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Abstrakt

V diplomové praci pfedstavujeme ucebni text o aplikacich matematiky urceny pro
studenty stfednich skol. Text se sklad4 ze dvou kapitol vénovanych dvéma riznym
oblastem, a to teorii samoopravnych kédh a inferenéni statistice. Didakticky je
ucivo podano tzv. ,problem-first” pfistupem — student je veden k samostatnému
feSeni problému a odvozeni nezbytné matematické teorie.

Abstract

In this thesis, we present an extracurricular applied mathematics textbook for
high-school students. The textbook consists of two chapters dealing with two
different areas: error-correcting codes and inferential statistics. Didactically, the
material is presented in a “problem-first” approach—the student is guided to tackle
the problem independently and derive the necessary mathematical theory.
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Notation

For easier orientation we provide an overview of the basic notation used in the
thesis.

x €A x is an element of the set A

X ¢ A x is not an element of the set A

AUB set union; the set of elements that are in at least one of the sets A, B

ANB set intersection; the set of elements that are in both sets A, B

A\B set difference; the set of elements in A that are not in B

Al cardinality of A; the number of elements in the set A

f: A— B map f from the set A to the set B

X =y xmapstoy

(x,y) ordered pair

Y ox sum of the terms x; for integers i from 0 through n (inclusive)

(n) binomial coefficient; the number of k-element subsets of an
k n-element set (read ‘n choose k’)

|x] tloor of x; the largest integer less than or equal to x

[x] ceiling of x; the smallest integer greater than or equal to x

xmod m  the remainder after dividing x by m
is approximately equal to

the set of all natural numbers (excl. 0)
the set of all integers

the set of all rational numbers

= O N Z

the set of all real numbers

7
S+

the set of all non-negative real numbers

—ix—



Introduction

It is customary for high-school students to ask in math classes: What is this good
for? Mathematics is sometimes viewed as a subject detached from reality, enjoyed
by impractical nerds pondering on useless problems. However, a large portion of
the discoveries in mathematics were driven by practical use, and the majority of
people using mathematics are not theoretical mathematicians, but engineers, data
scientists, and professionals in various fields.

The thesis aims to create two chapters of an extracurricular applied mathematics
textbook for high-school students, based on a problem-first approach. Unlike
traditional mathematical textbooks, at the forefront of each chapter is a problem,
not a tool. Via tackling the problem, the student is led to realize and understand
the necessity of certain mathematical tools and constructs. Owing to the title of the
thesis, the language used is colloquial and imitates the way a high-school teacher
might talk to a student. The textbook is suitable for self-study—the learner should
not need any teacher help on top of the guidance of the text.

The title of the thesis refers to the textbook Street-fighting Mathematics [13] and a
course of the same name created and taught by Sanjoy Mahajan at MIT. While Ma-
hajan’s primary focus is methods of approximate solutions, the textbook chapters
proposed in this thesis provide a more foundational look at two highly practi-
cal fields of mathematics: coding theory and inferential statistics. The content
assumes the knowledge of high-school mathematics, and the ability to grasp con-
cepts slightly above that level. The text should however be more accessible than
the average source for these mathematical topics, since most of the sources build
on a solid understanding of undergraduate-level math, such as linear algebra, ring
theory, or calculus.

The thesis is divided into two parts: the textbook and a theoretical commentary.
The textbook starts with a preface, which intends to tune the student in to the style
of the textbook, explaining the structure and the recommended way of reading.
The first chapter of the textbook delves into the problem of error correction. It
starts with understanding the general goal and leads the student to construct codes
from the simplest to more sophisticated, and seeing the various challenges and
trade-offs in the code design along the way. The second chapter concerns with the
problem of inferring knowledge from data. It explains how various probability
distributions emerge, then proceeds to different methods of hypothesis testing,

—1-



Introduction 2

and finally compares the frequentist and Bayesian approaches to inference. The
theoretical commentary serves to explain the didactic principles and the design
decisions made when writing the textbook.

The thesis should serve all students who are interested in mathematics beyond the
scope of what is taught in high school. It intends to bridge the gap between high
school and university mathematics—the two topics were chosen so that they mo-
tivate the introductory mathematics courses in university (algebra and calculus).
Secondarily, the thesis may serve all teachers of mathematics, giving them ideas
how to use the problem-first approach in their teaching, to make mathematics
more enjoyable and easily understood.



Part 1

The Textbook



Preface

You, the reader of this text, were probably born within a few decades of the year
2000. So, we share one crucial experience: being born into a world brimming with
knowledge. The vast amounts of knowledge were thrust upon us before we began
forming our own.

Mathematics is a perfect example. We were told about numbers before we would
have discovered them ourselves. You might think that you have understood num-
bers intuitively since birth—but that’s likely not the case. As partial evidence,
there is at least one indigenous tribe in the Amazon rainforest that has no words
for numbers in its language at all [7].

Mathematics, along with all other fields of human knowledge, took millennia to
develop. The way mathematics is organized today, built on the solid foundation
of set theory, having notation that allows us to think about abstract notions using
a visual system—all is a result of immense mental effort.

So, as we were born into this world and learned maths from our ancestors, we took
amassive shortcut. Imagine being one of those unfortunate feral children raised by
wolves. You could possess Einstein’s exact genetic makeup and still never arrive at
the theory of relativity. Maybe you could go as far as Euclid, pondering problems
in geometry. But there’s no way you could develop the theory of relativity, from
scratch, in a single lifetime.

That we were born into this world is a tremendous stroke of luck. Yet, this shortcut
has a flaw in how knowledge is passed from teacher to student. Suppose the
teacher (who once was a student) spent her career exploring a specific question.
How she tackled it taught her a lot about it and allowed her to develop a good
model of the problem. Eventually, she created formalism that helped describe
and solve the problem. In the end, the teacher has a handy toolbox of definitions
and algorithms to pass on to her students. So, what’s the catch? The student
doesn’t grasp the why—he lacks the teacher’s experience and doesn’t understand
the necessity of these constructs. In this case, the student can ask the teacher and
have any detail explained, since the teacher is the one who created the toolbox.
However, as the famous phrase ‘So said al-Khwarizmi’—from which the very word
algorithm originated—illustrates, the common mathematical toolboxes are rarely
taught by their creators.
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This is what happens in math classes in Czech schools. Students are trained to
perform complex algorithms that the knowledgeable ancestors selected as vital,
such as finding the point-normal form of the line tangent to a hyperbola. But the
bigger picture of where the theory comes from and its purpose is often skipped.
Talented students can connect the dots, while others struggle to memorize the
algorithms, aware that they don’t fully understand them. It’s no wonder most
students don’t enjoy mathematics.

Grant Sanderson, the author of the explainer math videos on the YouTube channel
3BluelBrown, makes the distinction between textbook progression and discovery
progression [17]. While textbooks start with theory and work toward applications,
the discovery process does the opposite: it starts with a real-world problem and
develops a theory to solve it. I still don't understand why textbooks can’t follow
the discovery progression. Do their authors strive for minimal content, devoid of
anything not strictly necessary? Or does deductive reasoning just feel more like
serious mathematics?

The textbook you are about to read invites you to make the discoveries for yourself.
When you encounter a question in the text, pause for a moment, think deeply, and
try to formulate an answer. Often, you'll need a pen and paper to derive or sketch
something out. If you can't figure it out, don’t worry; continue reading. The most
crucial part is to attempt the problem because trying will help you grasp these
abstract concepts more easily.



Chapter 1

Error-correcting codes

Imagine that you would like to send someone an important digital message. The
problem is that on the way, the message can get damaged—but it’s crucial that the
recipient gets it in its original form.

At first, that sounds like an engineering problem, not a mathematical one. How-
ever, we aren’t going to find ways to avoid the damage, instead, we are going to
find ways to add redundancy to the message so that even when slightly damaged,
we can repair it to its initial state.

These mathematical tools that we are going to explore are called error-correcting
codes, and they’ve been around since people started thinking about telecommu-
nications. Today, these codes are everywhere that data is stored or transferred
through wire or air.

1.1 What is the goal?

First, let’s define a few basic terms that we will be using in this chapter.
An alphabet is a finite set of symbols that we can use to write something down.

A word or a string is a finite sequence of symbols from a given alphabet. Both
terms have the same meaning, they are only used in different contexts.

A message is a string that we are sending to someone.

The message is transmitted through a noisy communications channel—that means
that sometimes it happens that one symbol is mistaken for another, an event that
we call an error. Each occasion of that event counts as one error.
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Example.

Alphabet: {0,1,2,3,4,5,6,7,8,9}
Sent message: 06592271
Transmitted message: 08592217

During transmission, three errors occurred on positions 2, 7 and 8 of the
message.

To have control over the errors, we use an error-correcting code. For a well-defined
error-correcting code, we can tell how many errors it can detect and how many
errors it can correct.

You want to send the message 1997. Design a method that will encode this message into a
longer string and allow the recipient to find out if one of the symbols was changed during
the transfer because of an error.

The simplest way to solve this, without constraints on the length of the message,
is to duplicate each of the symbols, so the resulting string would be 11999977.
Knowing that an error occurred is as simple as finding that any of the pairs has
differing symbols in it.

So, this code can detect 1 error, however, it does not allow the recipient to correct
it. If they for example receive the string 11998977, they do not know if the original
message was 1987 or 1997.

An alternative way of doing this may be using a checksum. Count the digital sum
(1494947 = 26) and take its remainder after division by 10 (26 = 2-10 + 6).
Append this check symbol to the message: 19976. If you change any one of the
symbols, the check symbol will reveal that there was an error—but not only we
cannot correct it, we don’t even know on which position it happened.

You want to send the message 1997. This time, design a method that will not only allow
the recipient to detect the error, but also to correct it.

The solution is very similar to the previous one. Instead of doubling each symbol,
triple it. In our example, that would be 111999999777. If one error happens, the
receiver can spot one digit in the triplets being different and correct it to be the
same as the other two.

This class of error-correcting codes is called repetition codes.

Consider the triple-repetition code with a fixed message length of 4 symbols. How many
strings of length 12 qualify as errorless encoded messages? How many qualify as an
encoded message with 1 error? What fraction of the whole space of strings of length 12 is
that?
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The set of all triple-repetition encoded messages of length 4 looks like this:

000000000000,
000000000111,
000000000222,
000000000333,
000000111000,

999999999888,
999999999999.

It contains 10* = 10000 items in total.

For each errorless encoded message, there are 12 - 9 = 108 messages with exactly
one error, because we are changing a symbol on 1 of 12 positions to 1 of 9 alternative
symbols.

That together makes 10000 + 1080000 = 1090 000 readable messages.

But how many 12-symbol strings are there? 10'2 = 1000000000000. So, the
readable messages account for only 0,0001 % of the space of all possible messages.

Looking at the numbers we just calculated, why is the repetition code ineffective?

Obviously, the problem is that 0,0001 % is such a tiny fraction. We wasted a lot of
space for cases that we don’t expect—since our code is designed to correct 1 error,
we don’t expect to receive a string like 426285251596.

So, tripling length while being able to correct only one error reliably is just not a
good deal on the market with error-correcting codes. Surely we can find better
ones!

1.2 Pushing the effectiveness of single-error correc-
tion

In the previous section, we came to the conclusion that the repetition code is far
from efficient. We’ll try to construct a code that can still correct one error, but
using less check symbols.

It will be useful to move our attention to binary codes. Not only is encoding in
binary signal usually necessary due to the nature of the technology used. But
there is one big advantage from the code-designer perspective: an error is always
a bit-flip (0 — 1,1 — 0). So, locating the position of the error is sufficient for
correcting it.
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» Design a code for a 16-bit message that can correct 1 error by locating it via multiple
checksums. (Hint: arrange the message in a 4x4 matrix and don’t forget that the checksums
must also be in binary.)

The idea that should come to mind is that we do a checksum for each row and
each column. The checksums are counted mod 2, so they indicate the parity of the
sum—hence we tend to call them parity checks.

When an error occurs in the message, one row parity check and one column parity
check will fail, pointing us at the precise location of the error.

correction
—_—

S = O =

S|l = O = O
el e =
_ = O O =
S|l = O© = O

(o T = S e B Y
S|l = O = O
el e =
R O R
S|l = O = O

Figure 1.1: Correction of a message symbol
But what if the error occurs in a parity check symbol? Well, it will not affect any

other symbol, unlike an error in a message symbol. So, when only one parity
check fails, we know to correct the check symbol itself.

correction

S|l = O = O
el e =)
_ = O O =
S| = O = O

(R T
S|l = O = O
el e =)
S |l = O O ==
S|l = O = O

(I T

Figure 1.2: Correction of a check symbol

The beauty of this coding is that we can just check that every row and every
column has an even number of 1’s (including the checksum row and column).
Odd number means that an error happened in that line.

» Which 24-bit words are not decodable?
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There are three cases that are decodable:
e all parity checks succeed (no error)
¢ 1 parity check fails (1 error in a check symbol)

* 1 row parity check fails and 1 column parity check fails (1 error in a message
symbol)

The other cases we cannot decode. They are exactly those in which at least 2 row
parity checks or at least 2 column parity checks fail.

As we did with the triple repetition code, determine what fraction of all 24-bit words are
decodable.

In the case of the 16-bit message, 216’(21244{24) = 9.8 % of the space of all possible
messages is readable. That is much better than the triple repetition code, but still,
90.2 % of the space is wasted.

The next step is to move from 9.8 % all the way to 100 %. So, for each message, all
states of the check symbols should be decodable—each state pointing at a different
position of a single error.

Design a code with 4 message symbols and 3 parity check symbols, where the parity checks
can produce all variants of success (S) / failure (F) when 0 or 1 errors occur (SSS, SSF,
SFS, SFF, FSS, FSF, FFS, FFF).

We’ll use an analogy to make thinking about this simpler. Imagine that the
message symbols are prisoners and the check symbols are guards. Each guard
has his own button that can be pressed to trigger a prison alarm. Each guard gets
the instruction to watch some subset of the prisoners. If any of the prisoners is
misbehaving (i.e. an error occurs in that position), precisely the guards that are
watching this prisoner press their alarm button (i.e. the parity check fails). As a
bonus, each guard is also watching himself and presses the alarm button even if
he himself is misbehaving.

When any person in the prison misbehaves, we want to be able to locate the
person based on the information of which buttons were pressed. To design such
code means to select the subsets that the guards are watching.

We can visualize this with a table, where in the top row, we have the list of all
people in the prison, and in the left column, we have the list of guards. A tick
represents that the guard (row) watches the prisoner/guard (column).

First, we know that the guards are watched only by themselves and not anyone
else, so that part of the table is done.

Now, we need to put ticks in the other part of the table so that each column has
a unique pattern of ticks. Only then can each person be identified by a pattern of
pressed buttons. Also, each prisoner must be watched by at least one guard.
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P, P, P; Py G Gy G
G, v

Figure 1.3: Step 1

You should end up with a table similar to this, except for the order of rows, which
is arbitrary. If you look at the column patterns of ticks, they are numbers 1-7 in
binary, which makes perfect sense.

P P, P3 Py G Gy Gy

G v v v v
G, Vv v Vv
Gs v v v

Figure 1.4: Step 2

If we order the columns by the numbers in binary (so guards take positions 1,
2 and 4), we have a design that is easy to decode: the parity checks of posi-
tions {4,5,6,7},{2,3,6,7} and {1, 3,5, 7} interpreted as a binary number give us the
position of the error!

G1 G2 P1 G3 PZ P3 P4

G Vv v v
Gy v v v
Gs v v v Vv

Figure 1.5: Step 3



Chapter 1. Error-correcting codes 12

Example.

Alphabet: {0, 1}

Message: 0100

Encoding: ((s1 + s2 + 84), (51 + 83 + 84), (51), (52 + 83 + 54), (52), (83), (s4)) =
= ((0+1+0),(0+0+0),(0),(1+0+0),(1),(0),(0))

Encoded message: 1001100

An error occurs on position 6 of the encoded message.

Transmitted message: 1001110
Decoding: ((zg+z5+2z6+2z7), (20 +23+26+27), (21 + 23 + 25 +27)) =
=((1+1+1+0),(0+0+1+0),(1+0+1+0)) =(1,1,0)

Error occured on position 110, = 619 = flip position 6.

Corrected message: 1001100
Without check symbols: 0 100 = 0100

Finally, we’ve created a code that uses 100 % of the space. This code belongs to the
family called Hamming codes, named after their inventor and the coding theory
pioneer Richard W. Hamming. This specific code is called the Hamming(7,4) code,
for it has a length of 7 symbols, 4 of which are message symbols. You can try
constructing codes for longer messages (must be powers of 2) analogically.

1.3 Proper definitions

We’ve successfully constructed some error-correcting codes. However, we only
worked with an intuitive concept of what a code is, we haven’t defined it in
mathematical terms at all. Let’s fix it now.

A little disclaimer before we start: we’ll restrict ourselves to block codes only.
Those are the codes that encode messages in blocks of fixed length like we did
previously. There are also convolutional codes, which we can imagine as an
endless stream of symbols—we won't deal with them in this text.

So, what defines a code? Well, for sure we need a fixed alphabet—because if two
codes are based on different alphabets (especially different size alphabets), they
are not going to be the same. We’'ll also need a fixed block length. The alphabet
together with the block length creates a set of all possible words. The code is then
defined by selecting some of those words to be codewords.

Let’s see that again in set-theory-speak.

Definition. Let A be a non-empty set, and let n be a natural number. An
arbitrary subset C C A" is called a code.
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I can hear you asking: Is that really everything? Where did the process of encoding
disappear? And what about the error correction?

Good questions. In fact, both encoding and error correction are more of a tech-
nicality. The important and non-trivial part of coding theory is to find a set of
codewords with the right properties. That’s why it’s useful to have only that in
the definition and treat the rest separately.

» How can we know, given this definition of code, how many errors a code can detect?

We detect error(s) when the received message is not a codeword.

Let’s start with an easy case. How do we know that a code can detect one error?
Well, any two codewords must differ on at least two positions, so that when one
error occurs in a codeword, we definitely do not end up with another codeword.

Analogously, a code can detect up to two errors if any two codewords differ on
at least three positions. So, a code can detect up to t errors if any two codewords
differ on at least t 4- 1 positions.

Instead of saying that two words differ on p positions, we can say their Hamming
distance is p.

Definition. Let A be a non-empty set, and let n be a natural number. Consider
the words a = (aj,ap,...,an),b = (by,by,...,bn) € A" The Hamming
distance between a and b is defined as

d(a,b) = [{i€{1,2,...,n}| a; £ bi}

And since a code is just a set of codewords, we can also speak about the minimal
distance of a code: the minimum Hamming distance across all pairs of codewords.

So, if d is the minimal distance of code C, then C can detect up to d — 1 errors.
» Let d be the minimal distance of code C. How many errors can C correct?

This will again be a very similar line of thought as in the previous section. To be
able to correct the erroneous message, it has to be closer to the original codeword
than to any other codeword. The number of errors thus has to be strictly smaller
than %. So, for d odd, C can correct up to % errors. For d even, C can correct up

to 452 errors. To avoid distinguishing between odd and even cases, we can use a

universal expression LdT’lj , which makes use of the floor function.

However, we should be careful in interpreting these properties. Take the example
of a triple repetition code. It can detect up to 2 errors. It can correct up to 1 error.
Can it do both at the same time? The problem is that a codeword received with
1 error is sometimes indistinguishable from a different codeword received with
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d=3

r=1

correction |

r=1

. correction

000000 000001 000011 000111

‘corrects 1 error.
- -

Figure 1.6: Error correction for d = 3

d=4

r=1 r=1

. correction correction |

°
000000 000001 000011 000111 001111

‘corrects 1 error.
- - -

detects 2 errors

Figure 1.7: Error correction and detection for d = 4

2 errors. So, we have to decide if we correct the word (assuming only 1 error
occured) or discard it (assuming 1 or 2 errors occurred), so we cannot use both
single-error correction and double-error detection at the same time.

What does that mean for codes with minimal distance d > 3?

How many errors the code detects and corrects is eventually the choice of the
engineer—the more errors a code can correct, the less it can detect and vice versa.
The possibilities always depend on the minimal distance of the code. In Figure 1.8,
we can see that a code with minimal distance d can both detect t errors and correct
rerrorsift+r<dand 0 <r<t.
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d=6

¢ > . e e
000000 (000001 000011 000111 001111 011111 111111
‘\_/ , : ~_ 7

Option 1

correction correction

corrects 2 errors

detects 3 errors

N
=
9 ‘ . Ld . ;
% 000000 000001 000011 000111 001111 O11{11 111111

| comecih | N o

Lcormects 1 error

detects 4 errors
d=6

o
= : .
2 A v . . y
C% 000000 000001 000011 000111 001111 011111 111111

correclsfﬂ errors

detects 5 errors

Figure 1.8: Error correction and detection options for d = 6

Interpreting the Hamming distance literally, by imagining words as points in
space, will often prove useful. Building on the geometric analogy, we can imagine

that for a given word w, all words that have a distance of v from w are inside the
sphere with a center in w and radius .

Visualising a code, you should see a space with scattered words, some of them
being highlighted (for example being written in bold)—those are the codewords
(see Figure 1.9). Each codeword has its ‘bubble’, the bubble has a center in the

codeword and radius r. The bubble encapsulates all words created from the
codeword by changing up to r positions.

The code can correct r errors if no word lies inside more than one bubble; in other

words, no two bubbles overlap. Each word in a bubble is assigned to a unique
codeword—the one from it ‘originated’.

15
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000100
110091

117101 o
111001

101110 .
100110

011111

011001

100100

110191

000101 .
010101

001010
010111

Figure 1.9: Bubbles, also known as Hamming spheres

This idea that each codeword carries some number of words in its bubble, consti-
tutes an upper bound of how many codewords can be fit into a given space, given
a minimal distance d (which translates to the bubble size). If this upper bound
is attained (the space is completely covered by non-overlapping bubbles), we call
such code a perfect code. We saw an example of a perfect code at the end of last
section.

» Formulate the upper bound for the number of codewords in a code with alphabet size q,
block size n and minimal distance d.

First, we have to count how many words are within distance r = LdT’lJ from an

arbitrarily chosen codeword w. We arrive at the sum

i (T) (q—D*

i=0

The number of all possible words q" divided by this sum gives the maximum
number of codewords. This is known as the Hamming bound.
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Theorem. Let C C A™ be a code with alphabet size q, block length n and
minimal distance d. The number of elements in C satisfies

qu
Cl < == :
A rmm e

wherer = | 451].

If a code attains the Hamming bound, we call it a perfect code.

Definition. Let C C A" be a code with alphabet size q, block length n and
minimal distance d. If the number of elements in C satisfies

qTL
Cl = -
< Yio(3) (=1t

where r = L%j, we call C a perfect code.

This really just means that all possible words are within distance r of a unique
codeword, so all words are correctable. That’s what we managed to construct at
the end of last section. Hamming codes are perfect codes!

1.4 Linearity

In the previous section, our concept of code has changed. Instead of viewing a
code as a map from a message to an encoded message, we view it as a subset of
possible words, called codewords. This view is simpler and more useful to build
mathematical theory around it, but it is not useful in practice, yet. To make it
usable, we must connect it back to the process of encoding, because ultimately, we
want to design a program that will encode a message on one end and decode it on
the other end.

One impractical aspect of the latter view is that a lot of memory would be needed
to store all the codewords. It would be better to describe the set of codewords in
some way that allows them to be generated by a computer.

Define
a) triple-repetition code for message of length 4 over Zy,
b) single-checksum code for message of length 4 over Z,
c) Hamming(7,4) code

as a set of solutions to a system of equations.
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a)

The set of codewords of the form w = (wy, ..., Wy2), Wy,..., wip € Z that satisfy
W1 =Wy, Wq = W5, W7 = Wg, W10 = W11,
w1 = Wwsg, W4 = We, W7 = Wy, W10 = Wi2.

b)

The set of codewords of the form w = (wy, ..., Ws), wy, ..., W5 € Zyg that satisfy

W1 + Wy + W3 +Wg = Ws.

<)

The set of codewords of the form w = (wy,...,wy), wy, ..., wy € Z, that satisfy

w1 +ws +ws+wy =0,
Wy + W3 + Wg + Wy :0,
wy +ws +wg +wy = 0.

If you're not familiar with Z,,—rings of integers modulo m, they are just sets
Zm =1{0,...,m —1} with addition and multiplication defined in such a way that
you always reduce the result modulo m. It works like counting in a circle instead
of on an infinite line of numbers.

Z AT A A AAAIADADAOADAD A5+

Figure 1.10: Rings of integers modulo m

Now imagine that you wrap the infinite line of integers around the circle like
you'd wind a thread onto a spool. Some of the integers now occupy the same
place on the spool. This is another view of rings of integers modulo m, where
the symbols 0, ..., m — 1 don’t represent the integers themselves but also all the
integers ‘hiding” behind them. These sets have the property that they give the



Chapter 1. Error-correcting codes 19

Figure 1.11: The ring of integers modulo 3

same residue after dividing by m. For example, the symbol 2 in Z3 represents the
set{...,—4,-1,2,5,8,11,...}.

Back to the equations. Just like over IR, we can write the systems of equations over
Z. using matrices for compactness. So for example, the system c) can be written
like this (note the similarity to the table of guards and prisoners):

w1
W2
w3
Wy =
W5
We
wyz

o or
oo
O R
_ oo
_ O
(N )
_
oo o

The matrix on the left is called the check matrix. The check matrix is a much
denser representation of the code than the collection of codewords (21 bits of the
check matrix vs. 16 - 7 = 112 bits of all 16 codewords of the Hamming(7,4) code).

Solve the systems of equations from the previous page using parameters.

Systems of linear equations over R are generally solved by eliminating variables
using equivalent operations (those are swapping rows, multiplying a row by a
constant, and adding one row to another). Can we apply the same methods to any
ring of integers modulo m? Short answer: no. A less short answer: with some
we can, and we call those rings fields. We'll go into more depth in section 1.6, for
now we’ll be dealing with systems of equations where we can directly introduce
the parameters and express the unknowns in terms of them.

A very helpful realization here is that the parameters are nothing but the message
symbols—those are the only degrees of freedom in the codewords, while the check
symbols don’t contain any new information.
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a)
w = (plzPlfplrp2/p2/p2/p3rp3zp3/p4zp4/P4)1P1/p2/P3/P4 € Zlo
b)
W = (p1,P2,P3, P4, P1 + P2+ P3+Pa), P1,P2,P3, P4 € Z1o
c)

W = (p1+ P2+ P4, P1+P3+Pa, P1, P2 +P3 +Pa, P2, P3,P4), P1, P2, P3, P4 € Zo

These solutions can also be written using matrices. All combinations of values
in the parameters can be written as the ordered 4-tuple (p1, p2, p3,P4), which is
multiplied from the left by a matrix that tells us how many times is each parameter
added in a given position in the codeword. The first row of the matrix describes
the first position, and so on.

a)
1000 Wi
1000 Wo
1000 w3
0100 Wy
0100 P1 Ws
0100 P2l | We
0010 pg_W7
0010 P4 Wg
0010 W
0 001 W10
0 001 W11
0 001 W12

b)
1000 Wi
0100 (™ Wy
001 0]||P2]=[w
000 1[(P Wy
111 1) \P4 W

c)
1101 Wi
1011 W
100o0f(M w3
011 1|[P2]=]ws
0100[(P W
001 0] \P4 W
0001 Wy

This matrix is called the generator matrix. Just like the check matrix, it completely
characterizes the code.
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How does

a) the number of equations in a system

b) the number of parameters needed to describe the solutions
relate to the properties of the code?

The equations are basically the instructions to determine the check symbols, and
each equation calculates one check symbol. Therefore, the number of equations is
equal to the number of check symbols.

On the other hand, the number of parameters needed to describe the solutions
(a.k.a. the dimension of the solution) is equal to the number of message symbols.
There are as many solutions (codewords) as there are combinations of message
symbols.

If you are familiar with linear algebra, you already know where this is going. If
not, well, imagine for example a 3-dimensional space with coordinates x,y, z. One
linear homogenous equation, say 2x —y + 3z = 0, has infinitely many solutions

Y: x+y—z=0

9000 B-0-0) 66

Figure 1.12: Linear equations as planes in 3D



Chapter 1. Error-correcting codes 22

with 2 parameters, which exist in a plane going through the point (0,0,0). If we
add another linear homogenous equation to the system (which is not a multiple
of the previous one), the solutions of the system reduce to a line going through
the point (0,0,0), and can be described with 1 parameter. Each new linearly
independent linear homogenous equation added to the system reduces the space
of solutions by one dimension, and the number of parameters necessary to describe
it by one. So, the number of equations in a system plus the solution dimension
is equal to the number of unknowns in the system. Just like the number of check
symbols plus the number of message symbols is the total number of symbols of
the codeword!

We cannot say that the codewords of the codes from this section constitute a
subspace of a vector space (because vector space is defined over a field, and we're
still using the more general rings), but we can say that they constitute a submodule
of a module, which is a generalization of a vector space.

Since the whole set of codewords can be generated by linear combinations of
some well-picked codewords, we call this class of codes linear codes. The simple
rule to find out if a code is linear is to check if adding two codewords always
creates a codeword. The great thing about linear codes is that they can be densely
represented.

1.5 The power of polynomials

In designing codes for various communication and storage media, there is no
single best code because, as we saw, codes have different parameters (alphabet
size, block size, number of errors they can correct or detect, etc.). What are the
most important aspects of the use cases for which we are designing the codes?

One of the crutial aspects is the error rate—that is the percentage of symbols
received with an error using the given technology. The error rate can greatly vary
based on the technology in question, from very close to zero all the way to tens of
percent.

Another aspect of the use cases is the tolerance to an incorrectly received message.
This is also represented as a fraction (the maximum percentage of blocks which is
tolerable to be incorrect), and there can be a big range, too, but the value will be
smaller than the error rate (otherwise there would be no point in error correction).

Let’s say that the error rate of our communication channel is 10 %, and we use the
Hamming(7,4) code for single-error correction in the channel. What is the probability that
the receiver receives an incorrect message?

The correct message is received if and only if 0 or 1 errors occur in a block.
Therefore, an incorrect message is received when 2 or more errors occur in one
block—the decoding process produces an incorrect codeword that is read as a
message different from the original one.
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What is the probability that we get 2 to 7 errors in a block of 7 symbols? It’s easier
to calculate the inverse, and then subtract that from 100 %.

probability of 0 errors 0.97 ~ 47.8 %
probability of 1 error 7 x 0.9% x 0.1 ~372%
probability of 0 or 1 errors 0.9 +7 x0.9°x 0.1  ~85.0%
probability of 2 to 7 errors 1 —(0.97 +7 x 0.9% x 0.1) =~ 15.0 %

So, the probability that we receive a wrong message is 15 %.

Why is the probability of receiving a wrong message (with error correction being applied)
higher than the probability of receiving a wrong symbol?

At first glance, this is a counter-intuitive result. Didn’t we say just a moment
ago that error correction is used to lower the chances that we receive an incorrect
message?

Before making a hasty conclusion that error-correcting codes don't work, we
should try doing the calculation for different error rates. If you try that, you'll see
that it’s not always the case that the probability goes up. For example, with the
same code and an error rate of 1 %, the probability of receiving a wrong message
is 0.2 %.

So, this was a perfect example of a bad choice for an error-correcting code. The
Hamming(7,4) code is too weak for an error rate of 10 %, and so it is even counter-
productive. In fact, single-error correction is almost always too weak. The prob-
ability of getting n errors in one block shrinks exponentially with increasing n
(since the probabilities multiply)!, and we should take advantage of that.

We still haven’t seen a good example of a multiple-error-correcting code. The next
step is obvious: find an efficient code that can correct more than one error. Or
even better—find a system to generate codes that have the right ratio of number
of errors correction and information efficiency.

As spoiled by the name of this section, the magic word that opens a cave full of
these invaluable codes is polynomials.

ISupposed that the errors are not locally correlated. If they are (which often happens), there
are some relatively simple tricks to get rid of the correlation.
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This is how polynomials are defined over IR:

Definition. Letn € N, ap € R\ {0} and ay, ..., an € R. The expression

1

Cl()XTL + Clani + -+ ap_1X+ an

is called a polynomial of degree n.

One of the possible interpretations of polynomials is that they are functions: you
plug a value into x, and you get a function value f(x) out.

Lower degree polynomial functions have their own names: a constant function
(n = 0), a linear function (n = 1), a quadratic function (n = 2), and a cubic
function (n = 3).

There is an important relationship between the degree of the polynomial and
how many distinct points (x, f(x)) uniquely determine the polynomial. This is
intuitive for the lower degree polynomial functions. It takes just one point to

f(x)

\

x x
f(x)
constant function linear function
Y f(x) Y
f(x)
X \ X
quadratic function cubic function

Figure 1.13: Polynomial functions
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determine a constant function, because the graph of a constant function is a line
parallel with the x-axis, and there is just one such line going through a given point.
To determine a linear function, we need 2 points, because the graph of a linear
function is a line. The pattern seems to be that a polynomial function of degree n
is uniquely determined by n + 1 points.

Theorem. Letn € IN.

For any n + 1 distinct points (xg,Yo), ..., (xn, Un) € R? where x; # x; for all
i,j € {0,...,m},i # j, there exists exactly one polynomial function f(x) of
degree n or lower, such that f(x;) =y; foralli € {0,...,n}.

Note that there is ‘of degree n or lower’. For example, if we choose the points
{(0,2),(1,3), (2,4)}, there is no parabola (quadratic function graph) going through
those, only the linear function f(x) = x + 2.

Now, we’ll show how this theorem can be proven for n = 3.

Proof. We want to show that for 4 pairs of arguments and their function values
(x1,Y1), (x2,Y2), (x3,Y3), (x4,Y4), there exists exactly one polynomial function of
degree at most 3. In other words, the system of equations

agx‘;’ + alx% + axx; + az = ysy,
aoxg + G1X% + arXo + as =y,
aoxg + a1x§ + axxz + az = ys,

CL()Xz + alxi + axxg + a3 =Yy

has exactly one solution (&, 41, d, ds). If this were a concrete example, the x’s
and y’s would be numbers and the a’s would be the unknown coefficients of the
polynomial that we are looking for.

The system of equations has exactly one solution if the left sides of the equations
are linearly independent. In other words, the matrix
3 @
X G %)

3 .2 o1
X3 X3 X3

N Y T

3 .2 o1
Xy Xg Xy

must be invertible. How do we know if this matrix is invertible?

It suffices to show that the columns of this matrix are linearly independent. That
is, there is no linear combination of the column vectors that makes a zero vector
but the trivial one.
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So, let’s assume for contradiction that the system of equations

clx‘;’ + czx% +c3xy+¢c4 =0,

clxg + czx% +c3xp ¢4 =0,

clxg + czxé +c3xz3+cq4 =0,

clxﬁ + czxﬁ +c3xg+c4 =0
has such a solution (¢é1, &, €3, ¢4) # (0,0,0,0). That means that xq, x5, x3, x4 are all
roots of the polynomial 81x3 + &x% + €3x + &4. We recall the fundamental theorem

of algebra and realize that this is a contradiction, because a 3rd degree polynomial
may have at most 3 roots. B

We proved that a polynomial of degree 3 is uniquely determined by 4 points. It
can be shown similarly that a polynomial of degree n is uniquely determined by
n + 1 points.

How can we utilize the property that a polynomial of degree n is uniquely determined by
n + 1 points to create an error-correcting code?

If we connect a message with a concrete polynomial, then we can generate as many
points as we need as the redundant data.

There are two ways to do that: our message will either be the coefficients of
a polynomial, or the function values of some polynomial for some pre-selected
arguments. In either scenario, we can generate more points that will serve as a
redundancy that can be used to find and correct the erroneous symbols.

Let’s try the first method. Let our message be 1997. The polynomial that it
represents is f(x) = 1x3 4+ 9x2 + 9x + 7. Then, we calculate the function values for,
let’s say, 5 arguments x € {0, 1, 2,3, 4}, and the sequence (f(0), f(1),f(2),f(3), f(4))
will be our encoded message. In practice, we would have to solve the problem

my mo ms3 my

Ix34+9%x24+9x +7

encoding

x |0 1 2 3 4
fx)| 7 26 69 142 251

Wi Wo W3 Wy Ws

Figure 1.14: Encoding method no. 1



Chapter 1. Error-correcting codes 27

of how to represent these numbers with a finite alphabet in a fixed-size block of
symbols, but we’re going to ignore the problem and pretend that we can have an
infinite alphabet where any number is a unique symbol.

In our example, we have sent the message (7, 26,69, 142,251). How do we decode
it? If no error occurred, the points ((0,7), (1,26), (2,69), (3,142), (4,251)) will all
fit into a 3rd degree polynomial. We can figure out the polynomial with a system
of linear equations and read the message from the coefficients of the polynomial.

Note that if one error occurred, we would definitely notice, because the other
4 points would already uniquely determine the polynomial, and the polynomial
cannot produce different f(x) for a single x. So, if there is one error, we detect
it, but we cannot correct it—any 4-element subset of the 5 points determines a
different polynomial, so we would have 5 candidates for the original message.

Therefore, we need more redundancy to be able to correct an error. As we know
from the previous sections, the number of errors that a code can detect is a function
of its minimal distance. What are the codewords now? They are the sequences
(f(0),...,f(n—1)) generated by all the different 3rd degree polynomials. To figure
out their minimal distance, let’s write two different codewords under each other.

Suppose that the codewords have corresponding numbers on 4 positions. These
4 points could be used to determine both polynomials f(x) and g(x), but since they
are the same points, f(x) = g(x). And since both sequences were produced by the
same polynomial, they must be the same codewords.

)

= Ih's
—h

o e
=
= I =

)

=

I =

—

-

— [
~— —

—_
SRS

g(0) g(1) g(2) g g4) ¢

Therefore, with a 3rd degree polynomial, any two codewords may agree on at
most 3 positions. Codewords of length 6 have a minimal distance of 6 —3 = 3, and
d = 3 means the code can correct 1 error.

minimal

points | 4. ce corrects detects
5 2 1
6 3 1
7 4 1 +1
8 5 2
9 6 2 +1
10 7 3
P p—-3 %] (p—4)mod2

Table 1.1: 3rd degree polynomial
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points Elsr;:;l?el corrects detects
p \ p—n | (p—mn—1)mod2

Table 1.2: n-th degree polynomial

One small disadvantage of this method is that the encoded message is completely
different from the original message. That is fixed by the other method: we can
first find a polynomial that produces the message as its function values, and we
will calculate some extra function values as the redundancy.

Note that this method has the same properties regarding the minimal distance:
for every two check symbols added, the code can correct one more error.

Both of these methods have the already mentioned downside: they work in the
realm of integers, not in a finite alphabet. The integers would have to be repre-
sented in some base with multiple symbols, that would increase the length of the
codewords and render the code less efficient.

Luckily, we can take this brilliant idea of using polynomials to the realm of finite
fields.

X \ 0 1 2 3
fx)[ 1 9 9 7
mp My M3 My

find the polynomial

13 —7x%2 + 14x + 1 encoding

calculate the check symbols

x |0 1 2 3 4 5 6 7
f)] 19 9 7 9 21 49 9

W1 W2 W3 Wq W5 Wg W7 Wg

Figure 1.15: Encoding method no. 2
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1.6 Counting in circles

Earlier we saw that counting in rings instead of on an infinite line is useful to
create single-error-correcting codes over a finite alphabet. Maybe we could define
polynomials over rings of integers modulo m to have both finite alphabets and
multiple-error correction?

Defining polynomials over a ring of integers modulo m is intuitive—the coeffi-
cients are now the numbers 0 to m — 1, and if we want to evaluate the polynomial
in x € Zm, we plug it in, and perform the operations in Z,, in the canonical order
(exponentiation, multiplication, addition).

Or we can do it another way—we can pretend that the polynomial is over Z,
perform the operations in Z and reduce it modulo m at the end. We'll arrive at the
same value! This is thanks to a fact that hasn’t been mentioned yet—the mapping

f: Z — Zm: f(x) = x mod m

(the one we illustrated by winding a thread onto a spool) ‘preserves” addition and
multiplication. We call this property a homomorphism.

Definition. Let A, B be algebraic structures with one or more operations. The
mapping f : A — B, which has the property

Vx,y € A: f(xxay) = f(x) xg f(y)

for all corresponding operations x4 and *g, is called a homomorphism.

The fact that granted us the ability to correct multiple errors was that a polynomial
of degree n is uniquely determined by n + 1 points. Is this still true for polynomials
over rings of integers modulo m? Even in very simple cases, we can notice that
there are counterexamples.

Find an example of
a) two points with different x-coordinates that do not satisfy any polynomial over Z1g
of degree at most 1,
b) two points with different x-coordinates that satisfy multiple polynomials over Zy of
degree at most 1.

We have to find two points (x1,Y1), (X2, U2), X1 # X2 such that the system of equa-
tions

ax; +b =y
axp +b=1yp

has a) no solution, and b) two or more solutions.
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If we subtract the equations and factor out the linear coefficient a, we get

alx1 —x2) =y1 —yo,
which is just another linear equation.

The second step is to realize that some linear equations over Zjy don’t have a
solution. For example, 2a = 3 has no solution over Zy; multiplying a number by
2 and then reducing it by 10 always yields an even number.

Now we just have to pick x1,x2,Y1, Yz such that x; —x, =2 and y; —y = 3. That
can be for example x; = 2,x; = 0,y; = 3,y = 0. So, the points (0,0) and (2,3) do
not satisfy any polynomial over Zy of degree at most 1.

Similarly, let’s find a linear equation over Zj, that has multiple solutions. For
example the equation 2a = 4 has the two solutions a € {2,7}. The points (0,0) and
(2,4) are points of both polynomials 2x + 0 and 7x + 0.

There are of course many more examples of both a) and b), but all lead to a linear
equation ax = b where a is a multiple of 2 or 5.

It is clear that we won't be successful with Z;(, but what about different rings? If
the problem in Zjj is somehow with the divisors of 10, would Z, where p is a
prime number (so has no non-trivial divisors) serve us better? Let’s explore the
differences.

» Make addition and multiplication tables for the rings Z, up to Zy9. What are the
similarities and differences between the different rings, especially between prime modules
and composite modules?

All the tables can be found the next page, but it is highly recommended to try to
calculate and write down at least some of them by yourself.

First, we can notice that all tables are symmetric by the diagonal, because both
addition and multiplication are commutative.

The addition tables are all very similar—there is something like a diagonal gradient
of numbers. Each row and each column of these tables has each element present
exactly once.

The multiplication tables look more messy at first glance. A closer look reveals
thatin Z,, Z3, Zs and Z;, all rows and columns except for the first ones have each
element present exactly once. In Zy, Z¢, Zs, Zg9 and Zy, this is true for the rows
and columns of elements coprime with the module; the rows and columns that
divide the module feature one or more zeroes.

It really looks like there are two types of rings of integers modulo m based on
the multiplication tables. But as we know, this is no proof that these observations
generalize for all m.
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Zz:

Z32

Z4Z

Z52

Z6Z

Z72

Zg:

Zg:

ZlO .

Figure 1.16: Addition and multiplication tables for rings of integers modulo m
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For the sake of simpler formulation of the next question, let’s coin a new term:
rolumn. An n-th rolumn is the union of n-th row and n-th column, less all rows
and columns to the left and above.

-10 1 2 3
0/0 0 0 O 1st rolumn
110 1 2 3
210 2 0 2 3rd rolumn
310 3 2 1

Figure 1.17: n-th rolumn

Can you prove that in the multiplication table of Z,, where p is prime, there are no 0's
except for the first rolumn?

Proof. First, let’s rule out the possibility that a 0 could be in the second rolumn. If
abel{l,...p—1}A\(a=1Vb=1),then0 < ab < p.

Now we can just consider the rest of the table. We have to disprove the follow-
ing statement: for given prime number p and a,b € {2,...,p — 1}, there exists
k € IN \ {0} such that ab —kp = 0.

That is ab = kp. The left side is divisible by a and greater than 0, therefore the
right side must also be divisible by a and greater then 0. If kp is divisible by
a, since p is prime, k must be divisible by a. If k is divisible by a, there exists
l € IN\ {0} such that k = al. Therefore ab = alp = b = lp but that cannot
happen becauseb €1{2,...,p—1}. B

Now, we can also prove that in the multiplication table of Z,, there are no two
same elements in a row other than the first row. If there are not, then there must
be all elements 0 to p — 1 (because there are exactly p columns).

Can you prove that in the multiplication table of Z,, where p is prime, there are no two
same elements in a row other than the first row?

Proof. Again, we can dismiss the second row, since it is trivial to show that there
are no two same elements.

Suppose for contradiction that there are two same elements in a row other than
the first two rows:

X1 X2

(@]
- O OO
[ )
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That is, there exist k, 1 € Z such that ax; —kp = b and ax, — lp = b. Subtracting
the equations, we get
(axq —kp) — (axp —lp) =0,

and after reordering and factoring out a and p, we have
a(x; —x2) = (k—1)p.

The argument follows similarly to the previous proof: the left side is divisible by
a and non-zero, so the right side must be divisible by a and non-zero, too. Since p
isn’t divisible by a, (k — 1) must be, therefore there exists m € Z, m # 0 such that
(k—1) = am. Then

a(xg —xp) = amp

is simplified to
X1 — X2 = mMmp.

From the initial assumption that x1,xy € Z;,,x1 # x, follows —p < x1 —x2 < p,
which leads to a contradiction. B

We have proven that in the multiplication tables of Z,, where p is prime, each but
the first row contains all the elements of Z,, exactly once. Since multiplication is
commutative, the same is true for columns. That means that all equations ax =b
where a,b € Z;,,a # 0 have a unique solution. This means that in Z;,, we can
divide by non-zero elements.

In fact, we’ve just discovered finite fields. Finite fields are algebraic structures
that mimic the behavior of R, except they are finite. This gives us hope for the
polynomials to work the same, too!

Definition. A set F with twobinary operations +, - which satisfies the following
properties:

1. Va,b € F: a+b=b+a

2. Va,b € F: a-b=b-a

3. Va,b,c € F: (a+b)+c=a+(b+c)
4. Va,b,c € F: (a-b)-c=a-(b-c)

5. Va,b,c € F: a-(b+c)=a-b+a-c
6. 30 e F: VaeF: a+0=a

7. 31 €F: VaekF: a-1=a

8 VaeF: I3—acF: a+(—a)=0

9.Va#0€eF: JaleF: a-al=1
is called a field. If F is finite, then it is a finite field.
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The properties are also called axioms, and they can be colloquially summarized as
* both operations are commutative,

* both operations are associative,

they are connected by the distributive law,

* both operations have neutral elements,

¢ there are additive inverses for all elements,

¢ there are multiplicative inverses for all non-zero elements.

While the first 8 axioms are true of all Z,,, the ninth axiom is what makes the
difference between Z,, and Z,. With that, we can apply the results of linear
algebra, because vector spaces are ‘built” over fields.

Note that so far we only showed that Z, where p is prime are finite fields, but
there may be (and there are) other finite fields.

In fields, addition and multiplication is defined, and subtraction and division is
then defined through addition and multiplication: a — b is defined as a + (—b)
and § as a- b L.

What about exponentiation? We define a™ as the number a multiplied by itself
n times. This can be done only with n € IN (n is not an element of the field).
Acknowledging that a™ - a™ can be simplified to a™™, it makes sense to extend
the definition to non-positive integers, too, with a’ = 1and a™ = (a=1)™

Create exponentiation tables for Z,, Z3, Zs and Z; with rows corresponding to the base
(elements of Z.,) and columns corresponding to the exponents (elements of N). What is
the pattern?

Except for the 0, the pattern in each line is a cycle. If you analyze the periods of the
cycles, you'll find that it is always some divisior of p — 1. For example, in the table
for Z7, one element (6) cycles with a period of 2, two elements (2, 4) cycle with a
period of 3 and two elements (3, 5) cycle with a period of 6.

(@)
—_
)
(@)
@)
)
(@)
)
(@)
)

Zzl

—_
—_
—_
—_
—_
—_
—_
—_
—_
—_

Z3Z

N — O >
= E=)
N = Ol
—_ = OlN
N = O W
— = O
N — O O1
I N =]k
N = O N
— = O 0

Figure 1.18: Exponentiation tables for Z, and Z3
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A0 12345678
0T 00000000
11111111111

Zs 201 24312431
3/1 34213421
401 41414141
A0 12345678
01T 00000000
11111111111
201 2412412 4

Zy 3/11 32645132
401 42142142
5/1 54623154
61 61616161

Figure 1.19: Exponentiation tables for Z5 and Z;

» Can you see why we didn't define exponentiation so that the exponent is also from Z.,?

35

It would break the homomorphism between Z and Z,,. Take for example the

expression 27:

27 =128 (operation in Z)
128 — 3 (Z — Z5s)

27 5 22 (Z — Zs)

22 =4 (operation in Zs)

Since we want fields to mirror the behavior of real numbers, we define exponenti-

ation with exponents from Z so that they are not reduced modulo p.

Thanks to the fact that finite fields behave like real numbers, the fact that an n-
degree polynomial has at most n roots holds, and the proof of the theorem that

th

an n-th degree polynomial is uniquely determined by n + 1 points, too, except for

two caveats.

First, the exponentiation cycling makes different polynomials behave like the same
functions. For example, the polynomials f(x) = x? and g(x) = 1 over Z3 would
behave as the same function. Therefore, when working in Z,, we should only

consider polynomials of degree p — 2 or lower.

And second, regardless of the polynomial degree, we may only generate p distinct

points because that’s the size of the domain.
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1.7 Reed-Solomon codes

We're finally ready to use the polynomial approach in finite fields. Let’s try the
two methods from section 1.5, but over finite fields.

Encode the message 1997 using a polynomial code that can correct 2 errors. Choose the
smallest finite field that allows this.

A message of length 4 leads to a 3rd degree polynomial, which we will use to
generate 8 function values.

To generate 8 function values, we need the domain of the function to be at least 8,
so the smallest prime number p > 8 is 11. Therefore, we'll use Z;.

First method
Using the first method, we set

f(x) =13 +9x%> +9x 47
and calculate the codeword

w = (f(0), f(1),f(2),1(3), f(4), f(5),f(6),f(7)) = (7,4,3,10,9,6,7,7).

To decode it, we go through the 6-element subsets of the set of points given by the
codeword, and we solve the overdetermined systems of equations such as

03-c1+02-(:2+0-C3+C4:7
13-C1+12-C2+1-C3+C4:4
23-C1+22-C2+2-C3+C4:3
3%.¢14+3%-cp+3-c3+c, =10
43-C1+42-C2+4-C3+C4:9
53'Cl+52'02+5'03+C4:6.

If we find a solution (cy, ¢y, c3, c4), that is the message.

Second method

Using the second method, we first find the 3rd degree polynomial g(x) for which
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We do that by solving

03~c1+02~cz+0~C3+C4:1
1B +1%co+1-c3+cy =9
23-C1+22-C2+2-C3+C4:9
3.1 +3% - cp+3-c3+cy=7.

The solution (1,3, 4, 1) leads to the polynomial g(x) = x3 +3x2 4+ 4x + 1. We use it
to generate 4 more points

g4)=1-4°+3-424+4-4+1=8
g(5)=1-5+3-52+4.-5+1=1
g6)=1-6>+3-62+4-6+1=28
g7)=1-724+3-74+4.7+1=2.

The codeword is

Decoding is analogical to the previous method: we go through the 6-element
subsets and we solve the overdetermined systems of equations. Once we find
a solution, we take that polynomial and use it to reconstruct the message (if
necessary).

Both methods we just tried are the two original coding schemes proposed by
Irving S. Reed and Gustave Solomon in 1960 [16]. The advantage of the first one
is slightly faster for encoding, while the second one produces a systematic code,
which means that the encoded message contains the message literally.

If you tried solving the systems on your own, you felt how time-consuming the
decoding is. If two errors happen, you have to solve up to (2) = 28 systems. And
that’s just 4 message symbols and 2 errors, way less than what we need in practice.
To do this with a block length 50 and 5 errors, you have up to 2,118,760 systems of
equations to solve per block.

Does any of these methods produce a linear code?
In the first method, any codeword is of the form

my
W— mi1+my; +m3+my
| 8my +4my +2mg+my |’

27mq1 +9my +3mz + my

my, My, M3, My € Zp.
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The code is linear if the sum of two codewords is generally a codeword, so
Qg b4

13(11 + 12a2 +az+ay 13b1 + 12b2 + bz + by
V+w = 23(11 +22C12—|—2C13—|—(14 + 23b1 —|—22b2—|—2b3—|—b4 —

73(11 + 72Cl2 +7a3+ ag 73b1 + 72b2 +7bs + by

ag + by
aj+ay+az+as+by+by+bsz+by
— | 2%a; 4+ 2%a +2a3 + ag +23by +2%by +2bs + by | —

73611 + 72CL2 +7a3+ aq + 73b1 + 72b2 +7bs + by

a4+b4
(a; +b1) 4+ (ap +by) + (az + bz) + (az + by)
— | 23(a1 + 1) +22(ap + by) +2(az + bz) + (ag + by)

73(a1 +b1) + 7%(az + b2) +7(az + bz) + (ag + by)

where (a; + bq), (az + by), (az + b3), (ag + by) are from Z,, so v +w is a valid
codeword.

In the second method, the same argument shows that for any sum of two code-
words v +w, there is a 3rd degree polynomial of the form

f(x) = (a1 + b1)x3 + (az + by)x® + (a3 + bz)x + (as + by),

which guarantees the existence of a respective original message

(a1 +b1)0% + (a2 + b2)0? + (a3 + b3)0 + (as + bs)
(aq +b1) +(a2+b2)1 + (az +b3)1 + (ag + by)
(aq —l—bl) +(a2+b2)2 + (a3 +b3)2+ (ag + by)
(a1 +b1)3% + (a + b2)3% + (a3 + b3)3 + (ag + by)

So, both codes are linear.

» Imagine that you know that a polynomial f(x) produces the codeword (1,0,0,0) and the
polynomial g(x) produces the codeword (0,1,0,0). How can you find the polynomial that
produces the codeword (1,1,0,0)? How to turn this into a trick for easy finding of an n-th
degree polynomial that passes through n + 1 points? (Hint: Find some universally useful
polynomials to be used repeatedly.)

The first question is rather easy: it will be the polynomial f(x) + g(x). Adding the
coefficients of polynomials affects the function values in the very same way. This
leads to an easy but very helpful trick. We can pre-calculate the polynomials that
produce the words (1,0,...,0),(0,1,...,0),...,(0,0,...,1), and use these to easily
calculate a polynomial corresponding to any codeword.
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Calculate the basis polynomials in Z11. Use them to find the polynomial of the word 1997.

We are looking for the 3rd degree polynomials that produce the words 1000, 0100,
0010, 0001.

word points polynomial
1000 {(0,1),(1,0),(2,0),(3,0)} "3 4+ x? +1
0100 {(0,0),(1,1),(2,0), (3,0)} 6x> +3x% +3x
0010 {(0,0),(1,0),(2,1),(3,0)} 5x%3 +2x2 + 4x
0001 {(0,0),(1,0), (2,0),(3,1)} 2x3 +5x% +4x

Table 1.3: Lagrange interpolation

These are now our basis polynomials. To find the polynomial that produces the
codeword 1997, we take the respective linear combination of the basis polynomials:

1(9%% +x% +1) +9(6x + 3x% 4 3x) + 9(5x% + 2x% 4+ 4x) + 7(2x> + 5x% + 4x) =
=13 +4x% +3x+1

This speeds up the process of checking each subset, but still, the problem is
the number of the subsets—it grows super-linearly as we protect against more
errors. So, we're still not in the error-correcting Garden of Eden. We can construct
perfect error-correcting codes with any minimal distance, but we don’t have a truly
efficient decoding mechanism.

For fast decoding, we would need some low-complexity algorithm that crunches
the erroneous message and outputs the instructions to correct it—just like the
decoding of the Hamming codes. This was later achieved with BCH codes. These
require deeper understanding of algebra, and are based on Galois fields, which
are the finite fields that haven’t been covered in this chapter.

For all interested in the matter of coding theory, the book A First Course in Coding
Theory by Raymond Hill [12] is highly recommended.



Chapter 2

Inferential statistics

Humans are naturally curious. We observe events, and whether or not we system-
atically record what we see, hear or feel, our brains are trying to make sense of the
data.

Undoubtedly, there are causes and effects in our world. Some things are pre-
dictable with high level of certainty: for instance, if you drop an object that is
heavier than air, it will fall to the ground. Most of the things we deal with in
our everyday lives are less certain. Not that they would like to break the rules
of physics—but they are parts of complex systems, where causes and effects are
deeply intertwined, making it challenging to unravel them.

What usually helps in the process of making sense of the world is being systematic.
Breaking down the complexity into smaller, more manageable parts. Designing
experiments. Measuring and writing down the data. And finally, transforming this
data to knowledge—ideally, to propositions with some specified level of certainty.

We'll swiftly guide you from high-school-level combinatorics and statistics to
conducting experiments and testing statistical hypotheses. We’ll reason through
the basic methods of inferential statistics, the part of statistics which is concerned
with the final part of the process, drawing conclusions and asserting statements
about the world.

2.1 Data types

At the heart of statistical analysis is data. You must have at least once collected
some! If you collect data systematically, you usually organize them in a table. For
each observation, you have a row, and for each characteristic, you have a column.
If, for example, we conduct a survey by interviewing random people on the street,
then each row represents an interview, and each column contains the answers to
one question.

In statistics, the rows are called objects, and the columns are called attributes.

—40-
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Mathematically, objects are n-tuples consisting of attribute values in a pre-specified
order, and the set of objects is called a sample.'

Let’s say we have collected data by interviewing random people on the street. We
asked them:

¢ when they woke up this morning,
¢ what political party they voted for in the last election,

¢ to what extent they agree with the proposition Ownership of more than one
property should be progressively taxed. (answers: strongly disagree, disagree,
neutral, agree, strongly agree),

* how much money they have in their primary bank account in CZK.

For the sake of simplicity, we excluded all respondents who were not willing to
answer one or more questions. Note that this is a made-up survey; we do not
recommend asking strangers such questions in reality! The results might look like
this:

ID | Political party | Property tax | Wake-up time | Bank balance
1 SPOLU strongly agree | 6:24 1,536,098.28
2 | did not vote agree 7:13 465,004.89
3 | ANO 2011 neutral 8:55 115,754.50
4 | CSsD strongly agree | 8:03 84,834.06
5 | SPOLU neutral 7:42 6,937,123.02
6 Pir-STAN disagree 8:15 32,897.53

Table 2.1: Example of a sample

Can you characterize the differences between the attribute types? (Hint: Consider the
nature of the sets of possible answers.)

We first notice that some questions ask for a number, some for a word-answer.

For the political party vote question, the set of possible answers includes the
political parties that could be voted for, and did not vote. For the property tax
opinion, there are obviously the five fixed options. For the wake-up time, the
answer is a time (theoretically any time from 0:00 to 23:59—we do not say what
this morning means, so for some people it might be very early or very late). Finally,
the answer for the bank balance can be any number with a given decimal precision,
ranging from 0 to infinity.

These domains are not just sets—they have some structure if we consider what the
individual elements mean, how we can compare them, interpret their differences,
and so on.

IThe term set is used to emphasize that the order of objects has no significance. However, it
entails the inaccuracy that a set cannot contain two identical elements, while a sample can contain
two identical objects. To fix this, we can add an identifier attribute to make every object distinct.
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In the Political party attribute, the values are categories, and we can only determine
whether they are the same or different. Such attributes are called categorical.

In the Property tax attribute, the values are categories with a meaningful order. We
can say that the first respondent agrees more with the proposition than the second,
but we cannot say how much. We also cannot say that the first respondent agrees
more than the second one fo the extent that the second one agrees more than the
third one. Even if we asked the respondents to answer on a scale from 1 to 5, we
still couldn’t meaningfully interpret the differences—even though technically the
numbers allow that. This type of attribute is called ordinal.

In the Wake-up time attribute, the values are ordered, and we can also compare
their differences. For example, the difference between 6:24 and 7:13 (49 minutes)
is less than half the difference between 7:13 and 8:55 (102 minutes). However, it
is meaningless to say that the second respondent woke up 13 % later than the
first respondent—we cannot say this because there is no natural zero. We call this
attribute type interval-scaled.

In the Bank balance attribute, we can not only order the values and compare their
differences, but also interpret their ratios—for example, the balance of the first
respondent is approximately 3.3 times larger than the balance of the second re-
spondent. This property leads to the attribute type being called ratio-scaled.

Sometimes it is useful to lump together the last two types. For that, we use the
term numerical attribute.

set of attribute values

|

No Do the values have Yes
a meaningful order?

categorical No Is it meaningful to quantify the Yes
attribute difference between each two values?

dinal numerical
or .ma attribute
attribute ‘
No Is it meaningful to quantify the Yes
ratio of each two values?
interval-scaled ratio-scaled
attribute attribute

Figure 2.1: Attribute types

Knowing these types is vital not only for interpreting the data, but also for per-
forming any statistical analysis. What you could notice is that the order in which
we introduced the types wasn't random but deeply logical—each type has the
properties of all the previous types. Therefore, the types are ‘backwards compati-
ble’—we can always treat an attribute as a lower type if needed.
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2.2 Describing the samples

The basic thing to do in statistics is to describe the sample data by an individual
number (or an attribute value). Such value that is determined by some formula is
called a statistic. For example, one well-known statistic is the arithmetic mean.

What aspects of the data in one attribute of a sample might we want to describe by a single
number?

The two basic aspects are location and variability. To describe these aspects,
we use certain statistics called measures of location and measures of variability.
Measures of location indicate where the data are, and measures of variability indicate
how spread out they are.

For each attribute type, which statistics serve as measures of location and measures of
variability? What should and what shouldn’t affect their values?

Let’s answer the second question first. It would be nice if
¢ they weren't affected by the sample size (the number of objects in the sample),

¢ the measure of location wasn’t affected by the variability of the values and
vice versa,

and for the numerical attributes if
¢ they were in the same units as the attribute values,

¢ shifting all values by the same offset shifted the measure of location by the
same offset and didn’t change the measure of variability.

To find out what works and what doesn’t work, you might find helpful to fix a
sample and try out different statistics. Once you have a candidate statistic, model
small samples so that the given statistic results in the same values, and then ask:
Are these samples equivalent in terms of the measured aspect?

Measures of location

Measures of location are well known and frequently used in everyday life. In
numerical attributes, we can calculate the arithmetic mean—sum the values and
divide by their count. In ordinal attributes, we order the values and identify the
one in the middle.? This is also a well-known statistic—the median. Finally, in
categorical attributes, the best we can do is find the most common value, known
as the mode. As written earlier, we can find and use median and mode for the
attributes with a richer structure, too (but with caution—if used inappropriately,
it might do more harm than good).

2When there is an even number of values, we take the mean of the two values around the middle
point. If the attribute type does not allow that, the median is not defined.
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Example 1.

Attribute values: 5,8,5,7,6,12,4
54+8+5+7+6+12+4
+o6+ +7+ +12+ ~ 6.71

Arithmetic mean:
Median: 4,5,5,6,7,8,12 — 6
Mode: 5

Example 2.
Attribute values: 10,9, 3,6,8,4,4,8

Arithmetic mean: 10+9+3+68+ 8+4+4+8 _ ¢ 5

Median: 3,4,4,6,8,8,9,10 = &8 =7
Mode: not defined (no frequency is strictly highest)

Measures of variability

Measures of variability are not frequently used in everyday life, but are crucial
in statistics as they relate to random error and uncertainty. We will only define
them for numerical data. These data are numerical values on a measurable axis,
so we want to measure how far these values are from the center. Taken literally,
we arrive at the mean absolute deviation—the arithmetic mean of the absolute
differences between each value and the arithmetic mean.

Although intuitive and easy to calculate by hand, this statistic is not often used
in statistical practice. This is because of multiple reasons, one of which is that
the arithmetic mean is actually not the center with respect to the semi-metric of
absolute differences. By the center we mean the point on the number line that
minimizes the sum of distances from the values, and by the semi-metric we mean
the function assigning distances to pairs of numbers.

Definition. A function d: R x R — RR] that satisfies the properties
1. Va,b € R: d(a,b) =0 < a=b
2. Va,b € R: d(a,b) =d(b,a)

is called a semi-metric on R.



Chapter 2. Inferential statistics 45

Definition. Let d be a semi-metric on R and let x4, ..., x, be real numbers.
The number c € RR satisfying

n n
vy eR: Y dle,x) <) d(y,x)
i1 i1

is called the center of the numbers xy, ..., x, with respect to the semi-metric d.

If we look at Example 1, the sum of distances from the mean are approximately
1.714+1.39+1.71 4+ 0.39 + 0.71 + 5.39 + 2.71 = 14.01 while the sum of distances
from the medianare1+2+1+1+0+6+2 = 13. In fact, the median is the center
with respect to the semi-metric of absolute differences.’

arithmetic mean

—_ 8
; 12

4
—

median
Figure 2.2: Absolute deviations

The more common measures of variability are variance and standard deviation.
Variance is the arithmetic mean of the squared deviations (deviation is just another
word for the difference of the mean and the particular value). In the semi-metric
of squared deviations, the arithmetic mean is the center, so it fixes the previous
issue. But, since the deviations are squared, the unit of variance is the square of
the unit of the values. As mentioned earlier, it is desirable that the unit of the
statistic is the same as the unit of the values—so to fix this, we take a square root
of variance, and that is the standard deviation.

3For even number of objectsn, the center is also any number between the 7-th and the (%5 +1)-th
value.
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Definition. Let x,%p,...,%Xn € R be values in a sample, and let X represent
their arithmetic mean. Then

1 —
s2=— Z(x1 —%)?

n-

i=1
is the sample variance and
1 n
s=alq Z(Xi —X)?
i=1

is the sample standard deviation.

2.3 From frequencies to probabilities

So far, we have only done descriptive statistics. Descriptive statistics focuses only
on describing the data we collected. It produces statements that are 100 % certain,
like A third of people in our sample voted for SPOLU in the last election. However,
our mission is to learn to generalize from this, so that we can estimate when a
random person from our city wakes up or the probability that they agree with the
proposition Ownership of more than one property should be progressively taxed.

In the previous sections, we operated with the term sample. A sample is taken
randomly from a population. For example, the sample of six respondents of
our survey was taken from the population of people living in the city where
the survey was conducted. Using samples instead of populations is practical

Population

Sample

L

Figure 2.3: Population and sample
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for several reasons. First, it is easier to interview a thousand randomly selected
people than ten million inhabitants of the Czech Republic. But sometimes it is
even impossible to analyze the whole population because it could be infinite—for
example, if we were interested in the rate of faulty products produced by some
machine, we could theoretically leave the machine running forever. We have to
decide how many products we will let the machine produce before ending the
experiment, and that will be our sample.

In the inductive process, we assume that there is a fixed probability of each out-
come, for example that a probability of a faulty product is 6 %. Then, as we make
more observations, the relative frequency will approach 6 out of 100. Note that
the last sentence is a mathematical statement, and we can prove that it is true.
However, the converse is not: if it looks like the relative frequency approaches
some value as we make more observations, we cannot be sure that there actually
exists that fixed probability governing the stochastic process.

Imagine that you conduct the survey from table 2.1 with a large sample of people. How
can you visualize the data in each attribute?

For categorical and ordinal attributes, the important information is how many ob-
jects in the sample have a given attribute value. These quantities can be effectively
visualized by columns, leading to a column chart. For ordinal data, we order
the columns by the implicit order of the values. For categorical attributes, there
is no implicit order, so we can order them as we like. Popular choices include
alphabetical order or descending order based on frequency.

absolute frequency relative frequency
- 40 %
2
30 %
1] - 20 %
- 10 %
0 0%
strongly agree neutral  disagree  strongly
agree disagree

Figure 2.4: Column chart

Note that the heights of the columns not only show the absolute frequencies of the
values but also their relative frequencies in the sample, if we relabel the y-axis.

For numerical attributes, there are usually too many values, so a column chart
would be too wide and hard to read. To reduce the number of columns, we divide
the domain into intervals and sort the values into bins based on the interval they
fall into. This process of transforming (more-or-less) continuous data into discrete
is known as discretization or data binning.
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For example, the intervals for the wake-up time might be before 6:00, 6:00-6:59,
7:00-7:59, 8:00-8:59, and after 8:59. A column chart of this type is called a his-
togram.

absolute frequency relative frequency
3 A - 50 %
- 40 %
2 -
- 30 %
L - 20%
- 10 %
0 0%

6:00 7:00 8:00 9:00

Figure 2.5: Histogram

What information is lost during discretization?

When we discretize the data, we basically round the numbers. In doing this, we
lose detail, as 7:01 falls into the same bin as 7:59. The rounding errors do partially
cancel out, but if we want to reduce the overall rounding error, we can discretize
more finely (by dividing the axis into more narrower intervals), if the sample size
allows it.

Now, back to the assumption that the relative frequencies of attribute values ap-
proach their true probability as we increase the sample size. The column chart
then becomes a probability distribution, a function whose domain is the set of all
possible attribute values, and whose codomain is the set of real numbers from 0
to 1, describing the probability of observing a given attribute value in a randomly
selected object. Since all the values are disjoint states, the probabilities must sum
to 1.

For categorical and ordinal data, the probability distribution resembles the column
chart; the only difference is that the y-axis represents probability, not frequency.

What about numerical data? If we don’t round the measurements (i.e. the attribute
values are from a continuous interval), the situation is different in that there
are infinitely many possibilities for an outcome. The probability of obtaining
any specific real number is 0, yet the sum of these probabilities must equal 1.
These paradoxes involving infinities and infinitesimals are typically resolved by
introducing limits, so let’s take that perspective.

Imagine that we measured the height of infinitely many people. We make a column
chart binning the values into 2 intervals in the first step, then into 4 intervals in
the second step, then into 8 intervals, and so on. In each step, we adjust the height
of the columns so that the sum of their areas is constant. When we reach infinity;,
there is a column for every real number, and the columns become indistinguishable
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from vertical line segments. The top borders of the columns become points, and
their union is a smooth curve.

170 cm
0,170) 170, c0)

160 170 180 cm

[0,160) [160,170) 170, 180) 180, 00)

N

155 160 165 170 175 180 185 cm

0,155 155,160) [160,165) [165,170) [170,175) [175,180) [180,185 185, 00

150 155 160 165 170 175 180 185 190 cm

150 155 160 165 170 175 180 185 190 cm

Figure 2.6: Continuous probability density function

» So how do we read the probability from the function now?

Instead of focusing on the function values, we should pay attention to the area
under the curve for specific intervals. Let’s select the interval 160-165 cm.
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150 155 160 165 170 175 180 185 190 cm
(160, 165)

Figure 2.7: Reading from a probability density function

The area under the curve over this interval looks something like 20 % of the whole
area. So the probability of a random person being 160-165 cm tall is ~20 %.

Note that since the function is continuous, we can choose the interval freely—it
can be 160.0-160.1 cm if we wanted to.

» How do we interpret the y-axis of the graph then?

Let’s reason from what we know: we know that the area under the graph is the
probability. The area can be approximated as a rectangle whose one side is an
interval in centimeters. We can formulate the equation

probability (no unit) = height (cm) - ? (?).

For the equation to make sense, the question mark must be in the units of cm™!,

and the quantity is probability per centimeter, or probability density. This is
why the function is called the probability density function. Roughly speaking,
it is the probability of a randomly chosen person’s height rounded to the nearest
centimeter.

VANASEY " .

normal log-normal Poisson Bernoulli binomial
uniform chi-squared exponential Pareto Cauchy

Figure 2.8: Different types of probability distributions
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Let’s now focus on what shapes these distributions take. There are various types
of probability distributions. They primarily depend on the domain over which
they are defined, but also on the nature of the stochastic process generating the
observed data. The simplest example is coin tossing.

» Assuming that the coin is fair, what is the probability that a given side will land exactly
k times in n coin tosses? Draw the probability distribution over the possible values of k
after 10 tosses.

If we toss a coin three times, we can get one of four outcomes: 0 heads, 1 head,
2 heads, or 3 heads. It is crucial to realize that there are multiple ways to get
2 heads in 3 tosses: HHT, HTH, and THH; but only one way to get 3 heads in
3 tosses: HHH. The number of ways is the binomial coefficient (}), which we can
also find in Pascal’s triangle.

To get a probability, we must divide this number by the number of all binary
n-tuples (HHH, HHT, HTH, HTT, THH, THT, TTH, TTT). There are 2™ of those
(which corresponds to the fact that each line of Pascal’s triangle sums to a power
of two).

The probabilities for the outcomes of 10 tosses are shown in the table below.

number of -
heads landed probability
0 50 = o1 & 0.10%
1 Gl 10~ 098
2100 — 1024 ~ . (3
(10) 45
2 2=~ 439%
3 G _ 130 11709
2100 = 1024 ~ . ()
4 () _ 210 9519
210 — 1024 ~ <Y (o
> () _ 22 24619
2100 — 1024 ~ . ()
6 L) _ 210 951 9
2100 — 1024 ~ <Y (o
7 G _ 130 11709
2100 — 1024 ~ . ()
(10) 45
8 28T = 1001 = 439 %
? b) _ 10 0989
10 — 1024 ~ . o
10 b = b~ 010%
(%)
£ e

Figure 2.9: Probabilities of 10 fair coin tosses
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Since the denominator is the same in each line, plotting the probability distribution
after 10 tosses is as simple as plotting the numbers on the 11th line of Pascal’s
triangle.

250 - 252 L 25 9
210 | 20
200 A 20 %
150 - - 15 %
120 120

100 1 - 10%

50 - 45 45 L 5 %
1 10 10 1

0 0
0 1 2 3 4 5 6 7 8 9 10 %

Figure 2.10: Binomial distribution of 10 fair coin tosses

As you can see, the shape of this distribution resembles the Gaussian curve. The
larger the value of n, the smoother the curve. You can observe this by plotting
subsequent lines of Pascal’s triangle.

If we conducted an experiment with 1024 rounds of 10 coin tosses and created a
column chart from the results, it is very unlikely we would obtain this distribution
exactly. However, the overall shape of the column chart would resemble this ideal
one. You might wonder: how can I tell if the deviation of my experimental results
from the ideal distribution is due to random chance? And that is why we need
hypothesis testing.

2.4 Testing simple hypotheses

Let’s simplify the experiment to a single round of 10 tosses. We want to find out
if the outcome aligns with what we would expect from a fair coin. A coin is fair if
the probabilities of landing on each side are equal. So, our hypothesis is that the
probability of landing heads is 50 %.

What outcomes would lead us to reject the hypothesis?

Landing 0 heads or 10 heads out of 10 tosses would be very unlikely. Butis 1 or 9
heads out of 10 still too unlikely? As you can see, there is no hard-and-fast rule;
we must say how much bad luck is too unlikely so that we reject the hypothesis.
That’s why before running the experiment, we should state the significance level
(x). To explain what a significance level is, let’s color the binomial distribution.
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x=0.05

0 1 2 3 ! 5 6 7 8 9 10

rejection region non-rejection region rejection region
Figure 2.11: Rejection and non-rejection region

This binomial distribution shows the probabilities of the experiment outcomes,
assuming that the hypothesis is true. The orange area is where most of the
outcomes fall, and the green area is where only a small percentage of them lie.
The significance level is the proportion of the green area to the total area. The
most common significance level in science is 5 %, though this choice is largely due
to convention. If the outcome falls into the green area, we reject the hypothesis.
That’s why we call this area the rejection region.

Note that the tails of the distribution were arbitrarily colored so that the left green
tail comprises 2.5 % of the total area, and the right green tail comprises another
2.5 %. There are many ways how to color the distribution so that 5 % of it is green
and the rest is orange!

Why did we color the graph like this? In other words, why do we reject the hypothesis in
these 5 % of cases and not some other 5 % of cases?

To answer this question, we need to revisit the formulation of the hypothesis. The
hypothesis being tested is that the coin is fair. The complement to this hypothesis
is that the coin is biased, in which case we would expect that either heads or tails
will prevail. So, we in fact have two competing hypotheses: the coin is fair or the
coin is biased.

This leads us to name these two competing hypotheses. The hypothesis that we
are testing (that the coin is fair) is called the null hypothesis (HO). The other
hypothesis (that the coin is biased) that we test against is called the alternative
hypothesis (H1). The alternative hypothesis is the more exciting one—typically, it
asserts that there exists some phenomenon, while the null hypothesis represents
the scenario where the phenomenon is absent and the outcome is random.
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Now, assume that we have a fair coin (we have tested it thoroughly, so we are sure
about it). We wonder if putting a little glue on the heads side will bias it. In trying
that, we noticed that when the coin falls on the sticky side, it doesn’t bounce, but it
bounces if it falls on the non-sticky side. This process should bias the coin to land
on the tails side more frequently. Therefore, it’s safe to assume that the glued coin
is either biased in favor of tails or still fair, ruling out any bias toward heads.

What is the alternative hypothesis and the null hypothesis in this case? What will the
rejection region look like?

The best way to think about this is by imagining different concrete outcomes.

Imagine that we get 0 heads out of 10. That speaks for the hypothesis that gluing
the coin works as expected (=the phenomenon is present). Now imagine that we
get 5 heads out of 10. Well, that would likely happen if the coin was still fair, so
gluing probably does not make a difference (=the phenomenon is absent). And
finally, we get 10 heads out of 10. This is strange—we don’t expect that this would
happen because we know that the coin is either fair or biased in favor of tails. So,
the most likely explanation is that the coin is fair and we were just very unlucky
(=the phenomenon is absent).

Thus the alternative hypothesis is that the probability of heads is less than 50 %.
The null hypothesis is the complement: the probability of heads is 50 % or more.
The rejection region will therefore be only on the side where heads prevail.

These are the two basic types of statistical tests: two-sided and one-sided. We
should choose a two-sided test if the suspected phenomenon may be located at
either end of the distribution. One-sided test should be chosen when we think the
phenomenon might be only located at one end.

In the one-sided test, the rejection region is one interval on one end of the domain.
In the two-sided test, the rejection region is the union of two intervals on both ends
of the domain. The rejection region is demarcated by the critical value(s). Critical
value is the most extreme value for which we still don't reject the null hypothesis.

One-sided test Two-sided test

critical value lower critical upper critical
value value

J _ 4 & ¥

Figure 2.12: Types of statistical tests
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Let’s move to more practical usage of statistical testing. Last year, I noticed an
article in the Czech newspaper Denik.cz with the title Tragic Quarter: Record Number
of Cyclists Died on Czech Roads [6]. The article says that 15 cyclists died in the first
quarter of the year 2023, and also includes the data from the first quarters of
the years 2012 to 2022. The title could be even more dramatic if the journalist
mentioned that in Q1 of 2022, only 5 cyclists died, so the number tripled from year
to year!

14 A
12 A

10 A

number of deaths
o

N ’_‘
Q1 2012 Q12014 Q12016 Q12018 Q1 2020 Q1 2022
Q12013 Q12015 Q12017 Q12019 Q12021 Q12023

Figure 2.13: Cycling fatalities in the Czech Republic

The question is: is there some bad trend that was kicked off this year, or is the
little peak random? We have the data from the past 11 years, where the numbers
are relatively stable, so we can estimate the mean quantity of cycling fatalities in
the first quarter, and formulate the null hypothesis.

Formulate the null hypothesis.

There were 71 deaths in the Qls of the years 2012 to 2022 in the Czech Republic,
so there were on average 6.45 deaths per quarter, or one every 14.1 days. Thus, the
null hypothesis is that the mean of the distribution of Q1 2023 is also 6.45. There
is a priori no reason to expect a significantly high or significantly low number of
fatalities, so we should stick to a two-sided test.*

But what is the distribution? As mentioned earlier, we should consider the nature
of the stochastic process. We can assume that the fatalities happen independently.
For car accidents, this would not be the case—there are often two or more dead

*Whether we use one-sided or two-sided test should always be decided before we collect data,
as well as formulating the hypothesis and choosing the significance level. This is harder to do
when we work with already existing data—the very first look at the data might bias our view and
lead us to formulating a hypothesis that is suited for the data. With enough data, you can always
find anomalies and tailor hypotheses that will be confirmed by them. That’s why in science, it is a
good practice to preregister hypotheses and methodologies before conducting experiments.
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when a dangerous car accident happens. But it is quite rare that two or more
cyclists die in the same accident. Also, we can assume that there is some ‘true
probability” of an accident every small unit of time, and this probability is all that
generates the distribution. This distribution is known as Poisson distribution, but
we will approximate it by a binomial distribution with an asymmetric probability.

So, a small enough unit of time might be an hour—given these numbers, it is
negligibly unlikely that two cycling deaths happen in the same hour. We can
then simplify our model—every hour, there is either 0 or 1 cycling fatality. The
probability of a fatality in a given hour is 17255 ~ 0.3 %.

What would be the rejection region for this hypothesis, given a significance level of 0.05?

First, let’s sketch the distribution. How likely is it that no fatality happens in
the whole quarter? That is when in every of the 90 - 24 = 2160 hours no fatality
happens, that is 0.99721%0 ~ 0.15 %. How likely is it that exactly 1 fatality happens
in the whole quarter? That is when in one of the 2160 hours, 1 fatality happens and

in the rest, no fatality happens, that is (21160) -0.003! - 0.99721% ~ 0.99 %. Generally,

the probability of k casualties in a given quarter is (*}%) - 0.003% - 0.9972160-k,
Plotting this, we get this distribution:

16 %
14 %
12 %
10 % 1
8 %
6 %
4 %

probability

rejection

. non-rejection region rejection region
region €

01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

number of deaths

Figure 2.14: Poisson distribution of cycling fatalities

Because we are doing a two-sided test, we want to color approximately 2.5 % of
the area in each tail of the distribution. Doing that, the critical value for the left
tail will be 2 and the critical value for the right tail will be 11.

Since 15 lies in the rejection region, we can reject the hypothesis that the mean
number of cycling fatalities in Q1 2023 is 6.45, under the assumption of a Poisson
distribution at a 0.05 significance level.
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2.5 Experiment design and non-parametric testing

Hypothesis testing is especially useful when you want to demonstrate if something
is or is not effective. For example, UX designers might find it useful to evaluate
whether a newly added feature increases a key metric, and pharmacologists often
rely on hypothesis testing to understand the effectiveness of new drugs. However,
before conducting any testing, it’s crucial to design the experiment properly.

Suppose you are an athletics coach. You designed a long jump training program
and you wonder whether it is effective. With 20 trainees who train weekly, you
plan to assess the program’s effectiveness using this plan:

* Week 1 - Pre-training test: Each trainee attempts the long jump 3 times. The
best attempt is recorded as the trainee’s pre-training test result.

* Week 2 - Training: Trainees complete the planned training program.

* Week 3 — Post-training test: Each trainee attempts the long jump 3 times
again. The best attempt is recorded as the trainee’s post-training test result.

Afterward, you statistically compare the results from the pre-training and post-
training tests to determine whether the training program significantly improved
the trainees’ long jump performance.

What is the flaw of this procedure?

The main issue is that the improvement might be attributed to factors other than
the training program itself. First, the trainees could have improved simply by
doing the test for a second time. If they had little prior experience with the long
jump, we might expect that they would get better with every attempt. Second,
external factors like weather conditions could influence results.

To control for these variables, we should introduce a control group that does not
undergo the training program. Therefore, the whole group of 20 trainees should
be divided into two subgroups: the intervention group and the control group.

When we have the data in hand, the next step is to analyze the results to determine
whether the training program had a significant impact on performance. The con-
trol group (C) did not receive any special training, while the intervention group (I)
underwent the program. By comparing the pre-training and post-training test
results for both groups, we can identify the improvement of the trainees.

In the previous section, we conducted tests that relied on knowing the distribution
type, such as binomial or Poisson. Such tests are called parametric because the hy-
potheses they test are formulated around the parameters of a known distribution.
In this case, however, we don't really know what the distribution type is.

What we can do is calculate the improvement of each trainee and then order the
improvements from highest to lowest. Then, we can forget about the concrete
numbers and only consider the order.
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ID | Group | Pre-training test result | Post-training test result
1 | C 372 cm 416 cm
2 | C 345 cm 356 cm
3 |C 378 cm 395 cm
4 | C 415 cm 401 cm
5 | C 341 cm 345 cm
6 |C 346 cm 358 cm
7 | C 417 cm 409 cm
8 | C 383 cm 406 cm
9 | C 331 cm 330 cm
10 | C 374 cm 383 cm
11 | I 333 cm 349 cm
12 | I 376 cm 409 cm
13 |1 366 cm 393 cm
14 | I 255 cm 276 cm
15 | I 279 cm 325 cm
16 | 1 330 cm 331 cm
17 | 1 311 cm 343 cm
18 | I 369 cm 354 cm
19 | 1 315 cm 329 cm
20 | 1 294 cm 325 cm

Table 2.2: Results of the pre-training and post-training tests

» How can we test whether the intervention group did significantly better than the control
group, based on the order of improvements?

Let’s make the ordered improvements table.

improvement |46 |44 |33 (32(31]27(23|21[17]16]14|12|11|9]4[1]-1]|-8|-14]-15
group |I[C|[I|I|I[I[C|I|C|I|I|C|[C|C|C[I|C|[C|C]|TI

After removing the numeric values, we are left with the binary sequence

ICHIICICIICCCCICCCL.

There are (%8) possible sequences of this type, and all have the same probability
of occurring. Hereafter, we’ll refer to these sequences as (10,10)-sequences, where
(10,10) means each sequence contains 10 I's and 10 C’s. Our task is to arrange them
in a manner that represents a spectrum, ranging from the improvements of I were
much, much bigger at one extreme to the improvements of C were much, much bigger at
the other.

So, how to order these sequences? It is always helpful to start with a smaller case.
Let’s try to order (2,2)-sequences.
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1st  2nd  3rd  4th
. ‘ O O Improvements of black
were much, much bigger
O O ’ . Improvements of white
were much, much bigger

Figure 2.15: Ordering of (2,2)-sequences

That was quite easy—if we take any two of those sequences, we can show why one
is strictly ‘higher” in the order, except for 0110 and 1001, which are symmetrical,
so they are the only ones which are equally probable.

If we try it with (3,3)-sequences, we may run into situations that are not so clear.
For example, how do you compare 110010 and 101100? That is not exactly clear,
so we should invent some function that will assign a number to a sequence, based
on which we will order them.

There are two different methods that might come to mind: the rank sum and the
inversion count.

The rank sum method involves multiplying each position index (rank) by the value
at that position and then summing the resulting numbers. This method says that
the sequences 110010 and 101100 are equal (see Figure 2.16).

The inversion count method involves iterating through all the 1’s, counting how
many 0’s precede it, and then summing these counts (see Figure 2.17).

If you apply both methods to all 22 (3,3)-sequences, you'll see that they yield
identical results. You can use whichever method you find easier. Either of these
statistics we will use for the statistical test. Such statistic is called a test statistic.
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Figure 2.16: Rank sum method
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Figure 2.17: Inversion count method
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Now, we just need to calculate how many (10,10)-sequences have each given in-
version count. It turns out that this is quite a complex problem involving integer
partitions that could be a separate chapter—if you feel like trying to solve it, go for
it! But will skip it for now.

Back to the original situation. The number of existing (10,10)-sequences for a given
inversion count correspond with the number of possibilities how this test statistic
can be achieved. If we order them and make a column chart, we have our test
statistic distribution. Then we just color the rejection region (this is a one-sided
situation, so the columns on the left that sum to 5 % probability).

3.0 % -
2.5 %
2.0 %

1.5 %

probability

1.0 %
rejection region j non-rejection region

0.5 % -

0.0 % -

0 20 28 40 60 80 100

inversion count
Figure 2.18: Mann-Whitney U test statistic distribution

The test statistic (inversion count) of our sample is 29. Although it is very close to
the rejection region, it isn’t quite there, so we do not reject the null hypothesis. That
does not mean that the training program does not work—there is just not enough
evidence. The non-parametric test that we just did is called the Mann-Whitney U
test.

Since we were so close to rejecting the null hypothesis, we might wonder what
would be the lowest significance level on which the null hypothesis would be
rejected. That number is the p-value. To calculate it from the distribution, we
calculate the graph area over the interval from zero to our test statistic (inclusive).
In our case, the p-value is 0.0562.
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2.6 The Bayesian approach

In the previous chapter, we introduced the concept of the p-value. It may be
tempting to interpret the p-value as the probability that the null hypothesis is
true. But that would be a mistake! If a statistical test yields a p-value of 0.33, it is
obvious that this result does not demonstrate any significant effect. Thus, it would
be strange to conclude that the null hypothesis has a 33% probability.

So, does the conventional significance level of 0.05 imply that 5 % of null hypo-
thesis rejections, thatis 5 % of discoveries backed by statistical testing, are incorrect?

Before answering this question, let’s consider a different problem. Imagine that
the local hospital offers its patients a preventive rapid screening test for celiac
disease. The hospital says the test has 75% sensitivity, meaning that three out of
four celiacs will be detected. And even better, the test has 90% specificity, that is
90 % of people who are not celiacs will be correctly diagnosed as not having it.
That sounds like a really good test—should you go and have yourself tested?

Suppose that 2 % of the global population are celiacs. How many of 1,000 people would be
1. correctly diagnosed as having the disease,
2. incorrectly diagnosed as having the disease,
3. correctly diagnosed as not having the disease,
4. incorrectly diagnosed as not having the disease?

Let’s draw a tree diagram.

sensitivity = 0.75 15 celiacs
prevalence = 0.02 identified as celiacs

_—> 20 celiacs
/ .
/ 5 celiacs
identified as non-celiacs

1,000 people tested =
882 non-celiacs

specificity = 0.9 : . .
identified as non-celiacs

. .
— 980 non-celiacs
98 non-celiacs
identified as celiacs

Figure 2.19: Tree diagram of diagnostic test outcomes

We first divide the sample of 1,000 people by their condition: 2 % have the disease,
that is 20 individuals, and the remaining 980 do not have the disease. Then, we
can subdivide these two groups by sensitivity and specificity. With a sensitivity
of 75 %, the test correctly identifies 15 out of the 20 celiacs, missing 5 cases (known
as the Type Il error, or false negatives). The test’s specificity of 90 % results in 882
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correctly identified negatives among the 980 people who don’t have the disease.
However, 98 individuals without the disease are incorrectly identified as having it
(known as the Type I error, or false positives).

As aresult, the test identifies a total of 113 individuals as positive, of which only 15
truly have the disease. The false positives dominate, leading to a false discovery
rate of % ~ 87 %. That means if you go test yourself and the test comes out
positive (stating that you have celiac disease), you have a whopping 13 % chance
that you actually have the disease!

How is this related to the p-value misinterpretation? Not only diagnostic tests
have sensitivity and specificity, statistical tests, too! The first we call the power of
a test, and the second we already know—that is the significance level.

The power of a test is the probability that the statistical test correctly rejects the
null hypothesis. The significance level is the probability that the test incorrectly
rejects the null hypothesis, so 1 — o corresponds to specificity.

Let’s estimate that only 10 % of scientific hypotheses are true. A standard power
of a test is perhaps 0.8 and the conventional significance level is 0.05.

Suppose that we conduct 1000 tests. 900 will be cases where the effect does not
exist, so the null hypothesis is true. Of these 900, 5 % are false positives, that is 45.
So, we have 45 false positives and 855 true negatives.

The remaining 100 cases are the ones where there is a real effect and the null
hypothesis is false. There, the effect is correctly detected in 80 % of the cases,
20 % tests will fail to detect the effect. So, we have 80 true positives and 20 false
negatives.

power = 0.8 80 successful identified
as successful
base rate = 0.1
o 100 successful
/ 20 successful identified
as unsuccessful

/
1,000 tests conducted — i\
specificity = 0.95 855 unsuccessful
identified as not successful

~— 900 unsuccessful
45 unsuccessful
identified as successful

Figure 2.20: Tree diagram of tested scientific hypotheses

The number of positive tests is therefore 80 +45 = 125. That means you have a

% ~ 36% chance of reporting a discovery when there is no real effect!

» What is the key variable here? What part of this did we previously ignore?
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It’s intuitive that low sensitivity or specificity affects the reliability of a test. How-
ever, the influence of prevalence is often surprising to many. It’s a subtle yet crucial
variable that we should always take into consideration in similar situations—this
is the key to Bayesian statistics.

In each of the two examples, there were two events involved. In the first, it was being
a celiac and testing positive; in the second, it was hypothesis being true and statistic
test demonstrating an effect. Generally, we can call one of the events a hypothesis and
the other one an evidence.

In terms of conditional probabilities, Bayes” theorem is stated as the equation

P(E[H) - P(H)

PHIE) =~y

where P(H) and P(E) are probabilities of events H (hypothesis is true) and E
(we observe evidence, e.g. a statistic test demonstrates an effect); P(H|E) is the
probability of that the hypothesis is true given that we observe evidence, and
P(E|H) is the probability of observing evidence given that the hypothesis is true.

For the purpose of simplifying the usage of the Bayes’ theorem, let’s introduce
another formulation of probability. Probability of an event can be expressed not
only as a number between 0 and 1, but also as the ratio of the probability that the
event happens to the probability that it does not happen. This alternative way of
expressing probability is called odds. So, the probability 0.5 corresponds to odds
of 1:1, the probability of 0.01 corresponds to odds of 1:99, and so on.

We can express odds of A as O(A) = %, where —A is the negation of A.

Reformulate the Bayes” theorem for O(H|E) instead of P(H|E).

We divide each side of a Bayes’ equation by another Bayes” equation with —H
instead of H

P(H|E) P(E[H)-P(H)
— _ P(E)
O(HJE) = P(—H|E) P(Elﬂ]lj)P(ﬂH)
()
and simplify to
_ P(E[H)
O(H[E) = O(H)P(EIﬂH)'

This is known as the Bayes rule. The O(H) is called prior probability—the initial
probability before we observe evidence. O(H|E) is posterior probability—the
probability after observing evidence (this is what we want to know). And finally,

PP((EE||flll) is the Bayes factor. The Bayes factor is the ratio of the probability of

observing evidence given a hypothesis is true to the probability of observing
evidence given a hypothesis is not true. It is the power of the evidence, quantified
by how many times more likely the evidence is under the hypothesis than under
its negation.
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The great thing that the Bayes rule does is it formulates a rigorous way how we can
update our beliefs upon observing a new evidence. When we see a new piece of
evidence, we ask ourselves: how many times more likely am I seeing the evidence when
the hypothesis is true than when it is not? If the answer is 3, then the odds of 1:1 (50%
probability) become 3:1 (75% probability), and the odds of 1:99 (1% probability)
become 3:99 = 1:33 (~3% probability). Note that this is trivial to calculate with
odds, but not so much with probability.

We can even use the rule repeatedly—the posterior probability just becomes the
new prior probability. So, suppose that you have tested positive in the celiac
disease diagnostic test. You have done the calculation and you know that there is
only 13 % probability that you have the disease. However, in the last year, you are
experiencing something that might be a symptom of the disease—stomach pains.
That is another piece of evidence that you can add to your model.

So, you should ask: how many times more likely am I having these pains given that
I am a celiac than given that I am not? This is a tough question—there are many
other diseases that could cause stomach pain, and the connection to celiac disease
specifically isn’t definitive. However, let’s assume that you did a quick online
research which led you to the belief that stomach pains are about five times more
likely if you have celiac disease than if you don't.

To apply the Bayes rule, we multiply the Bayes factor of 5 by the prior odds of
having celiac disease. Odds of 13 % corresponds to ~0.15:1. Therefore, your new
odds become 0.75:1, that is you believe there is now 43% probability that you are
a celiac.

The disadvantage of the Bayesian approach is that in most cases, it is not clear
what the prior should be. Think of any scientific hypothesis that you read about
in the newspaper. Can you give it a probability before you know anything about
it? If not, should the default be 50 %? Estimating these probabilities is usually
subjective, which is the most common critique of Bayesian analysis. On the other
hand, the Bayes rule is a perfect tool to improve your probabilistic model of the
world, which is why it has become not just a foundational principle, but also an
iconic symbol for rationalists.

The 20th century witnessed a vigorous debate between two camps of statisticians:
frequentists, who emphasized the methods of statistical testing we got acquainted
with in the previous sections, and Bayesians, who proposed a wider usage of
Bayesian inference—various applications of the theorem we saw in this chapter.
This debate is an interesting intersection of mathematics and the epistemology,
and its history is well summarized in [11]. If you enjoyed this chapter, both [11]
and [2] are recommended for further study.



Part 11

Theoretical Commentary
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Chapter 3

Didactic commentary

In this chapter, we aim to explain the motivation behind the didactic approach
taken when creating the textbook. This includes the structure, the language, the
choices of progression, and other decisions made in the process of writing.

3.1 Mathematical rigor and good explanations are not
the same thing

The primary goal of a mathematics textbook is to effectively teach mathematical
concepts and methods. It is a tool for fostering a thorough understanding of the
topic. Thisis a different goal than the one prevalent in mathematical practice—that
is to provide proofs of theorems, which requires a purely deductive approach
typical of mathematical rigor. It should be noted that producing the most rigorous
text does not always make it easy to understand, let alone readable.

One example of a piece of information vital for understanding, however not a
necessary part of a proof, is a high-level view of the topic. When entering a new
mathematical topic as a reader, it is useful to know why the topic is relevant, and
have an overview of the broad strategy for exploring it.

The task of the author of a mathematical textbook is to balance the degree of the
rigor and the context-adding commentary. Both depend primarily on the learner’s
starting level. Since this thesis focuses on high-school students, we should not
expect the learner to have experience with reading mathematical texts structured
in a definition-theorem-proof format (hereafter referred to as DTP). Therefore, the
textbook emphasizes the context-adding commentary, analogies, examples and
visual aids, and only sporadically features definitions, theorems and proofs, to
introduce the learner to DTP without intimidation. It is the entry point for a more
thorough study using more rigorous sources, or a complement to them, certainly
not a replacement for them.

Advancing to a professional level of mathematics, we can notice that some texts are
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written in a more reader-friendly fashion than others. The art of explaining maths
is not constrained to textbooks for high-school or university students only. The
Fields Medal laureate William Thurston argues that even research papers should
be written with the effort of clear explanation, because they will be read by future
doctorate students, seeking to understand the matter in order to subsequently
build on it. In his essay On Proof and Progress in Mathematics [19], he shares his
personal experience from the 1970s, when he rapidly proved many theorems in
a certain field of geometric topology, and published them without adequately
explaining the proofs well in the papers. He writes that he then perceived an
‘exodus’ from the field, not because there was no more work, but because he
created a barrier by not providing good enough scaffolding for the next to come.

3.2 Effective explanations

Christopher Olah, the co-founder of Distill—a digital scientific journal devoted to
clear explanations, believes that there are two parts to a good explanation: first,
having a really clear way of thinking about the topic, and second, executing the
explanation well. He also mentions that people, who are ‘extremely knowledge-
able about a topic’, don’t always produce good explanations, because they falsely
believe that more detail and rigor will make the explanation clearer. [15]

Another reason for this paradoxical phenomenon might be that the teacher has
the advantage of already understanding the topic. That entails remembering the
defined terms, their definitions, and all logically preceding theorems. That allows
her to connect all of it much quicker, while the student gets lost when the amount
of new knowledge surpasses some critical level. Because of this, it is beneficial to
think twice about every introduction of a new term.

3.2.1 Terminology

Introduction of terms serves to simplify the subsequent statements. If we say
a word instead of a finite sequence of symbols, we have shortened the statement
by three words each time we use it. The downside is that to understand the
statements, each term must be connected to its definition in the memory of the
learner. Too much terminology may overload the learner’s working memory. To
make terms memorable, they should target the learner’s intuition, and evoke a
picture that serves as a good representation of the term.

3.2.2 Simplifying foundations

Every mathematical theory today builds on some foundations relating it to an
axiomatic theory. For example, in statistics, the concepts of Borel o-algebra and
the Kolmogorov axioms are the cornerstones to build upon. These foundations
are essential for proving theorems from axioms but are difficult to grasp for high-
school-level learners due to their abstractness.
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There are two types of such mathematical constructs:

1. constructs that can be left out for the purpose of intuition-based explaining
(as opposed to theoretical-foundations-based explaining),

2. constructs that are vital for understanding the theory, but their formal defi-
nition is too abstract for a high-school student.

The first type constructs are completely omitted in the textbook (for example the
Borel o-algebra). The second type constructs are either explained intuitively, or
not explained generally, but only in a narrowed sense. For example, in an algebra
course, we would learn about congruence classes and operations with them. Then,
a ring would be defined as a set equipped with two operations, satisfying certain
properties; and a field as a ring satisfying stronger properties. Then, it would
be proved that a set of congruence classes modulo m is a ring for all m, and a
field if and only if m is prime. In our textbook, we start with a ring of integers
modulo m, which is the simplest type of finite ring—thanks to that, the reader has
a concrete example of the structure from the start. The formal definition of a ring
can be omitted at this moment, because the more important structure is a field,
which is introduced through its most important property, which is the existence
of multiplicative inverses. We try to work with the bare minimum, and not clog
the reader’s working memory.

3.2.3 Analogies

The abstractness of mathematics is a challenge. One way to deal with it is by
leveraging analogies with physical objects, natural laws or social relations that
we know from the real world. This method is frequently used by teachers—for
example, a function is often introduced to elementary-school students as a vending
machine. Analogies can serve a dual purpose—they make reasoning about them
easier, just because they give us a relatable thing to work with in our head, and
if they are precise analogies, they also explain the structure of the mathematical
object.

Analogies as enablers of reasoning

How merely swapping content of a statement in a form of implication enables
correct reasoning was shown by an experiment conducted by the psychologists
Griggs and Cox in 1982 [8]. Griggs and Cox replicated an earlier experiment
known as the Wason selection task. In this task, the subjects of the study are asked
about the minimal information that must be inquired to verify that a statement “if
A, then B’ is correct. In one variant of the experiment, the statement is If there is a
‘D’ on one side of a card, then there is a ‘3" on the other side. and the subject is presented
with four cards on a table, with ‘D’, ‘F’, ‘3" and ‘7’ on the visible sides. It is also
known that a card always has a number on one side and a letter on the other side.
In another version, the statement is If a person is drinking beer, they must be over 20.
and the subject is presented with a situation where there are four people in a pub,
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one 18 years old, one 50 years old, one drinking soda and one drinking beer. The
correct answer is to check the flip side of ‘D" and ‘7’ in the first variant, and to
check the drink of the 18 year-old person and the age of the beer drinker in the
second. The abstract variant of the task was answered correctly by less than 25 %
subjects, while the ‘social contract’ variant by 75 %.

This suggests that changing the content of some mathematical problems may
make them easier to solve. In the textbook, we attempted to utilize a different
social contract to explain the Hamming code—the relation between a guard and
a prisoner as an analogy for the relation between message symbols and check
symbols.

Analogies as representations of structure

The second purpose of analogy is to illustrate the structure of a mathematical
object.

One example of such analogy used in the textbook is how the homomorphism
between the set of all integers and a given ring of integers modulo m was explained
by winding a thread onto a spool. This analogy is great in that it represents well
the mapping—we can instantly see that it is surjective, that there are m elements in
the ring, each representing infinitely many integers, that each integer is included
in exactly one element of the ring, etc. However, it is not that great in representing
that the mapping is in fact a homomorphism—that is better verified algebraically.

That an analogy does not show all properties of the underlying structure is not
fatal—another analogy might serve better. However, some analogies have limita-
tions in their accuracy and may demonstrate some properties falsely. For example,
the spatial analogy for Hamming distance is limited because Hamming distance
and Euclidean distance just work differently. For example, we might think that
there can be at most 4 words for which each pair has the same distance (because
that is true for points in a 3D space with Euclidean distance), while in fact there
can be as many as there are symbols in the alphabet.

A special type of analogy for representing structure is a physical analogy. For
example, a mean of a distribution is essentially its centre of mass. So, if we cut the
graph of the distribution out of paper, and find a point on the x-axis on which the
cut-out balances on a skewer, that x value is the mean.

3.3 Problem-first approach

As touched on in the preface, one of the key features of the textbook is the em-
ployment of a problem-first approach, as an opposite of a theory-first approach.
Starting with a problem not only creates curiosity about its possible solution, but
also allows the learner to derive the theory from the first principles. This process is
difficult as it basically imitates the path of how these mathematical theories were
invented. The mathematics popularizer Grant Sanderson says in one of his videos
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that mathematicians do not start with definitions, but with ‘chewing on specific
problems, then generalizing those problems, then coming up with constructs that
might be helpful in those general cases, and only then they write down a new
definition.” [17] He calls this process the discovery progression, as opposed to the
deductive textbook progression. In pedagogical literature, the form of learning that
employs problem-first approach or discovery progression is called inquiry-based
learning [5].

Textbook progression

Definition = Theorem — Proof —» Examples

VS.

Discovery progression

Specific . General . Helpful
problem problems constructs

— Definition

Figure 3.1: Textbook progression and discovery progression (source: [17])

In Chapter 1, the progression toward the Hamming code was inspired by Richard
Hamming’s actual discovery process, which is documented in his book The Art of
Doing Science and Engineering [10].

3.4 Narrative style

Each chapter of the textbook starts with a formulation of the problem. The author
then acts as a teacher, talking to the reader and asking him the questions. The
questions are graphically separated from the rest of the text, set in italics and
marked by a black triangle to the left of them. The reader is instructed to pause
after reading the question and try to answer it. Sometimes, the question is just
a conceptual one which can be thought about in one’s head, sometimes it is a
problem that needs to be sketched out. The guidance of the text always keeps the
reader on the right track, so the discovery process is not full of dead-ends as it
would be in reality.

3.5 A smoother transition to high mathematics

The textbook attempts to bridge the gap between high-school mathematics and
university-level mathematics. This gap is characterized by a sudden change of
both the form and the content. High-school mathematics is mostly concerned
with algorithms for solving certain problems, such as simplification of expressions,
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solving systems of equations or combinatorial problems. The problems are solved
in concrete forms. Conversely, university mathematics mostly takes the form of
DTP. It operates on a more abstract level, and the mathematical objects are more
difficult to visualize.

This sudden switch to "high mathematics’ is hard for some students, so it is best if
they can come in contact with it before university. The textbook tries to do that by
slowly building up terminology, and including formal definitions in grey boxes.
The first chapter also contains some easy proofs.



Conclusion

In this thesis, we have presented two chapters of an extracurricular applied math-
ematics textbook for high-school students, inspired by the course Street-fighting
Mathematics by Sanjoy Mahajan. A “problem-first” approach was used to intro-
duce the reader to two areas of mathematics usually not covered at high school:
error-correcting codes and inferential statistics. The designed curriculum not only
equips students with knowledge in coding theory and statistical inference but also
trains them in problem solving, and prepares them for entering more advanced
studies in mathematics and related disciplines.

Looking forward, this work lays a foundation for a potential expansion into other
areas of mathematics. It is hoped that this thesis will serve as a valuable resource
for both students and teachers.
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