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No manifest T duality at order
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When reduced from 10 to 10 — d dimensions tree-level string theory exhibits an O(d, d) symmetry.
This symmetry, which is closely related to 7 duality, appears only after certain field redefinitions. We find

a simple form for a subset of these redefinitions at order > and show that they cannot be lifted to ten
dimensions. This is inconsistent with “manifestly 7" duality invariant” approaches such as generalized
geometry (in the uncompactified setting). Such formulations therefore seem not to be the correct language

to describe string theory.
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Introduction. In string theory, the supergravity action is
accompanied by an infinite series of higher derivative
corrections. The corrections are organized in powers of
the string coupling g, and inverse string tension . In this
work we restrict ourselves to tree-level string theory,
i.e. lowest order in g,. We still have an infinite series of
o -corrections. The first such correction is at first order in o
in the case of type I, heterotic, or bosonic strings and third
order in the type II case. The former correction involves
the square of the Riemann tensor [1,2], while the latter,
which is present for all string theories, involves the fourth
power of the Riemann tensor with a coefficient proportional
to £(3) [3-8].

The terms involving only the metric have been found
from 4pt and 5pt tree-level string graviton amplitudes and
have been known for a long time. However, to find the
complete correction involving all the massless fields at
order a”* would require going up to 8pt and matching
the amplitude to an ansatz for the effective action with
O(1000) terms [9].

The T duality symmetry of string theory offers a possible
short-cut (another possibility is to use supersymmetry,
e.g. [10]). Restricting to the Neveu-Schwarz—Neveu—
Schwarz (NSNS) sector fields (G, B, ®) common to all
string theories, T duality on a circle turns out to completely
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fix the correction at orders o and o, up to the overall
coefficient [11,12]. This approach still involves writing a
very large general ansatz for the action and had to be carried
out with the aid of a computer, leading to a complicated
final answer. But this approach can be considerably
simplified by realizing that it is enough to look only at a
small subset of the terms arising in the dimensional
reduction, as we will now explain.

In general, reducing string theory from 10 to 10 —d
dimensions leads to the appearance of an O(d, d) symmetry
[13,14], which is closely connected with T duality. This
symmetry persists to all orders in o for the massless fields
[15], but is broken by the massive modes to a discrete
subgroup. It therefore applies to the tree-level low-energy
effective action. Focusing on the KK vectors (displaying
only the internal index n’ = 10 —d, ...,9)

1 .1
An/:—E(AE;)+A,(f)), A, :f(AQ)—A(%)), (1)

where A() comes from the metric and A from the B-field,
the subgroup O(d) x O(d) C O(d,d) acts by independ-
ently rotating A and A. A necessary condition for O(d, d)
symmetry is therefore that any terms involving the O(d, d)
violating contraction A - A = A, A" must cancel out in the
reduced action. This condition was used in [16-18] to fix
the form of the corrections up to order > (in the latter case
modulo terms of sixth order and higher in fields).
Actually, the O(d,d) violating terms in the reduced
action cancel only up to terms proportional to the lowest
order (SUGRA) equations of motion. These terms can then
be removed by field redefinitions (up to terms of yet higher
order in o'). Here we analyze the form of the required field
redefinitions [or, equivalently, modifications of the O(d, d)
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transformations] and show that at order o> they cannot be
uplifted to ten dimensions. Said another way: there is no
(local) choice of fields, a.k.a. scheme, in D = 10 which,
upon dimensional reduction, leads to a reduced action
which is directly O(d,d) invariant without further field
redefinitions (or modifications of the transformations).

This is in direct conflict with approaches like generalized
geometry [19-21] [and the closely related double/
exceptional field theories (DFT/EXFT), reviewed in
[22-25] ], where the O(d,d) symmetry is present from
the outset. Therefore, contrary to what is often assumed,
such “manifestly 7 duality invariant” formulations seem
not to be the correct language to describe string theory. This
observation is consistent with a previously found obstruc-
tion in DFT [26]. Note that this problem is there only when
describing the general uncompactified theory; there is no
problem when restricting to backgrounds with d Abelian
isometries.

Order . As a warm-up, let us consider the order o
correction for the bosonic string. Ignoring the overall
coefficient it can be written [17]

_ bed 2 bed
La’ - RabcdRa - HabcdRa ¢

1
= 3 e (H)H — 2,60, (2)
where we defined H?, , = H, H .y, H2, = H,.qH,
and introduced the torsionful Riemann tensor

1
Rahcd = Rabcd - v[aHb]cd + EHi[Cd]b' (3)

The last term, proportional to the metric equation of motion
1
Guh ERah +2vaqu)—zH§b, (4)

has been added for convenience (it can be removed by
a field redefinition). Kaluza-Klein (KK) reduction (see
Appendix A) gives, in addition to O(d, d) invariant terms,
the following O(d, d) violating term quadratic in the KK
vectors (when there is no risk of confusion we use the same
notation for indices in D = 10 and D = 10 — d)

. 1
La’ N _4FaC ‘FbC <Gab +§Bab>’ (5)
where F' (f? ) are the field strengths of the KK vectors (1) and
the equation of motion for the B-field is

Bab = (VC - 2ac®)HabC' (6)

Since it is proportional to the equations of motion, this term
can be removed by a field redefinition. This is in the
reduced theory, but it is interesting to ask whether it can be
removed already from the start. For this to happen one

needs a term in 26 dimensions which, upon KK reduction,
cancels this term. It is not hard to find such a term in the
present case, but if we could not find it, how would we
check for an obstruction?

The strategy we will use is to first linearize the term. This
leads to several terms, and we pick one of them. In the
present case the most interesting term is one coming from
the B equation of motion (e.0.m.), namely

—20FA™ . 0'A,, By, (7)

To see if this term can be uplifted to 26 dimensions
one needs to write all terms which can contribute to this
term upon KK reduction. At the linearized level the KK
reduction ansatz is (we are ignoring any terms involving the
KK scalars since we do not need these terms)

. B AL . B,, A% -
A0 o ) T \LA® o )

mn

The index structure of the term remains basically
unchanged in the reduction, except that one pair of indices
becomes internal, and therefore terms of different index
structures will not mix. Using also the fact that the action is
symmetric under B — —B one finds that it is not possible to
construct a term out of the linearized metric and B-field
which can cancel the term (7). However, if we take instead
of the metric the linearized vielbein, e ~ 1 + f, with KK
reduction ansatz

(1)
mn A !
J_‘mn=(f0 0) (9)
then the term
0" f""d'B,,,0* By, (10)

does the job. This term would simply vanish if f were
symmetric, which shows the problem with using only the
metric. This observation is consistent with the fact that the
full nonlinear term in (5) can be uplifted using H,,,. and
the spin connection [17,27]. This example highlights the fact
that the answer can depend on the field content (and gauge
symmetries) we assume in the higher dimensional theory.

Obstruction at order o/3. The approach of requiring the
O(d, d) violating terms quadratic in the KK vectors to
cancel was first implemented in [16] for the &® correction.
The calculation was revisited, keeping track also of the
dilaton and terms proportional to the equations of motion
in [18]. The e.o.m. terms were kept track of only to first
order in H, which is all we will consider here. The
expressions are quite long, but it turns out that almost
all terms can be canceled by adding suitable e.o.m. terms to
the D = 10 Lagrangian (for details see Appendix A). This
leads to the following D = 10 Lagrangian

L061904-2



NO MANIFEST 7 DUALITY AT ORDER o

PHYS. REV. D 111, L061904 (2025)

_ 1 4 1 273 1 D4
La/S = 4—!I8I8R —mlngH R +m8888R
1 A 1 A
273 2 3
+—2(3')3 €9£9H R +—2(3')3 8989[1‘1 ]R

+ 26‘4H2£4R2R + 32HabCHdengh[deRagbf]ﬁhc
+ 32H, H 4o /RIHREN RE,

4! 5
_ EH“bCHdengh[adee]gthf +O(H"), (11)

where R means that the Ricci tensor and scalar are

completed to the e.o.m., e.g. R, =R, + ZV,(Z_)()I,(I)
(see Appendix A for further details). Up to the e.o.m.
terms (equivalently field redefinitions) this agrees with
previous expressions in the literature [28-30]. The point of
this more complicated Lagrangian is that it leads only to the
following six e.o.m. terms to linear order in H (here and in
the following we drop the dots, e.g. FF = F - F):

32F 1, F oy R RIVIB, ) — 32F“ FYH; V¥R 0 G + 64F" F N H g R, G + 16FPF )V (H ) RY ,, D
+ 64FV ,FIeH R 9‘Gr, — 16F“VIFPH, R "D + (e.0m.)-terms + O(H?) + (H - —H.F < F),  (12)

which now involves also the dilaton e.o.m.
1
IDER+4V"add)—46dd>ad<I>—EH2. (13)

Above we have dropped terms of order H? and terms quad-
ratic in the equations of motion. The addition of the same
terms with the sign of H flipped and F and F exchanged
implements the “B-parity” symmetry under B — —B of the
tree-level NSNS sector.

These six terms all have a different structure and can be
analyzed independently. One can show that none of them
can be uplifted to ten dimensions. We will illustrate the
problem by looking at the first term. As before we linearize
and pick one specific contribution. In this case we take [31]

0,A;0,A0,0 k'™ 9P 3 W1 P B,,,. (14)

The most general term in ten dimensions which can
contribute to this term upon reduction is

Ca] 30405 ain'l,]]aanz'lqapakX;’Zap a]X;l;: aZX(15,mn ) (15)
with
X%, ={hum B} fora=1,2. (16)
To cancel the term in question (and its B-parity partner,
which we have not written here explicitly) we need to
consider
Cw1lzaij’;akxazlqapakh,-mapafh,nazBm”, (17)
leaving four unfixed coefficients C, 4,112- But B-parity
requires Ciq112 = Cxi1o = 0 (odd number of 2’s means

odd power of B). So, from the above terms we get, using the
reduction ansatz in (8) (from the g-index being internal),

[
(=Ci2112 + C21112)aiAjakAlapakhimapajhl"azan
— (A < A). (18)

We will use a concise way of writing and in the following
write only the coefficients of the terms, from which the
term in question can easily be identified. The cancellation
of the term (14) gives the condition

1+ Z (=1)*Capr12 = 0. (19)
ap={12.21}

This is easily satisfied; however, the terms in (15) will also
give rise to other terms upon KK reduction. These terms
must cancel out among themselves since there are no other
terms of the same structure in (12). In particular, taking the
n-index to be internal gives the conditions

(_l)aclﬂaﬁ =0 Z (_l)aC2llaﬁ =0. (20)

ap={12.21} ap={12,21}

This can again be satisfied by turning on more of the
coefficients (those ending in 21). But taking the g-index in
these new terms to be internal gives the further condition

(=1)*Cep121 = 0, (21)
ap={1221}

which, together with the previous two conditions, is
incompatible with the first condition (19).

The conclusion is the same if we replace the metric by a
vielbein, with the KK reduction ansatz given in (9). For the
most general uplift term in (15) we now take

X%, = {hpns Bpns In}  for a=1,2,3, (22)

where hmn = 2f(mn) and Jonn = Zf[mn]'

Considering our previous term (17) in this new case,
where now (by the B-parity) Cyy11p = Ciy112 = Ciz112 =
C31112 = C33112 = 0 (i.e. odd in 2’s), we get in place of
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condition (19)

1+ Z (=1)*Capr1 = 0. (23)
ap={1221,23 32}

Similar to the case for the linearized metric above one can
now look at the terms coming from the n-index being
internal in each of the terms appearing in the sum and again
find an inconsistency.

The same approach can be used to show that the other
five terms in (12) also cannot be uplifted to ten dimensions.
It is clear what the problem is: any term in ten dimensions
whose reduction cancels one of the terms in (12) will also
produce other terms, when another index is taken to be
internal. But there are no other terms in (12) with the same
index structure which could cancel these terms.

So far we considered only the conventional fields and
symmetries. One can ask whether approaches with addi-
tional fields and gauge symmetries, e.g. generalized geo-
metry, might overcome the problem. But given how the
problem arises it is hard to see how this could happen. In
fact, we will see below that introducing additional vielbeins
does not help.

Double vielbein story. Noting that the metric and the B field

each reduce to combinations of the KK vectors A and A, it
is clear that to have the best chance of canceling the terms
we want to cancel, we need objects which reduce just to A

or A. This can be achieved by introducing two vielbeins
instead of one, e =1+ f () with (linearized) KK
reduction ansatz

f(+) — <f}(ntz) _Anlm ) , f(‘) — ( f’(”_”) An’m > )
T A e _Am’n 0

A, 0
(24)
and hence
(£) 2
Jonni A
lﬁ”—i”)_< ) nm)’ (25)
FA,, 0

+)
mn

where £,,, = 2f(, and Ji,) = 2f|,) Note that f(*) and

f) are exchanged by B-parity.
We consider again the same term in (14). For the general
uplift term in (15) we now take

X%, = {Ryus By T o} for a=1,2,3,4. (26)
In place of the condition (19) we now get

1 + Z (_1)a+5/;3 CaﬂllZ - 0 (27)
ap={12,13,14,21,31.41}

Again each of the terms also gives rise to other terms, by
taking the n-index to be internal, which have to cancel
separately. This leads to conditions similar to (20). Finally,
by considering the g-index to be internal in the new terms
one can derive the conditions

(=1)7+om Cys1ap = 0, (28)
y6={12.13,14.21.31.41}

and taking aff = 12 one finds again a contradiction with (27).

We conclude that introducing two independent vielbeins
(and thereby doubling the Lorentz group) does not help in
uplifting the terms in (12) to ten dimensions. It seems very
unlikely that introducing even more fields would change
this conclusion. The reason is that any new field we
introduce will still reduce to a combination of A and A
and their derivatives, but we can already produce any such
combination using just e(*). This shows that approaches
like generalized geometry or DFT/EXFT will not be able to
account for the a3 correction, as the O(d, d) symmetry can
only appear after KK reduction and field redefinitions in
the reduced theory.

Conclusion and outlook. Tt is known that at orders «' and
'? there is no obstruction to uplifting the field redefinitions
needed for O(d,d) invariance to D = 10 (or D = 26),
which allows extended formulations with O(d,d) sym-
metry before dimensional reduction [27,32-37]. Here we
have argued that at order o3 this is no longer possible [38].
This is consistent with the obstruction in DFT found
in [26]. This presents a problem for formalisms with
O(d,d) built in, e.g. generalized geometry, when these
are used in the uncompactified setting. This problem is
present already for circle compactification (d = 1), corre-
sponding to O(1,1) (it is, however, not visible for d = 9,
since the terms we considered vanish in that case). We have
argued that it is unlikely to be overcome by introducing
additional fields and gauge symmetries.

So far we did not discuss the possibility of modifying the
0O(d,d) transformations. The idea would be to modify
the O(d, d) transformations at order o so as to cancel the
lowest order O(d, d) transformation of (12), rather than the
expression itself. For example, the first term implies a
correction to the transformation of B in the reduced theory
of the form

8By ~ a3 (FyFyRR) (29)

mn?

with 1 = A — 4, the difference of the two O(d) parameters
inside O(d,d). Naively, one can uplift this corrected
transformation to a D = 10 transformation of the form

8By ~ a2 (0, H,RR), . (30)

Such a correction to the transformation does not seem
to make much sense, however, for the following reason:

L061904-4
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The combination of fields in the parentheses cannot trans-
form covariantly under (lowest order) O(d, d). This means
that the commutator of two O(d, d) transformations will
have terms of the form

[61?52}an ~ a/S(w;ilHZZRR)mn +oeee = (1 < 2)’ (31)

i.e. with the two transformation parameters contracted with
different fields, but this is not compatible with closure of
the algebra. This argument is only heuristic at this point,
since it does not take into account all different ways one
could implement the modification of the transformations,
but it shows that there are serious problems that must be
overcome to make sense of the required modifications to
the transformations in D = 10. For example, we expect this
to be a problem for the approach of [39], which attempts to
work in D = 10 with the dimensional reduction treated
implicitly [by dropping any terms with the O(d, d) param-
eter contracted with a derivative].

On the positive side, we have seen that almost all the
required field redefinitions can be lifted to ten dimensions.
The resulting Lagrangian (11) is particularly natural to work
with from a 7 duality perspective. It would be important to
extend it to all orders in the NSNS fields, and further to
include also the RR fields of the type II string. This is
particularly interesting as this correction plays an important
role in areas such as black hole physics, e.g. [40], moduli
stabilization, e.g. [41], and inflation, e.g. [42,43].
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Appendix A: Kaluza-Klein reduction ansatz. We use the
standard KK reduction ansatz for the vielbein

a Hn' &
eyt = (" A" (A1)

- 0 e
and B-field

an A}(,:r),/ + Aﬁ'pk/Bk’n’
Bun =1\ _ o) _ o - (82)

_Anm’ - Ay Bk’m’ Bm’n’

where B,,, = B, — A}, A + ALY A By The KK

vectors can be combined into an O(d, d) vector

A(l)m’
A = ( AR )

m

(A3)

and the scalars into a symmetric O(d,d) matrix,
sometimes called the generalized metric,

m'n’

m'k'
o ( g —g" By
MN — 1ot 1
k'n k'l
Bm'k’g '’ — Bm’k’g Bl’n’

We also have the O(d, d) invariant metric

nMN = ( 0 ow” )
s 0

Using these we can form precisely two O(d, d) scalars
from two KK vectors, namely

). (A4)

(AS)

AMV]MNAN and AMHMNAN, (A6)

where HMN = yMKH . nEN. Since we will not need any
terms involving the KK scalars, we drop these in the
following. In terms of A and A defined in (1) the two
O(d, d) invariants become

ApmAT =A,A, and A, A" =A,A, (A7)

while

Am’mAiln/ = AmAn (AS)

violates O(d, d) invariance.

The “B-parity” symmetry of the action under B — —B
becomes B — —B and A? = —A®? in the reduced
theory, i.e.

A—=—-A,  A- -A, (A9)
which gives A,,4, = A,A,.

With the KK scalars set to zero the nontrivial contribu-

tions in the reduction of H = dB become

Eabc = I:Iabcv ﬂabc’ = _Fc’ab - Fc’ab7 (AIO)

where H,,. = H,,, + 3(A[ui7hc] —AFy) and F and F
are the field strengths of the KK vectors A and A defined

in (1). The nontrivial contributions in the reduction of the
torsionful Riemann tensor (3) become

Eabc’d’ = _2ﬁi’[aﬁd’b]e7 Eabc’d = v51+)ﬁc’abv

Ea’b’cd = _ZFZ’[CFb’d]w Ea’bcd = _vgy_>Fa’cda
Ea’bc’d = Fﬁ’bFa’ed» Rabcd = 7~?’abcd + Fachd’

(Al1)
where Rpeq = Raped + 2Fa[cf7d]b — F,,F 4. Note that the
last term in the reduction of R ., violates O(d, d).
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The simplest example is the order o action. Looking at
the O(d, d) violating terms one finds
R — —F,,F, H? = 6F,,F*,  (A12)
fixing the correct relative coefficient in the Lagrangian,
Ly =R +4(0®)> 4+ LH?. We refer to [17] for further
details.

Appendix B: Action and field redefinitions at order o>
We start from the action and O(d,d) violating e.o.m.
terms derived in [18], Egs. (1.6) and (3.42). The only

e.o.m. terms quartic in fields are contained in kge'o'm') in

(B.43). Integrating these by parts one finds that they can
be removed by adding to the ten-dimensional Lagrangian
the following terms:

N 1 N
(8787)/R3R + % (8888),H2R2R

1 A l A
- gHz (8585)/R2R + ﬁ (5686)/R3R

1 A 1 A
+ ﬁ (8787)/H2R2R + §H2RahcdRCdabR,

[

(B1)

where the prime denotes removal of self-contractions
(see Ref. [18]) and a hat denotes the completion of the
torsionful Ricci tensor and scalar to the equations of
motion

Ry =R, +2V0,0,

R 1
R=R+4V0,0 ~40'00,® + H*.  (B2)

while R, = R ,. This leaves the following O(d, d)
violating e.o.m. terms after KK reduction:

1 o A
—_ g (8787),FFR2B + 4FabFabRCdegRefchyf

1 A 1 N
—+ 5 (S787)IFFVHRG + Z (6686)/FFVHR|D

+ O(H?) + (e.0o.m.)*-terms + (H — —H, F < F).
(B3)

To this we have to add the remaining terms from (3.42)
in [18], which are all of fifth order in fields. Noting first

that the contributions called kée'o'm') and k§°°'m') cancel

out (to first order in H) one finds, after some algebra and
integration by parts, that adding to the ten-dimensional

Lagrangian the terms

512
2(3!1)?

HabCHdef (R[de [ubeycglﬁ'h] h) )/

412
2(31)2
+ 32H P HP' R 0 R R,
+ 32H H 4o [ RIEVIRI, RE),

41 A
- E HabcHdengh [ahRde]gthf9

+

HabCHdef (R[de [abeg] cg )/7,\2

(B4)

leaves only the O(d,d) violating e.o.m. terms in (12).
[It is interesting to note that the second term in (12) is
special in that it arises only from the second term in the
Lagrangian (11), specifically from integrating the third
term in (3.7) in [18] by parts. This makes this term
particularly easy to track.]

At the same time the ten-dimensional Lagrangian
becomes as in (11), where the various terms are defined as

4 __ by---b, aya ara
[gth 7[al_”a81 103 R 2h1b2...R 7 8h7b87

st HPRD = 1y gyt 0s (H2 )2, | (R3)as, - (BS)

3

where #g is defined in the standard way

[8M1M2M3M4 = 8tr(M1M2M3M4) —2tr(M1M2)tr(M3M4)

+cycl(2,3,4), (B6)
while
egesRY = —BIRM, o - RIS,
£oeoHPR? = —9\H s H ,  (RI)a, -\ (BT)

and

a,ayazazagay|’

(B8)

.62 )
€9€&9 [HZ]R’S = ?H“laZ%Hamsaé (R3)[a4“'09][

which are simply the terms from the previous expression
which have no contractions between the H’s. Finally, we
have defined the unconventional structure
2, P2
e H €, R°R = —4!Ha"l“ZH”‘“‘“Rce[alazRa3a4]eded"C.
(B9)
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