r range o f n e u r o n a l d y n a m i c s and 
interact ions. 

W e used gap-junct iona l c o u p l i n g of near-identical neurons of the same type for ou r a n a l 
ysis, but other parameters can also be var ied w i th s imi la r results. Spec i f i ca l l y , w e have a l ready 
e x a m i n e d r igorously that slight changes in the sod ium c o n d u c t a n c e g N a and reversal potent ia l 
^ N a m t n e in terneuron mode l d o not affect the ob ta ined results. Th is w i l l be reported e lse 
w h e r e . M o r e o v e r , w e f o u n d that exc i t a t i on w i th a no isy externa l cu r ren t g ives ana logous 
results. The approach is app l i c ab l e to a mul t i l eve l network c o m p r i s i n g subgroups of neurons 
that a l ready exh ib i t V H F O s through anti-phase sp ik ing w i th in each subgroup . A s a result, the 
presence of w e a k c o u p l i n g between these subgroups gives rise to transient UFRs and U F O s in 
the s imu l a t ed E EC s igna l . H o w e v e r , there is sti l l m u c h to be e x p l o r e d , i n c l u d i n g w h e t h e r 
V H F O s and U F O s can be s imula ted in the E EC signal for a more c o m p l e x network c o m p o s e d 
of mu l t i p l e different types of neurons and h o w the ne twork connec t i v i t y matr ix affects the 
d y n a m i c s . M o r e o v e r , the persist ing stabil i ty of anti-phase osc i l l a t ions in a mul t i l eve l network 
is current ly unde te rm ined , as their stabil i ty and res i l ience have been estab l ished in single-level 
and two-level networks w i th very w e a k c o u p l i n g . H o w e v e r , it is l ike ly that the stabil ity region 
w i l l d im in i sh in the mul t i l eve l scenar io . 

O u r results support the hypothes is of a spat ia l ly l imi ted pa tho log i ca l p h e n o m e n o n , w h i c h is 
also manifested in V H F O s and U F O s . In add i t i on , the c o u p l i n g type and its strength c an affect 
the d y n a m i c s of the c o u p l e d neurons , w i th strong enough c o u p l i n g l ead ing to in-phase s y n 
c h r o n y or smal l phase-shift s y n c h r o n y and very w e a k c o u p l i n g a l l o w i n g stable anti-phase 
reg ime, that may, in that case , t empora l l y appear in the EEC s igna l . Th is result is consistent 
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with the observat ion of altered connec t i v i t y in ep i l ep t i c bra in networks (see DeSa l vo , D o u w , 
Tanaka , Reinsberger, & Stuf f lebeam, 2014 ) . 

In c o n c l u s i o n , ou r study p rov ides a mathemat i ca l f r amework for invest igat ing the o c c u r 
rence of H F O s , V H F O s , and U F O s in the EEC signals of pat ients w i th foca l ep i l epsy . O u r 
f ind ings suggest that a reduc t ion in the strength of the c o n n e c t i o n s be tween neurons in an 
ep i l ep t i c focus c an p r o d u c e very h igh-frequency s ignals, w h i c h c o u l d a id in unders tand ing 
the pa tho logy and i m p r o v i n g the treatment of foca l ep i lepsy . H o w e v e r , there is still m u c h to 
be exp lo red regarding the c o u p l i n g types, their strength, and other parameters that c o u l d affect 
the d y n a m i c s of the c o u p l e d neurons. 

M E T H O D S 

Morris-Lecar Neuron Model 

The Mor r i s-Leca r mode l was d e v e l o p e d by Mor r i s and Lecar (1981) to reproduce the variety 
of osc i l l a tory behav io r in relat ion to C a 2 + and K + c o n d u c t a n c e (van Putten, 2020 ) . A l t h o u g h it 
was o r ig ina l l y c reated to m o d e l the potent ia l in the musc l e f iber of the giant ba rnac l e , the 
Mor r i s-Leca r m o d e l is today used for m o d e l i n g bra in py ramida l neurons due to its s imp l i c i t y 
and abi l i ty to mode l var ious d y n a m i c s (Lecar, 2 0 0 7 ; Prescott, De Köninck, & Se jnowsk i , 2 0 0 8 ; 
Prescott, Ratte, et a l . , 2008 ) . The mode l is desc r ibed by the f o l l o w i n g two-d imens iona l system 
of differential equat ions 

V = / e x t - g L ( V - VL) - g C a m „ ( V ) ( V - V C a ) - 8Kw( V - VK), 

wx{V)-
(11) 

df TW(V) 

where V i s the m e m b r a n e potent ia l [mV] and w represents the act ivat ion var iab le for K + , that 
is, the probab i l i t y that the K + c h an n e l is c o n d u c t i n g . The parameter C co r responds to the ce l l 
m e m b r a n e capac i t ance . 

In c o m p a r i s o n to the K + current , the C a 2 + cu r rent changes rap id ly , a n d its ac t i va t ion is 
assumed to be instantaneous. The act ivat ion func t ion is m o d e l e d as 

mx{V) 1 + tanh V-ßi 
ft 

(12) 

whe re /?i and f}2 denote the potent ia l at w h i c h the C a 2 + current is half-activated and the s lope 
of the act ivat ion vo l tage d e p e n d e n c e , respect ively. 

S imi lar ly , for the vo l tage-dependent steady state wx, w e use the form 

1 + tanh 
Ik 

(13) 

whe re /?3 and fi4 have ana logous mean ings to fit and /?2, respect ively . The t imesca le of the w 
var iab le is g iven by 

/(V) <pcosh v- ft 
2 f t 

(14) 

whe re the parameter <p is a temperature factor adjust ing the relative t imesca le of V a n d w. 

The system parameters gi, g c a , and g K represent the m a x i m u m leak, C a 2 + , and K + e lec t r ica l 
c o n d u c t a n c e s through m e m b r a n e c h an n e l s , respect ive ly , and V L , VCa, and VK are reversal 
potentials of the speci f ic ion channe ls . Final ly, / e x t denotes the external ly app l i ed direct current, 
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wh ichd i r ec t can be used as a single parameter de termin ing a class of the studied c e l l , that is, 
whether w e deal wi th class I or class II neuron acco rd ing to the c lassi f icat ion proposed by Hodg-
kin (1948). 

Un less o therwise stated, w e make the parameter c h o i c e s as listed in Table 1. These phys 
i o l o g i c a l parameter va lues we re taken f rom G u t k i n a n d Ermentrout (1998) . Cha rac te r i s t i c 
va lues for the h i p p o c a m p a l ce l l m e m b r a n e capac i t ance C a r e f ound to be a round 1 / iF/cm 2 

(Destexhe & Pare, 1 9 9 9 ; Ermentrout & Terman , 2 0 1 0 ; Hartvei t , Ve ruk i , & Zandt , 2 0 1 9 ; Keener 
& Sneyd , 2 0 0 9 ; Tewar i et a l . , 2018 ) . Therefore , w i th in the f ramework of this art ic le , w e c o n 
sider these va lues . 

C a p junct ion: 
A spec ia l ized intercellular 
connect ion that a l lows direct 
electrical and chemica l 
communica t ion between 
neighboring cel ls, facil itating 
synchronizat ion of activity. 

Model of Morris-Lecar Neuronal Network 

T imesca l es of synapses of neurons and gap junc t i ons differ. Spec i f i ca l l y , synapt ic c o u p l i n g 
refers to the m e c h a n i s m w h e r e b y neurotransmitters are re leased f rom a presynapt ic neuron 
and subsequent l y b i n d to receptors loca ted on a postsynapt ic neu ron , i n d u c i n g changes in 
the latter's m e m b r a n e potent ia l . Th is process is re lat ive ly s low , t ak ing several m i l l i s e conds 
to occu r . In contrast, gap junc t ions p rov ide d i rect e lect r ica l c o m m u n i c a t i o n between neurons, 
a l l o w i n g for very rapid t ransmiss ion of e lect r ica l s ignals w i th v i r tua l ly no de lay in the c o m m u 
n ica t ion be tween the c o u p l e d neurons . G i v e n our ob jec t i ve to mode l h igh f requenc ies , w e 
opted for a network m o d e l that incorporates gap junc t ions , w h i c h are k n o w n to be present 
in the m a m m a l i a n cen t ra l ne r vous sys tem, i n c l u d i n g the h i p p o c a m p u s ( D r a g u h n , T raub , 
S c h m i t z , & Jefferys, 1 9 9 8 ; F u k u d a & K o s a k a , 2 0 0 0 ) . M o r r i s - L e c a r neu rona l ne tworks w i th 
gap junc t ions have recent ly been studied w i th regard to ep i l epsy (Vo lman , Perc, & Bazhenov , 
2 0 1 1 ; N a z e , Bernard , & Jirsa, 2015 ) . H F O s have also been reported in a computa t i ona l study 
w i th H o d g k i n - H u x l e y type mode l s w i th gap junc t ions by H e l l i n g , Koppert , Visser, and Ka l i tz in 
(2015). He re , w e e x a m i n e a smal l popu l a t i on of neurons w i th gap junc t i on c o u p l i n g as it has 
been found that the ep i l ep t i c bra in tissue may be func t iona l l y isolated f rom sur round ing bra in 
regions (see K l imes et a l . , 2 0 1 6 ; Warren et a l . , 2010 ) . Mo reove r , the rev iew of Jin and Z h o n g 
(2011) focuses on gap junc t ions in the pa thophys io logy of ep i lepsy , desc r ib ing their role in the 
gene ra t i on , s y n c h r o n i z a t i o n , a n d m a i n t e n a n c e of se izures , a n d po ints to gap j u n c t i o n s as 
p rom i s i ng targets for the d e v e l o p m e n t of ant i se izure m e d i c a t i o n , e m p h a s i z i n g the need for 
further research in this f ie ld to refine ou r unders tand ing and treatment of epi lepsy. 

Let us e x a m i n e a neurona l network mode l of N e lec t r i ca l l y c o u p l e d Mor r i s-Leca r neurons 
(Equation 11) desc r ibed by 

diWl 

U-gdVi-V^-gc.m^V^Vi-Vc^-gKWiiVi-VK) 

rw(Vi) • 

N 

(15) 

whe re / € | 1 , . . . , N] and K = (e (y) ; . _ j represents a c o u p l i n g matr ix de te rm in ing the network 
t opo logy , that is, its connec t i v i t y . W i t h i n this a r t i c le , c o n c e r n i n g the M o r r i s - L e c a r m o d e l , 
w e focus o n the case of an al l-to-al l c o u p l e d n e u r o n a l ne two rk w i th i den t i c a l c o u p l i n g 
strength 

0.1 
:~N' 

(16) 

The funct ions mx(V), wx(V), and rw(V) are de f ined in Equat ion 12 , 1 3 , and 14, respect ively. 
Initial cond i t i ons for gat ing va r i ab le : w^O) = w2{0) = 0.04 unless spec i f i ed otherwise . 
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Interneuron Model 

C o n s i d e r a neurona l network c o m p o s e d of N e lec t r i ca l l y c o u p l e d interneurons (Whi te , C h o w , 
Rit, Soto-Treviho, & K o p e l l , 1998) . Let the m e m b r a n e potent ia l [mV] of neuron / satisfy the 
equat ion 

d N 

Q -77 V, = W " k ~ /Na " k ~ ̂ > (  V> ~  Vl)' ^ 

where C-, represents the m e m b r a n e c apac i t ance , / e x t is the externa l ly app l i ed current , and li, 
/n3/ and / K stand for the H o d g k i n - H u x l e y type leak, N a + , and K + currents, respect ively . The last 
term represents the gap-junct iona l c o u p l i n g be tween neuron / and al l other neurons in the 
network , whe r e e,y is the gap junc t ion c o n d u c t a n c e . The N a + and K + currents are g iven by 

^ a = gN3rn^h,{Vi - V N a ) and / K = g K " f ( K - V K ) , (18) 

whe re g N a and g K are the m a x i m u m c o n d u c t a n c e s , m, and h, represent gat ing var iab les for N a + 

channe l s , and n, is a gat ing var iab le for K + channe l s . The leak current is g iven by li = gi_( V/— V L ) , 
whe re gi stands for the leak c o n d u c t a n c e and V L is the leak reversal potent ia l . 

The act ivat ion va r i ab le m, is assumed to tend rap id ly to its steady state. H e n c e o n e c an 
substitute it by its asymptot ic va lue m,- = m0O(V/) = (1 + exp [-0.08(V/- + 26 ) ] ) _ 1 . Further, the 
gating var iab les h, and n, obey 

d hjyd-hj d r^'Vfi-m 
-r hi = 7T7\— and -r- n, = — (19) 
df rh(Vi) df rn(Vi)  v ' 

/ith 

1 + exp [0 .13 (V + 3 8 ) ] ' v ; 1 + exp [-0 .12 (V + 67 ) ] : 

n^V)=l-, f n n / c M / i TTvTT; ^ n ( V ) = 0 . 5 + -1 + e x p [ - 0 . 0 4 5 ( V + 1 0 ) ] ' v ; 1 + exp[0.045( V - 5 0 ) ] : 

respect ively. 

In this article, w e consider parameter values C ~ 1 //S/cm 2, g L = 0.1 mS/cm 2 , g N a = 30 mS/cm 2 , 
g K = 2 0 m S / c m 2 , V L = - 6 0 mV, V N a = 4 5 mV, and V K = - 8 0 mV. These va lues are w i th in 
phys io log i ca l ranges and give the h igh-frequency f i r ing rates typ ica l of h i p p o c a m p a l in te rneu
rons (White et a l . , 1998) . 

Destexhe-Pare Neuron Model 

The last mode l of a h i p p o c a m p a l py ramida l ce l l w e cons ide r w i th in this paper c o m e s f rom 
Destexhe and Pare (1999). Currents d y n a m i c s are desc r ibed by H o d g k i n - H u x l e y type mode ls 
w i th k inet ics based o n a mode l of h i p p o c a m p a l py ramida l ce l l s f rom Traub and M i l e s (1991), 
ad jus ted to ma t ch vo l t age-c l amp da ta of co r t i c a l p y r a m i d a l c e l l s ( H u g u e n a r d , H a m i l l , & 
Pr ince , 1988) , and a non inac t i va t ing K + current was desc r ibed in M a i n e n , Joerges, H u g u e n a r d , 
and Se jnowsk i (1995). 

O n c e aga in , w e e x a m i n e a neurona l network c o m p r i s i n g N c o u p l e d neurons . Let the m e m 
brane potent ia l V; [mV] of neuron / be desc r ibed by equa t ion 

d  N  

Q -r V; = /ex, -k- /Na " 'Kdr ~'M ~ Y, E'i (  V' ~  Vl) ' (20) 
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where C, denotes the m e m b r a n e c apac i t ance ; / e xt is the externa l ly app l i ed d i rect current , and 
' l / W / A<cii7 a n d ' m represent the leak, N a + , and K + currents. The sum term stands for the gap 
junc t ion c o u p l i n g be tween neuron / and all other neurons in the network w i th the gap junc t i on 
c o n d u c t a n c e e,y. As usua l , the leak current is g iven by li = gi_(V} - V L ) , whe r e gi is the leak 
c o n d u c t a n c e , and V L denotes the leak reversal potent ia l . A s men t i oned , all gat ing var iables 
p G \m, h, n, mM} obey first-order k inet ics 

^ p , = ap(Vi)(l -Pi) -fip(Vi)Pi (21) 

wi th funct ions ap{Vj) and /?P(V}) tak ing the form spec i f i c for each var iab le . 

The vo l t age-dependent N a + cur rent w a s d e s c r i b e d by T raub and M i l e s (1991) a n d is 
g iven by 

/Na = gNa T7? hj( Vj ~ V N a ) , (22) 

whe re g N a stands for its m a x i m u m c o n d u c t a n c e , V N a is its reversal potent ia l , and m, and h, 
represent gat ing var iab les satisfying Equat ion 21 w i th 

- 0 . 3 2 ( V - W - 1 3 ) 0 . 2 8 ( V - W - 4 0 ) 
am(V) = — — — : — - , j S m ( V ) -

e x p [ - ( V - V r - 1 3 ) / 4 ] - l ' ' exp [ (V- VT-40)/5] - 1 ' 

ah{V)= 0.128exp[-{V-Vj- V s - 1 7 ) / 1 8 ] , ßh(V) 
1+ e x p [ - ( V - VT- V s - 4 0 ) / 5 ] 

for VT = - 5 8 m V and V s = - 1 0 m V fitting the vo l tage-c lamp data. 

The current co r r e spond ing to the de l a yed rectif ier K + c h a n n e l was studied by Traub and 
M i l e s (1991) and is g iven by 

kdr = gKdr nj (Vj - VK), (23) 

whe re g K d r is the m a x i m u m c o n d u c t a n c e , V K represents its reversal po tent ia l , and n, obeys 
Equat ion 21 wi th 

" " ^ ^ e x p T ^ V - V ^ I - r MV)-0.5eM-(V-Vr-10)/40]. 

A n d f ina l ly , the non inac t i va t ing current was desc r ibed in M a i n e n et a l . (1995) and takes 
the form 

IM = gMtnM,i{Vj - V K ) , (24) 

whe re g M denotes the m a x i m u m c o n d u c t a n c e and mM obeys Equat ion 21 wi th 

0.0001(Y/ + 30) - 0 . 0 0 0 1 ( V + 30) 
" m M l ' 1- e x p [ - ( V + 30 ) /9 ] ' m 1 ' 1 - e x p [ ( V + 30 )/9 ] ' 

W i t h i n this paper, w e cons ide r the f o l l o w i n g phys io log i ca l parameter va lues for a h ippo-
c a m p a l p y r a m i d a l c e l l taken f r o m Des t exhe a n d Pare (1999) . Spec i f i c a l l y , C ~ 1 /uS/cm 2, 
gi - 0 .019 m S / c m 2 , g N a = 1 2 0 m S / c m 2 , g K d r = 100 m S / c m 2 , g M = 2 m S / c m 2 , V L = - 6 5 mV, 
V N a = 55 mV, and VK = - 85 mV. 

N U M E R I C A L M E T H O D S 

W e used the standard o d e 4 5 solver in mat lab for determin is t ic settings, w h i l e for s imulat ions 
w i th no isy input, w e add noise to the external current at each s imula t ion step w i th A f = 0.01 
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us ing the E u l e r - M a r u y a m a me thod . B i furcat ion curves have been c o m p u t e d using the numer 
ical b i furcat ion package M a t C o n t (Dhooge , Govaer ts , & Kuznetsov , 2 0 0 3 ; D h o o g e , Govaer ts , 
Kuznetsov , Me i j e r , & Sautois, 2008 ) . 
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