CONTROL OF PARTIALLY SPECIFIED BOOLEAN NETWORKS

EVA SMIJAKOVA

MUNI
1

PhD Thesis

Faculty of Informatics
Masaryk University

2026

SUPERVISORS: doc. RNDr. David Safranek, Ph.D.,
prof. RNDr. LuboS Brim, CSc.



Eva Smijakova, Control of Partially Specified Boolean Networks © 2026



“I have yet to see any problem, however complicated, which,
when you looked at it in the right way, did not become still
more complicated.”

— Poul Anderson






DECLARATION

Hereby | declare that this thesis is my original authorial work, which
| have worked out on my own. All sources, references, and literature
used or excerpted during the elaboration of this work are properly
cited and listed with complete references to the original sources. Dur-
ing the preparation of this thesis, | used the following Al tools to im-
prove the clarity and style of my writing:

« Grammarly
« ChatGPT
« GitHub Copilot

Additionally, I used the following tool to assist with software devel-
opment:

« GitHub Copilot

| declare that | used these tools in accordance with the principles of
academic integrity. | checked the content and took full responsibility
for it.

Eva Smijakova






ABSTRACT

In various fields, a compelling challenge is to influence systems to
align with desired behaviors. Formal methods offer ways to address
this challenge by utilizing abstractions of real-world systems to com-
pute the solutions. This thesis focuses on the control of biological
systems, which contributes to solving cell reprogramming.

Biological systems are modeled using a variety of approaches, in-
cluding Boolean networks (BNs), which, thanks to their simplicity and
expressiveness, effectively capture interactions at the cellular level.
While control problems for fully specified BNs have been extensively
studied, the corresponding problem has received much less attention
when the Boolean functions are only partially known.

Partially specified Boolean networks (PSBNs) accommodate model
uncertainty by representing unknown Boolean update functions with
function symbols. However, this introduces complexities in the con-
trol problem, including variations in the state transition graph be-
tween varying interpretations and optimization challenges in mini-
mizing perturbations while ensuring target reachability.

This thesis deals with these challenges and brings the control prob-
lem to the partially specified setting of Boolean networks. The state
perturbations are used to exercise control on the models since their
implementation in practice can be realized via gene knockouts or
overexpressions. The main difference in PSBN control is that, instead
of computing only a minimal perturbation, the methods compute a
set of possible perturbations together with their robustness with re-
spect to model uncertainty.

We present and solve two flavors of the PSBN control problem -
source-target control and phenotype control. Two methods were de-
veloped to deal with the source-target problem - a semi-symbolic
parallel method, which uses just one-step perturbations and a sym-
bolic method, which is able to employ one-step, temporary and per-
manent perturbations. The weakness of source-target control lies
in the necessity to know the target attractor beforehand, which can
be highly inconvenient for PSBN. This weakness is mitigated by the
phenotype control, where it is sufficient to specify only characteris-
tic traits of the target, and control works globally regardless of the
source state. A method based on permanent perturbations with sym-
bolic state space exploration was developed to solve this problem.
Finally, software encompassing all these methods is described, and
the applicability of the methods is demonstrated on real-world case
studies.
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INTRODUCTION

A compelling challenge for many scientific fields is finding ways to
influence systems, so they exhibit a desired behavior. Biology is no
exception. Finding a cure to a disease is essentially finding a way to
control the system of the human body to get rid of the disease. Of
course, today, we are not yet able to make a single complete model
of the human body, but we still can make models of some of its parts,
such as gene-protein interactions in a cell [Caros].

Cell models are therefore valuable tools for studying and designing
disease-related interventions. For example, we can try to find a way
to reprogram a cancer cell into a healthy one or to reprogram a stem
cell into a phenotype (a specific cell type) that is needed for regener-
ative medicine. The problem of controlling a cell is called cell repro-
gramming, and it is one of the most significant challenges of regen-
erative medicine [CD12]. In practice, reprogramming strategies often
rely on targeted perturbations of gene expression, including forced
over-expression, or knockout, implemented through methods such
as CRISPR-based technologies [DC14] and RNA interference [Fir+98].

To study and design such interventions, we rely on field of systems
biology that aims to apply formal methods developed by computer
science to biological models. Systems biology uses a variety of mod-
els ranging from discrete (e.g. Boolean networks [Sch+20]), through
continuous (e.g. ODE [GIP13]), to hybrid models [Gro+93]. A very effi-
cient model to capture numerous interactions at the cellular level is
Boolean network (BN) because this model is both simple and expres-
sive. Moreover, BNs have applications in many other areas, including
circuit theory and behavioral science [Rol+15; KS14].

BNs are composed of two parts: a finite set of Boolean variables
representing genes or other biochemical substances and update func-
tions which specify the way variables dynamically change their value
based on influences from other variables. BNs generate a finite dis-
crete state-space which makes them convenient for computational
analyses. When starting from any initial state, the BN eventually es-
tablishes in some single state or a set of states. These components
of BN state space are called attractors. They can be viewed as an ab-
straction for phenotypes of the modeled biological systems [Che+16].

A computational model is considered controllable if we can assure
that from some initial state, it reaches a desired final state in a fi-
nite amount of steps. When controlling BNs, we are interested in BN
reaching the desired attractor. This property is well-studied in the
context of BNs without unknown parts [ZA15; Man+19; SP20a; CFTS20].
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However, the problem has not received a lot of attention in the par-
tially specified setting yet, that allows to capture the uncertainty in
the model typical for biological systems [Zou13; Ben+19].

The definition of control is rather broad and allows many varia-
tions of the problem for BNs. To change the normal behavior of BN,
understandably, we need to interfere with the model in some way.
We call these interventions perturbations. However, we can consider
many types of perturbations. They vary in three aspects. Firstly, we
can either fix variable values to some fixed value or change the rules
of their evolution. Secondly, we can apply the perturbation just as a
single transition step (e.g. a brief exposure to a signalling molecule),
or we can hold the perturbations for more transition steps (e.g. a
prolonged drug treatment), but even permanent perturbations (e.g.
a CRISPR-mediated gene knockout) are considered. Lastly, the per-
turbation can be applied only once, or we consider applying pertur-
bations and releasing perturbations at any time.

Apart from the different kinds of perturbations, control problems
also vary in terms of the objective. Four common control goals are:
(i) driving the system from a specified source state to a specified tar-
get attractor (source-target control) [SPP19b], (ii) achieving a single
desired target attractor irrespective of the current state (target con-
trol) [KPC13], (iii) achieving control between every pair of attractors
(full control) [Fie+13], and (iv) reaching the set of states satisfying
given conditions (phenotype control) [CFTS20]. For instance, source-
target control may consist in driving a proliferating cell to an apop-
totic attractor; target control would require driving the system to the
same apoptotic attractor from any initial cellular state; full control
may correspond to the ability to switch the system among all stable
cell fates represented by attractors, such as proliferation, quiescence,
and apoptosis; and phenotype control may correspond to steering
the network to any state satisfying a prescribed pattern of marker ac-
tivity, for example states in which stemness genes are inactive, and
differentiation markers are active.

In practice, the exact Boolean functions of the model may not be
precisely known due to various uncertainties such as insufficient ex-
perimental knowledge [Gri+13], inconsistent observations [GGC16], ge-
netic mutations [Mar+16], or any other ambiguities. In contrast, there
is typically good evidence of the fact that a variable regulates another
one. This issue can be addressed by allowing BNs to contain func-
tion symbols. Partially specified Boolean networks (PSBNs) [Zou13;
Ben+19] allows one to specify only regulators of a variable and thus
capture multiple variants of the possible actual behavior of variables
without conducting many more expensive experimental observations.
Every interpretation of the unknown parts can be understood as an
instance of a standard BN. The number of these instances can be
doubly exponential in the worst case [WSA12].
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The partially specified setting brings many new challenges to the
control problem. First, the nature of BN state transition graph may
change dramatically between the interpretations [Ben+19; Ben+20].
Even the original goal of the standard control - to stabilize in a tar-
get attractor — might not be feasible in some instances as the given
attractor is not present in them. Secondly, the BN control problem is
optimizing — we are trying to minimize the number of perturbations
done to a network, while we must guarantee that the target attrac-
tor is reached in all BN non-deterministic runs. It was shown that for
many biological models, controlling values of only a few variables is
sufficient to drive the network into any attractor of the BN [ZA15]. On
the contrary, this is usually not the case for the PSBNs. Due to the un-
certainties, we would often need to fix the value of many variables to
guarantee PSBN to reach the given attractor in all network instances.
Such an approach is not applicable in practice as each perturbation
can be very costly in the real environment. Therefore, the optimiza-
tion criteria should be adjusted.

In our current research line, we decided to treat the interpretations
solely as unknown knowledge and consider only the state perturba-
tions that fix the value of variables. To cope with minimization criteria,
the output of the control problem for PSBN is a complete mapping
from the domain of perturbations to the domain of relevant interpre-
tations. This way, it is possible to manually explore the available per-
turbations and consider both the cost of perturbation and the robust-
ness of perturbation - the proportion of interpretations for which the
perturbation ensures PSBN stabilization in the given attractor with all
considered interpretations.

11 CONTRIBUTION

Partial
spec]ﬁcation

This
thesis

Control

Figure 1: The confluence of concepts studied in this thesis.

The contribution of this thesis lies in its integration of three dis-
tinct concepts: control, asynchronous Boolean networks and systems
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with partial specification. Such a confluence has not yet been ex-
plored previously. The asynchronous Boolean networks are a well-
studied model of system biology. Also, control is a commonly em-
ployed formal method in systems biology and the topic of controlling
asynchronous BNs was already thoroughly studied as we describe in
Section 2.3. On the contrary, the promising model of partially speci-
fied Boolean networks is just beginning its rise. Other formal meth-
ods such as attractor search [Ben+21; RP22], bifurcation [Ben+22c], or
parameter synthesis [Ben+23a] are also being investigated only rela-
tively recently.

The partial specification of BNs thus makes this work truly novel,
although the specific approaches are often inspired by previously in-
vestigated intersections of the topics as we will see in the thesis. The
objectives of this thesis are four-fold:

1. Formally define control problem for partially specified Boolean
networks

2. Develop efficient methods that solve the control problem for
partially specified Boolean networks

3. Bundle the developed methods to a software toolkit

4. Demonstrate applicability for biological systems

Now let us have a look at these goals in detail and describe in what
parts of this thesis they are fulfilled.

GOAL 1 — PROBLEM DEFINITION. Problem definition is an essential
contribution of this work since the problem of PSBN control has not
been formalized prior to our work. Several crucial aspects need to be
considered for the problem definition. Firstly, attractors of the PSBN
vary according to the interpretation. Therefore, searching for non-
permanent perturbations that drive the network into a target attrac-
tor would be impossible for interpretations of unknown parts, where
the given attractor is not present in the first place. Secondly, the prac-
tical realization of perturbations requires non-trivial effort; therefore,
in a normal BN setting the number of perturbations is sought to be
minimal. However, there is rarely a solution with a few perturbations
in the partially specified setting, which would work for a big portion
of interpretations. Thus, optimization criteria should be readjusted
accordingly.

The achievement of this goal is presented in Section 4.1 where we
define source-target control for PSBN which result is a relation of
perturbations with interpretations for which they work as opposed
to standard control goal where only minimal perturbation sets are
returned. However, the landscape of attractors may change between
interpretations [Ben+22c]. That might cause a shift of target attractors
that is not impeding from the cell reprogramming objective, but it
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is technically not allowed by a source-target control. This caveat is
resolved by a more general notion of control — phenotype control
which is defined in Section 5.1 where only target traits are necessary
to be specified.

GOAL 2 — EFFICIENT METHODS DEVELOPMENT. As described before,
the control problem for fully specified asynchronous BNs has been
well-studied already. Therefore, after control for PSBN is formally de-
fined, in theory, we could use the existing methods for asynchronous
BN control to solve the problem for every interpretation distinctly.
However, the number of these interpretations can be doubly expo-
nential, meaning even a very efficient method for BN control would
need to be run too many times to be handled in a realistic time. That
is why seeking a novel, efficient approach for the partially specified
setting is crucial.

Three methods were developed to solve the posed variants of the
problem.

1. Parallel one-step source-target control method for PSBN with
semi-symbolic state space exploration and symbolic result which
is described in Section 4.2 [Bri+21]

2. One-step, temporary, and permanent source-target control for
PSBN with symbolic state space exploration and symbolic result
which are described in Section 4.3 [Bri+23]

3. Permanent phenotype control method for PSBN with symbolic
state space exploration and result requiring explicit enumera-
tion which is described in Chapter 5 [Ben+23b]

The aforementioned sections present algorithms, and simple (i.e.,
quantitative) demonstrations of them.

GOAL 3 — SOFTWARE TOOLKIT FOR METHODS. In order to make
the developed methods publicly available, they were incorporated
to the BioDivine toolkit [Bar+09]. A library in Rust based on AEON
tool [Ben+20] was developed to make methods fast and performant.
Later, the library was wrapped into Python language as part of a tool
AEON.py [Ben+22a]. This helps to make the methods more convenient
to work with for the wider scientific audience because the language
is easier to learn and offers popular notebook environments such as
Jupyter [Bar21]. The Python version also has become part of the ColLo-
MoTo Interactive Notebook tools [Nal+15; Lev+18]. Finally, the control
functionality was also embedded into AEON web application [Ves+25].
The software technical specification and solved challenges are in de-
tail described in Chapter 6.

GOAL 4 — APPLICATIONS TO BIOLOGICAL SYSTEMS. Finally, since
Boolean network control is closely connected to cell reprogramming,
we demonstrate that the developed methods address the original
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biological motivation of this thesis. In addition, we show that con-
trol can also serve as a tool for model refinement. Both applications,
together with case studies illustrating their utility, are presented in
Chapter 7.

1.2 THESIS STRUCTURE

As mentioned before, this thesis covers multiple interlaced themes.
Thus, it is important for the reader to recognize what aspects are
considered while reading this thesis, especially distinguishing where
only fully specified Boolean networks are discussed and where their
partial specification is assumed. To help with that, a switch from the
context be indicated by accompanying figure in the margin of the text,
similar to one in Figure 1. Also, in the following text we provide a brief
guidance on the structure of the thesis and what is covered in each
chapter.

Chapter 2 describes all necessary preliminaries to understand the
basic problematic of the fully specified Boolean networks. Regula-
tory networks, which are an essential basis for BNs and also PSBNs
are described at first (Section 2.1). Then, all motivation and formal
definitions related to fully specified BNs are introduced (Section 2.2).
After that, the control problem for BNs, is described, including tech-
nical differences between all variants of the problem (Section 2.3).
Finally, the notion of partially specified Boolean networks is intro-
duced (Section 2.4), including the motivation for this model and the
technical details of it.

Chapter 3 is about the state of the art in the field of control of
Boolean networks. It covers the methods for control from the most
general classes of the systems to the systems most similar to the PS-
BNs. First, it describes roots of the control theory in terms of discrete
systems (Section 3.1) and incompletely specified systems (Section 3.2).
Then, it describes the methods for control of fully specified BNs from
the simplest synchronous BNs (Section 3.3) to the more complex asyn-
chronous (Section 3.4) and most-permissive BNs (Section 3.5). Finally,
it describes how the control problem for BNs can aid the problem
of model refinement (Section 3.6) and a comparison of the software
tools for control of BNs is given (Section 3.7).

Chapter 4 provides the problem definition of source-target control
problem for PSBN (Section 4.4) and then it also shows two methods
that solve this problem. The first one, semi-symbolic employs only
the most trivial one-step perturbation (Section 4.2). The latter devel-
oped fully symbolic method is capable of one-step, temporary and
permanent perturbations (Section 4.3). Finally, these two methods
are discussed and compared (Section 4.3.5).

Chapter 5 describes the problem of phenotype control for PSBN
(Section 5.1) and a method to solve it (Section 5.2). The method is
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based on the same symbolic state space exploration as the one for
source-target control. Finally, the method is evaluated on several
middle-sized PSBNs (Section 5.3) in terms of performance and the
quality of the results.

Chapter 6 describes the software implementation of the presented
methods. First, the software architecture is described (Section 6.1), in-
cluding the main libraries and their functionalities (Section 6.2). Then,
the web application for control of PSBN is presented (Section 6.3), fol-
lowed by the description of the Python package (Section 6.).

Chapter 7 is about the applications of the developed methods for
control of PSBN. Firstly, it described the primary motivation for this
work - the problem of cell reprogramming in regenerative medicine
(Section 7.1). Then, it shows an example of PSBN control application
for cell reprogramming on a specific example of a myeloid cell (Sec-
tion 7.2). After that, a more general workflow of how the control of
PSBN can be used to design a therapy or to refine the model is de-
scribed (Section 7.3). Finally, this workflow is shown on the second
case study thatis focused on the MAPK signalling pathway and demon-
strates the control-guided model refinement (Section 7.4).

Finally, Conclusions summarizes the main contributions of this the-
sis and discusses possible future directions for research in this area.






PRELIMINARIES

This chapter provides the necessary background to understand the
concepts and models used throughout the thesis. First, we introduce
the concept of regulatory networks as abstract representations of in-
teractions between biological components (Section 2.1). Building on
this foundation, we formally define Boolean networks in Section 2.2,
which serve as the core modeling framework throughout this thesis.
With this model in place, we turn to the control of Boolean networks
and explore various control strategies in Section 2.3. Finally, we ex-
tend the classical framework to partially specified Boolean networks
in Section 2.4, a novel model variant that incorporates uncertainty
and incomplete knowledge.

21 REGULATORY NETWORKS

The model designers of biological systems typically begin their work
by identifying connections and influences among proteins, genes, and
other biochemical substances. Such an approach is often chosen be-
cause gaining evidence for these kinds of interconnections is usu-
ally the most accessible. We may observe that in the presence or a
lack of some substance, another is behaving differently. On the other
hand, translating such interaction into an explicit mathematical form
is more complex.

The model that captures just simple relationships between bio-
chemical substances (or other entities) is called regulatory networks
(RNs) [DLo5]. Consider an example in Figure 2. It compactly represents
a relationship between three enzymes and proteins. For example, we
can observe transitive feedback between network components. In-
fluencing FGFR3 could impact the whole rest of the network, while by
contrast, perturbing ERK would not affect FGFR3 at all.

?

S — 8

Figure 2: An example of a simple regulatory network. The RN contains three
nodes and four regulations (two activations, one inhibition and
one non-essential self-regulation). The network is a small extract
of a MAPK signaling pathway from [Gri+13].

Definition 1. Let § = (V, E) denote a directed graph representing the
regulatory network, where V is the set of vertices representing the
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molecular components and E C V x V is the set of directed edges
representing the regulatory interactions between the components.

We call the influence of one substance (regulator) to another (tar-
get) a regulation. These regulatory effects typically fall into two cate-
gories: upregulation (activation), which denotes a positive influence
(usually represented in green), or downregulation (inhibition), indi-
cating a negative effect (depicted in red). These types of regulations
are monotonous; since their impact is consistent. Non-monotonous
regulations appear in biological models rarely. When they occur or if
the monotonicity is not required, they are depicted in a black color.

Apart from the monotonicity, another aspect we consider of regula-
tion is observability. Observable (essential) regulations were proven
by experimentation that the regulator surely influences the target.
l.e., in some settings where the regulator is present the regulated
substance behaves differently compared to the environment with the
lack of the regulator. On the contrary, in case we do not have this cer-
tainty, the regulation is non-essential. The non-essential regulations
should not be over-used. Hypothetically, we could mark all possible
RN edges with this type of regulation resulting in a complete, dense
graph giving us very little information. Nonetheless, if these regula-
tions occur, they are labelled by a question mark. All other regula-
tions are considered to be observable. We give more formal details
about different regulation types in Section 2.2.2.

Notice, that the influences captured by RNs are highly abstract and
that there is very little modeling knowledge present in this model.
That is why more specific models are using RNs as a basis. Among
these models are ODEs, stochastic gene networks, or Boolean net-
works, which are described next.

2.2 BOOLEAN NETWORKS

The traditional differential equation-based (ODE) models often strug-
gle to capture the intricate interactions and feedback loops present
in biological systems due to their complexity. This shortcoming was
addressed by Boolean networks (BNs) that were introduced by Kauff-
man in the 1960s [Kau69]. Kauffman represented system components
as binary variables connected by logical rules. Such an abstraction fa-
cilitated the exploration of system dynamics while avoiding the com-
putational complexity of traditional models.

Since then, it has become a widely used model to study the dynam-
ics of complex biological systems [Bar+20; Albos]. The Boolean repre-
sentation also allows researchers to focus on the regulatory relation-
ships and dynamics without getting hindered by detailed biochem-
ical mechanisms. This simplification facilitates efficient analysis of
regulatory networks, enabling the discovery of crucial pathways, pre-
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diction of system behavior, and identification of pivotal components
driving cellular processes.

2.21 Notation

Here, the notation used in the context of Boolean networks is briefly
summarized. For a complete overview of the used notation, refer to
Appendix A.

We consider 0 and 1 as interchangeable with false and true, respec-
tively. We then define B = {0, 1} to be the set of Boolean values and
B. ={0,1,*}to be an extension of B which also admits a free value *
(i.e. neither true nor false). We write B™ to denote the set of all n-
element vectors over B. For each x € B™, x; then denotes the i-th
element of x. Finally, for x € B™, index i € [1,n], and a Boolean value
b € B, expression x[i — b] denotes a substitution of the i-th element
in x for the value b. Formally, the result is x’ = x[i — b] s.t. x{ = b for
j =1, and x{ = x; otherwise.

2.2.2 Definition

We can formally define Boolean networks, as follows:

Definition 2. Let n be the number of system variables. A Boolean net-
work is a collection N = {fy,...,fn} with each f; : B — B being
the Boolean update function (sometimes called local function) of the
networR’s i-th variable.

A running example of a Boolean network based on the RN from
Figure 2 can be seen in Figure 3. Note that, while it is mathematically
more convenient to denote variables by their indices, oftentimes we
will use their actual names (e.g. FGFR instead of f1) to present context
of the biological system comprehensively.

In the context of a specific Boolean network, the set B™ is the net-
work’s state space, and the vectors x € B™ are its states. Note that
although the input of each f; is a full state x € B™, the output of f;
does not typically depend on all network variables, but rather on a
smaller subset of variables which we say regulate the i-th variable.
These regulations are typically given by a corresponding regulation
network. For a BN to respect the regulations defined by its regula-
tion network, the function should comply with the regulation type in
following ways:

- If avariable j is essential (observable) for a variable i, denoted
as &(j, 1) then:
Ix € B™.fi(x[j — 1]) # fi(x[j — 0]). We sometimes denote this
simply as j — i.

1
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s FGFR = 1
\ FRS2 = FGFR /A —ERK
a ERK = FRS2
(a) Regulatory network (b) Boolean network

FRs2

FGFR3| 010

000 |— 100

001 101

(c) State transition graph

Figure 3: An example of a Boolean network and related concepts. In Fig-
ure 33, the same RN as in Figure 2 is displayed for a reader’s conve-
nience. This RN is used as a basis for BN defined in Figure 3b. Finally,
state-transition graph of the BN is shown in Figure 3c where the la-
beling of states has the same order as variables order in Figure 3b.

- Ifvariable j upregulates (activates) variable i, denoted as U(j, 1):
Vx € B™.fi(x[j — 0]) = fi(x[j — 1])

- If variable j downregulates (inhibits) variable i, or D(j,1):
Vx € B™.fi(x[j — 1]) = fi(x[j — 0])

If avariable has no regulators (i.e. its update function is a constant),
we also call it an input of N. Symmetrically, a variable that does not
regulate any other variable is called an output. For example, when
we consider Figure 33, if the self-regulation of FGFR3 was not present,
FGFR3 would be considered an input.

Additionally, we call the members of BI* the subspaces of BIN. In-
tuitively, each subspace S € B! describes a hypercube in the state
space B™. This hyper-cube consists of states x € B™ such thatx; = S;
for all i where S; € BB. We can thus treat each subspace S as a set of
states. Furthermore, to denote a specific subspace, we will often sim-
ply use a string of values from B, instead of the full vector notation
(e.g. S = 11«0 instead of S = (1,1, %,0)).

2.2.3 Updating schema

In our work, we focus on asynchronous semantics for Boolean net-
works. To give a reader a better overview of the differences between
the various semantics, we briefly discuss other common semantics
and their trade-offs. A more formal and detailed guide to BN seman-
tics can be found in [PAU23].
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In Boolean network modeling, the semantics used to define the
update rules of node states significantly influence the system’s dy-
namics and interpretability. Synchronous semantics, as introduced
in [Kau69], operate under the assumption that all nodes in the net-
work update their states simultaneously in discrete time steps. While
this approach simplifies analysis and yields deterministic behavior, it
imposes an unrealistic constraint on systems such as gene regulatory
networks, where simultaneous updating is biologically implausible.

In contrast, asynchronous semantics, introduced in [Tho73], allow
for only one node to update at each time step, with a nondeterminis-
tic choice of which node updates. This reflects the inherent variability
in timing and activity across components in real-world systems, such
as the stochastic firing of genes. Asynchronous semantics maintain a
more biologically and physically faithful representation of dynamics
without the need to introduce explicit timing or probability.

Probabilistic semantics introduce randomness directly into the up-
date process. A variable has assigned more than a single update func-
tion, while each update function has assigned probability of trigger-
ing. This allows the modeling of noise and uncertainty but requires a
probabilistic framework and often obscures causal interpretability.

Lastly, the most permissive semantics that was recently introduced
in [Pau+20], define all logically consistent transitions as simultane-
ously valid, capturing the broadest possible behavior. Thisis achieved
by considering a transient state between 0 and 1 for each variable,
allowing any combination of variables to update in a way that is con-
sistent with their logical functions. While useful for exhaustive ex-
ploration, this framework might be hard to use for quantification of
state-space components since these properties are lost to the ab-
straction via transient states.

Asynchronous semantics offer a compelling middle ground. They
provide a natural and realistic modeling framework for systems where
the order and timing of updates are nondeterministic. Nonetheless,
they preserve the causal structure of networks and allow for quantifi-
able tractable analysis while avoiding the oversimplification of syn-
chronous updates.

To formally reason about the evolution of the network’s state, we
consider asynchronous state-transition graph of BNs:

Definition 3. Given a Boolean network N = {f;,...,fn}, the state-
transition graph STG(N) = (V,E) is a directed graph with V = B™
and E C 'V x V given as follows:

(wv)eEs (uAvATie[l,nl.v=uli— fi(u)])

The state-transition graph STG(N) captures the dynamics of the
Boolean network by representing its states and transitions. An exam-
ple is graphically depicted in Figure 3c.

13
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The behavior of a network is then studied through its maximal
strongly fair runs. Here, a maximal run 7t : Ny — BB™ represents an
infinite sequence of states where for every t € INy, we have either
ni(t) = w(t+ 1), or m(t) — 7(t+ 1). That is, the state either remains
constant, or updates according to STG(N).

Furthermore, we are only concerned with strongly fair runs [AL95;
Man+19]. These are runs which do not delay any available transition
indefinitely. Formally, let 7 be a run and x € B™ a state that appears
infinitely often in 7, such that x — y for some y € B™. Then 7t is
fair only if y also appears infinitely often in 7t as a successor to x. To
denote the set of such states that appear infinitely often in a run m,
we write inf(nr) = {x € B™ | Yk € Np,3t > k. ©t(t) = xJ. Finally,
we may write x € 7t as a shorthand for 3t. (t) = x and a set of all
possible runs in N is denoted as TT(N).

2.2.4 State space structures

The focus on strongly fair runs naturally leads to the notions of trap
set, trap space, and attractor, which dictate the long-term behavior
of the corresponding BN:

Definition 4. Let N = {f;, ..., f.} be a Boolean network and X C B™ a
set of network states. We say that X is a trap set when for all x € X and
y € B™ we have that x — y implies y € X (i.e., X cannot be escaped).
A subspace X € BI* which is also a trap set can be also called a trap
space. Atrap set X is an attractor when X is strongly connected within

STG(N).
on
4
010 L 10

001 101

4000 [ 4100
XS

Figure 4: Difference between a trap set and a trap space. A state space of a
BN with n = 3 is shown. The BN contains two attractors: a steady
state A; (a blue state 000) and an oscillatory attractor A, (red
states 1xx). The trap set S (double-shaded are) is also a trap space
as it can be described by a subspace 00x. On the other hand, the
trap set X (shaded area) is not a trap space as it cannot be de-
scribed by a subspace. Notice, that also a set of all states *x*x is a
trap space (set), even though it contains multiple attractors.

For a visualization of the concepts, see Figure 4. Equivalently, we
can define an attractor A as the inclusion-minimal trap set of N.

Notice, that an attractor of a run is exactly the set of states that
appear infinitely often in the run inf(n) = A. We write A(N) to de-
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note the set of all attractors of N. An attractor containing only a sin-
gle state is called a steady state or fixed point. On the other hand,
we will refer to attractors containing multiple states as oscillatory
attractors®.

Finally, observe that due to our fairness assumption, all runs ad-
mitted by STG(N) eventually reach some attractor. As such, for each
strongly fair 7, the set of states that appear infinitely often in 7t is
always an attractor. For example, if we consider the BN from Figure 3,
it has a single attractor; the oscillation in subspace 0xx*. All runs of
this BN eventually reach this attractor.

Given an attractor, we also define its basin of attraction as the set
of all states that can reach the attractor. The larger the basin of at-
traction, the attractor is more likely to be biologically relevant [KBo5].
Due to the non-deterministic nature of asynchronous BNs, individ-
ual states may reach multiple attractors depending on the selected
successor states. To that end, we recognize two types of basins of
attraction [Kla+18; Sch+20]:

Definition 5. The weak basin of attraction comprises all states which
can lead to the given attractor:

WB(N,A) ={xeB" |aneTl(N):xentA(Vse€ A:sem)}

In contrast, the strong basin of attraction includes all states from
which the given attractor is eventually surely reached.

SB(N,A)={x e B"|VreTllN):xen= (Vsec A:sem)}

If Boolean network N is clear from the context, it can be omitted
from the notation. States which belong to a strong basin of attraction
lead to only one possible attractor. In contrast, states in the weak
basin of attractor may lead to a certain attractor but also another
one. This concept is also shown in Figure 5. As we will see later in
Chapter 4, these notions are particularly useful in the context of BN
control.

2.2.5 Summary

In this section, we summarized the key concepts related to Boolean
networks and their dynamics. We introduced the notions of states
and updating schemas. We have introduced state space structures,
such as trap sets and attractors, which are crucial for understanding
the long-term behavior of Boolean networks Building on these con-
cepts, we now turn our attention to the control of Boolean networks.

2.3 CONTROL OF BOOLEAN NETWORKS

In this section we zoom into the control of Boolean networks. We first
discuss different control objectives that have been studied in the lit-
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Figure 5: Difference between a strong and a weak basin. The figure shows
a simple STG with two attractors: a steady state A; (dark red) and
an oscillatory attractor A, (dark blue). Strong basins of A; and A,
are shown in light red and light blue, respectively and are disjoint.
Finally, the weak basin of A; and A, are shown in red and blue
stripes, respectively. The weak basins overlap as some states can
reach multiple attractors.

erature. Then, we introduce the concept of perturbations, which are
the means of controlling a Boolean network. Finally, we summarize
the aspects in which the problem of control of Boolean networks dif-
fer.

2.31 Control objective

The first aspect in which control problems differ is “what kind of sta-
bilization we are trying to achieve”. Since the only component stable
in a BN are its attractors, the control objectives typically focus on
navigating a system to reach a certain attractor or a set of attractors.

There are two base types of control objectives: existential and in-
evitable control [PPS18b; Man19]. Existential control aims to find a
strategy that makes for a system possible to reach the target. On the
other hand, universal control seeks a strategy that ensures conver-
gence to the target attractor from any initial state. In this work, we
consider only the inevitable control objectives.

We consider five different control objectives based on the previous
lines of research [Bau+19; CFTS20]. The differences between control
objectives are also illustrated in Figure 6:

1. Source-target control: Given a source state s € B™, and a target
attractor T € A, ensure, that the BN converges from the state
s to the attractor T (see Figure 6a).

2. Target control: Given a target attractor T € A, ensure that for
any initial state s € B™ the BN converges from s to T (see Fig-
ure 6b).
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3. Full control: Find a set of control strategies such that for all pairs
of distinct attractors S, T € A, applying a strategy from this set
guarantees that the BN converges from S to T (see Figure 6c).

4. All-pairs control: Given a subset of source attractors $ C A and
target attractors T C A, find a set of perturbations Q such that
for every pair S € S and T € T, there exists a subset perturba-
tions Q' C Q that guarantees that the BN converges fromSto T
(similar to full control in Figure 6c).

5. Phenotype control: Given a subset of states X C B™, ensure that
from any initial state, the BN converges to an attractor A C A
such that A C X (Figure 6d).
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(a) Source-target control (b) Target control

©<‘;~! Q o« °
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<___

(c) Full control (d) Phenotype control

Figure 6: Difference between control objectives. The black points are non-
attractor states of BN, the colorful points are attractors, and the
red arrows shows where we are trying to stabilize by applying the
control. The green area in the Figure 6d represents a target pheno-

type.

The control objectives as defined above are rather high-level since
they do not specify using what means are allowed to achieve the
goals. In particular, they do not clarify what types of perturbations
can be applied to the system in order to guide it towards the desired
attractors. Therefore, we discuss the perturbations next.

2.3.2 Perturbations

Perturbations are the means of controlling a Boolean network. In or-
der to ensure that a network always reaches some attractor which
it does not reach in some of its normal runs, logically, we need to
interfere with the system in some way. This is exactly what perturba-
tions are - a forced intervention to the dynamics of a system. There

17



18

PRELIMINARIES

are several types of perturbations, but in this work we focus on vari-
able perturbations, which override the value of some variables in the
network by constant values.

Other types of perturbations are function perturbations which can
override the update functions completely and in a more complex
way. However, due to their complexity, they were so far considered
only within a context of synchronous Boolean networks [Liu+17; XDo7].
Somewhat less abstract is a concept of edge perturbations which can
disable or enable certain regulations in the network [FLTS22]. Both
these two notions can be considered within the framework of par-
tially specified Boolean networks, however due to their complexity
both in regard to formalization and practical application, they were
not included in this work, and we leave their exploration for future
research.

The perturbations are formally defined as follows:

Definition 6. Given a Boolean networkR N = {fi1,...,fn}, a variable
perturbation is a vector Q € B[. For every Q; = %, we say that the i-
th variable is unperturbed, whereas for Q; = 0 or Q; = 1, we say that
the variable is perturbed (to either 0 or 1). The size of Q is the number
of perturbed variables: Size(Q) = | {i | Qi # *} |. A perturbation can
again be seen as a subspace of the N state space B™. The set of all
considered perturbations is denoted as Q and typically equals to BI.

We further recognize two special types of perturbations based on
their size; an empty perturbation is a perturbation of size 0 (i.e., Q =
x% ...x) which does not perturb any variable, for short, denoted as
@. In contrast, a trivial perturbation is a perturbation of size n (i.e.,
Q € B™) which perturbs all variables in the network to a value of
the target state. Finally, if a perturbation is very small (i.e one or
two variables being perturbed), we can denote it as an assignment
of perturbed variables instead of a full vector. For example, for n = 4,
instead of writing Q = 1x0%, we can write {vl1 =1,v3 = 0}.

Usually, the perturbations are expensive. Therefore, we want to
keep the amount of performed perturbations as small as possible.
Thus, control is an optimization problem and is typically measured
by a perturbation size (number of perturbed variables), but other cri-
teria might be considered as well.

It can be seen, that the definition of perturbation is rather abstract
and does not specify how the perturbation is applied. To make per-
turbations applicable, we need to consider also temporal properties
of perturbations.

2.3.3 Temporal properties of perturbations

The perturbations differ based on their temporal characteristics. The
first classification is based on the length of the applied perturbation.
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We consider one-step, temporary, and permanent perturbations. Fig-
ure 7 shows an intuition on the differences between these types of
perturbations.

Sy Yelelelele
ey @0 O OO O =
00000

Init. : Control
state Iis a(aplie,d
%

Figure 7: Difference between one-step, temporary and permanent control.
The black markers represent initial states. Red markers represent
states which were reached during the time while BN was perturbed
and finally, blue markers represent states to which BN transitioned
with its natural behavior. The run of BN would continue in the same
nature as its last transition.

One-step perturbation (OSP) overrides values of controlled vari-
ables once, and then the network is left to evolve in its natural dy-
namics. Intuitively, for target control, the OSP can be viewed as a
restriction of the initial states of all BN runs. Technically, the BN run
may be at any state before the time step in which the perturbation is
applied. Nonetheless, the very next step would bring the network to
a state which is part of the OSP.

The perturbations applied for multiple time-steps are temporary
(TP) and permanent perturbations (PP). As the name suggest, when
we use temporary perturbation, there exists a finite amount of time
steps after which the perturbation is released, and BN is left to evolve
in its natural dynamics. Temporary perturbation applied for only a
single time step is equivalent to OSP.

Finally, the most intrusive perturbations are permanent. This kind
of perturbation might be harder to achieve in practice, depending
on the specific perturbation context and techniques. Moreover, the
permanent perturbation might disrupt the network’s original long-
term behavior and change the network’s attractor landscape; even
cause a target attractor to be no longer present in the BN.

To formally define application of perturbations, we differentiate
between two types of perturbation applications. The first type is an
application to a specific source state, as is the case of source-target
control.

Definition 7. Given a BN N = {fy,...,fn}, application of a perturba-
tion Q € Q to a source state s € B™ is a forced state transition (i.e.,
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might not follow the BN standard dynamics), 5(s,Q) = s — s’ such
that:

si  IffQi=x
Qi IffQi#x

where s’ is the state reached after applying the perturbation.

§(si, Q) =si =

After application of a perturbation to a state*, we obtain a state
which is compliant with the perturbation. This means that the state
does not contradict any of the perturbed variables. For example, if we
apply perturbation 1x0 to state 001 (contradicting the perturbation
at the first variable), we obtain state 101 which is compliant with the
perturbation.

The aforementioned definition is effectively capturing the concept
of one-step perturbation for the source-target control. Nonetheless,
if we wanted to consider OSP for target or phenotype control, we
need to generalize the definition to a whole set of states. To that end,
we can adapt the definition above to a set of (all) states and as a
result, we obtain a subspace equivalent to the given perturbation as
the viable set of initial states.

Anotherimportant concept we need to define to understand the ap-
plication of temporary and permanent perturbations is a perturbed
state transition graph for a BN:

Definition 8. Given a BN N = {fy,...,f.} where STG(N) = (V, E), ap-
plication of a perturbation Q € Q to a Boolean network N results
in a perturbed Boolean network No with perturbed state transition
graph STGq (N) = (Q,Eq) where vertices are a subspace of the un-
perturbed state space V = B™ given by the perturbation Q and a set
of perturbed edges Eq C E is given as follows:

Eqg ={(wv)|(wv)e EAuec QAveQ}

We can see, that by definition, the perturbed state transition graph
is a subgraph of the original state transition graph, containing only
the states and transitions that are not violating the perturbation. On
the other hand, the perturbed STG might contain different attractors
than the original STG. For example trivially, if a BN contains a steady-
state attractor, and we apply a perturbation that contradicts some
variable of the attractor, the attractor may no longer be present in
the perturbed STG. Another example can be seen in Figure 8 where
due to perturbation the former attractor 1xx is no longer present and
is replaced by the steady-state attractor 110.

Now, we can define a perturbed run of a BN:

Definition 9. Let us assume a BN N = {fy,...,fn}, source states 8§ C
B™, a perturbation Q € Q, a time period z € N, after which the
perturbation is withheld and a natural run = € STG(N), such that
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Figure 8: A perturbed state transition graph of a Boolean network. The de-
picted STG is a perturbed version of the STG from Figure 3c un-
der perturbation *x0. The black solid vertices and edges mark the
states and transitions that are preserved in the perturbed STG
while the gray dashed vertices and edges represent the states and
transitions that have been removed due to not being consistent
with the perturbation.

there exists a time-step t’ where nt(t’) € 8. A perturbed run mq is a
run which satisfies the following conditions:

7i(t) ifft<t

5(t,Q) ifft=t'+1
s'sctm(t—1)=s"NA(s",s')eEq Iifft'+z>t>t'+1

mQ(t) =

s's.t.(t—1)=s"N(s",s")eE ifft>t'+z

AsetTIg(N,S8,z) is a collection of all perturbed runs mq for a given
perturbation Q, applied to any state from 8 with perturbation being
withheld after z time-steps.

Intuitively, a perturbed run consists of four "stages". First, the run
is evolved “normally" in a given BN. When the BN reaches a state in
$ (does not need to be the first occurrence of an s € § in the run), we
apply a perturbation to that state. As a result, we obtain the nearest
state which is compliant with the perturbation. From this state, the
BN evolves according to the perturbed STG. If z is not infinite, after
z time-steps, the perturbation is withheld, and the BN continues to
evolve according to its natural dynamics.

Example 1. An example of a valid perturbed run for a BN from our
running example (Figure 3) under perturbation *x0 applied to a state
101 and withheld after z = 5 time-steps is the following:

*t = 0...2: The BN evolves naturally, e.g., traverses the states
011 — 001 — 101.

« t = 3: The perturbation xx0 is applied, resulting in state 100.

« t =4...8:The BN evolves according to the perturbed STG, reach-
ing state 110. There are no further viable transitions in the per-
turbed STG, therefore the BN remains in state 110.

21
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« t = 9: The perturbation is withheld, and the BN continues to
evolve naturally, stabilizing in the attractor 1xx.

Table 1: Types of perturbations. The table summarizes the differences be-
tween one-step, temporary, and permanent perturbations when
applied to a source-target control, or target types of control
(target/full/all-pair/phenotype).

one—step temporary permanent
5(s, Q) or Mo (N, {s}, z)
Mo(N,{s},1) stzelN
d(B™,Q)or  TIg(N,B™,z) Tig(N,B™ 00) or
Mo(N,B™,1) st.zeN No

source-target Mg (N, {s}, 00)

target

The Table 1 summarizes the different types of perturbations and
how they can be implemented in the context of different control ob-
jectives using the concepts of perturbation application, perturbed
STG, and perturbed runs. We can notice, that a one-step control can
be seen as a special case of temporary control with time steps sus-
taining perturbation z = 1. Moreover, permanent control can be im-
plemented as a perturbed Boolean network.

NG, O

(a) Initial perturbation (b) Sequential perturbation

° . ° %
%f@w

(c) Sequential attractor-based
perturbation

Figure 9: Difference between initial, sequential, and sequential attractor-
based perturbations. The figure is only illustrative and does not
show precise transitions or perturbations done to the BN. The
black points are non-attractor states of BN. The colorful points are
attractors, the black arrows are transitions conducted by natural
BN dynamics, and the red dashed arrows are transitions done un-
der the effect of perturbations. The initial state is marked as s while
the target attractor is the blue one marked with T.
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Some perturbation techniques also consider when the perturba-
tions are applied. In initial or also referred to as immediate control,
the perturbations are applied to the given initial state.

Alternatively, during sequential control, (possibly different) pertur-
bations can be applied multiple times at different states. This way, we
can potentially control the system using fewer perturbations. How-
ever, this approach brings new issues, such as dealing with the non-
determinism of the BN (different perturbations may be required for
different branches of the non-deterministic network’s behavior).

Moreover, we would need to be able to precisely observe the cur-
rent state of the BN, which can be very problematic to obtain in prac-
tice. These issues can be addressed by using attractor-based sequen-
tial approach [Man+19]. Differences between these approaches are
depicted in Figure 9.

In this work, we focus only on the initial control approach, since
attractor landscape can be very complex in context of partially spec-
ified Boolean networks. On the other hand, the sequential control
approach may offer smaller perturbation sizes in certain scenarios
that might arise in a future research.

2.3.4 Summary

In summary, the control problems for Boolean networks differ in the
following aspects:

- What do we want to control; goal: What is the initial state of
the BN? Where we want to end? Do we want to control only one
scenario or multiple scenarios?

- What type of perturbations we apply: We can either perturb
states functions of variables.

« For how long is perturbation applied: We can perturb BN only
during a single computational step, or we can hold it temporar-
ily, or even forever.

« When we apply the perturbations: Only once at an initial state
in contrast with applying control to an arbitrary state and any
amount of times.

Since in this work, we focus on the control of Boolean networks,
in the context of partially specified Boolean networks, we introduce
them in the next section.

2.4 PARTIALLY SPECIFIED BOOLEAN NETWORKS

A shortcoming of classical Boolean networks as defined above is that
to study network dynamics, all update functions must be fully speci-
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fied. Moreover, the exact form of the update function might have lit-
tle impact on observable behavior of the network (i.e., the attractor
landscape).

Therefore, it was suggested to observe the dynamics of the Boolean
network in context of of Boolean networks ensembles first [Kauog;
Sch+20]. In this approach, we consider a set of Boolean networks
that share some common properties (e.g., the same network struc-
ture or the same values of certain variables in their attractors). The
goal is to study the dynamics of the whole ensemble instead of a sin-
gle network. This way, we can obtain more robust results that are not
dependent on a specific choice of update functions.

The ensemble approach described as above, however, has its limi-
tations, as it is not formalized very well and is usually limited to simu-
lations. To address this problem, we consider the notion of partially
specified Boolean networks (PSBNs) [Ben+19; Ben+22b] (sometimes
also termed parametrized Boolean networks or colored Boolean net-
works).

In a PSBN, we use function symbols as stand-ins for unknown (fixed
but arbitrary) parts of the network’s unspecified dynamics. Therefore,
the dynamics of a variable are either denoted by a standard (fully
specified) function or by its function symbol and input arguments.

Definition 10. Let n be the number of variables, and G ={g1,...,gm}
a set of function symbols. A partially specified Boolean network M =
{E4,...,En} consists of function symbol expressions given by the fol-
lowing grammar:

Ex=0|1|x|—E|EAE|EVE]|gY(E,...,E)

Here, x ranges over the network variables and g over the function
symbols of G (superscript a € IN, denotes the arity of g). Other Boolean
operators (e.g. = or <) can be implemented as syntactic abbrevia-
tions using \/, /\, and —.

In other words, a PSBN is defined using standard Boolean con-
stants (0 and 1), variable state propositions (x;) and Boolean con-
nectives (—, /\, V), but it can also use function symbols from G as
a way of expressing unknown behavior. This makes it possible to id-
iomatically describe systems whose dynamics are not fully known
(see Example 2).

2.41 Interpretations and instances

To give meaning to a particular M, we rely on the term interpretation.
Formally, an interpretation I'is a set of {iy, ..., 1} Boolean functions
such that for each g(*) € G, there is a corresponding Boolean func-
tion i(?@) ¢ I of the matching arity a.
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Intuitively, an interpretation associates a specific Boolean function
to every function symbol. Consequently, we can substitute all sym-
bols g € G for functionsi € Iina G ={g1,...,gn} 0f a M, and as a
result we obtain a collection of n fully specified functions. The result
is @ Boolean network instance which we denote as M(I) and which
has the same semantics as a standard BN. The set of all possible in-
terpretations of G is denoted as I(G) or I for short (i.e., when the
context is clear). Some subset of interpretations is then referred to
asJ C1I.

2.4.2 Normalization of partially specified Boolean networks

Function symbols are practical as a human-friendly specification lan-
guage of unknown network behavior. However, it is not entirely clear
how algorithms should represent such functions symbolically, as is
our goal in this paper. To alleviate this issue, we note the following:
Assuming that all m function symbols in G have arity zero, possible
interpretations I of G correspond to the vectors B™. This is because
a nullary function symbol is necessarily a constant and can be thus
interpreted as a Boolean value. We call such symbols zero-arity sym-
bols (we can also simply write g instead of g(°)() when using such
symbols). In some literature, these are also referred to as network
inputs [KH11].

Given any M, we can produce a normalized M that only uses a fresh
set of logical nullary function symbols G instead of general function
symbols G, but its interpretations are the same fully specified BNs
as for the original M. To implement this normalization, we use the
following expansion rule (here, Eq,...,E, are arbitrary Boolean ex-
pressions):

g'(Er,...,Ea) = (E1 = gt V(Es ..., Ea))
A(-Er = gl (Es,. . Ed))

This rule transforms any expression using a function symbol g of
arity a into an expression using two fresh function symbols of arity
a—1(gp and gn). Interpretations of the original and the transformed
expression result in the same concrete Boolean functions. By recur-
sively applying this rule, we can transform any g{®) into 2¢ nullary
function symbols, each corresponding to one row of the truth table
of the original g. Without the loss of generality, we can thus assume
that the interpretations of a particular M are identified by the mem-
bers of B™ for some m = |G|. The set of all interpretations is then
exactly equivalent to I = B™. An example of a normalized Mis given
in Example 2.

We must not forget, that the basis of BNs (and PSBNs) are the reg-
ulatory networks as described in Section 2.1. Therefore, the interpre-
tations should respect the constraints on the functions imposed by
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the regulations. For example, if we have a definition of an expression
for x; given as E; = g(x1,x2), and we know, that x, has a down-
regulating effect on x;, the functional symbol g should not be re-
placed by a function x; V x;.

To address this, we will consider the set I to contain only consistent
interpretations*. An interpretation I is consistent with a given regu-
latory network if for every variable x; and its corresponding expres-
sion Ey, the function f; obtained by substituting all function symbols
in E; with their corresponding functions from I respects the regula-
tory structure of the network. The restrictions on regulations can be
found in Section 2.2.2.

2.4.3 Colored state transition graph

With this knowledge in mind, we can define a colored state-transition
graph that collectively encodes the behavior of all possible interpre-
tations of a particular M using only Boolean values* In this represen-
tation, the interpretations of the normalized M (the members of B™)
each define a potentially different transition relation over the shared
state space B™:

Definition 11. Let M = {E1,...,E.} be a normalized partially specified
Boolean network such that M admits m nullary function symbols G =
{g1,...,9m}. The labelled state-transition graph STG(M) = (V, 1, E)
isadirected graph whereV = B™, 1 =B™andE C V xI x V isgiven
as (w,Lv) € E & (wv) € E(STG(M(I))). We write a state transition
under I asu —1 v. The set of all interpretations enabling a transition

fromutovis denoted as J(u,v) ={I| (u,I,v) € E}.

In other words, the labelled state-transition graph is a unifying
structure that incorporates the STG of all instances of M: A transi-
tion from a state u to state v is enabled for an interpretation I if the
same transition appears in the STG of M(I). Similarly, we consider
PSBN runs in the context of a specific interpretation I (or instance)
denoted as IT;. An example of a PSBN instance and its STG is depicted
in the following Example 2.

Example 2. Consider a PSBN M with G = {g'?)} and given by three
expressions:

By =g(x1,x2)
Ez = X1 /\X3
E3 = X1 \/_'Xg
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After normalization, we have G= {900, 901,910,911} and expressions:

Ei = ((—x1 A=x2) = goo)
((—x1 Ax2) = go1)

> >

((x1 A=x2) = g10)

>

((x1 Ax2) = g11)
Ez = X1 /\X3

F_3 = X1 \/_'X3

x2

Figure 10: State-transition graph of a PSBN. Figure shows the state-
transition graph of a PSBN from Example 2. The labels of edges
represent all interpretations for which the edge is admissible. For
brevity, edges admissible in all instances are drawn without a la-
bel while edges admissible for no instance are not depicted in the
figure at all.

Given the notions of labelled STG and a PSBN instance, we can
transfer the state space structures previously introduced for BNs to
the PSBN setting. We will not focus on the control and perturbation
notions, since they are part of the contribution of the thesis and are
described in Chapter 4 and Chapter 5.

The notions which are independent on edges (transitions) of a STG
such as character, trait and phenotype do not depend on the actual
dynamics of the network (only on its variables) are identical for BNs
and PSBNs.

Definitions of trap set, attractor, attractor’s weak and strong basins
for fully specified BNs are lifted to PSBNs per individual instances (in-
terpretations). For example, we write that a set A C V is an attractor
for an instance M(I) (i.e. there are no attractors of M, only attractors
of its instance).

2.4.,  Well-kRnown problems on partially specified Boolean networks

Now that we have defined PSBNs, we can also consider well-known
problems solved for this type of models, in order to understand the
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challenges they present and give us a better understanding of the
tools we can use to solve the control problems. Or vice versa, we
can also consider how the control problems can be used to solve the
well-known problems on PSBNs.

2.4.40 Attractor search

Attractor search in PSBNs involves identifying sets of states (attrac-
tors) that the system tends to evolve towards, regardless of the initial
state. This is crucial for understanding the long-term behavior of the
networks. As opposed to fully specified BNs, PSBNs can have a sig-
nificantly larger number of attractors due to the uncertainty in their
dynamics. Moreover, the attractors can differ across instances, lead-
ing to a more complex attractor landscape.

For PSBNSs, usually the approaches from fully specified BNs are
applied, but they are either highly parallelized or adjusted to work
with the labelled STG. For example, one can use symbolic methods
to represent and manipulate the state space efficiently, allowing for
the exploration of multiple interpretations simultaneously [Ben+22b;
PAU23].

In context of control, attractor search is often a preliminary step to
identify potential target states or behaviors that we want to achieve
through control interventions. It also serves as a good last step to
verify if the control objectives have been met.

2.4.4.2 Bifurcation

As described before, bifurcation analysis studies how changes in pa-
rameters (in the case of PSBNs, interpretations) can lead to qualita-
tive changes in the system’s dynamics. In PSBNs, this involves exam-
ining how different interpretations affect the attractor landscape and
identifying critical interpretations that lead to significant changes in
behavior [Ben+22¢; Pas22].

This problem is particularly relevant in biological contexts, where
certain gene regulatory networks may exhibit different behaviors un-
der varying conditions or mutations. Bifurcation analysis can help
identify these critical points and understand the robustness of the
network’s behavior.

In context of control of PSBNs, bifurcation analysis again can be
used as an aid for attractor search and deciding suitable target at-
tractors.

2.4.4.3 Model checRing

Model checking in PSBNs involves verifying whether certain prop-
erties or specifications hold across all possible interpretations of
the network. This is particularly challenging due to the combinato-
rial explosion of possible interpretations, but it is essential for en-
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suring that the network behaves as expected under various condi-
tions [Ben+23al.

Model checking can be used to verify safety properties (e.g., cer-
tain undesirable states are never reached), liveness properties (e.g.,
certain desirable states are eventually reached), and other temporal
properties of interest. In the context of control, model checking can
be used to verify desired dynamic properties of the perturbed mod-
els.

2.4.4.4, Model refinement

All the methods above are also often used for the grand objective of
model refinement, which aims to reduce the uncertainty in a PSBN by
eliminating interpretations that are inconsistent with observed data
or desired properties. This process helps in narrowing down the set
of possible network behaviors, making the model more precise and
reliable [Ben+23a). Such a model is more likely to yield accurate pre-
dictions and insights into the underlying biological processes.

In the context of control, model refinement can help in identifying
more effective control strategies by omitting spurious network be-
haviors. But also vice versa, as we describe in Chapter 7, we suggest
control to be used as another tool for model refinement.

2.5 SUMMARY

In this chapter, we have introduced the necessary background for un-
derstanding the control of Boolean networks. We started by defining
regulatory networks, and Boolean networks and their dynamics, in-
cluding the concept of attractors and basins of attraction.

We then discussed various control objectives, types of perturba-
tions that can be applied to control the network, including one-step,
temporary, and permanent perturbations, as well as their temporal
properties.

Finally, we introduced partially specified Boolean networks, which
allow for the representation of uncertainty in network dynamics, and
discussed their normalization and the concept of a colored state tran-
sition graph.

This foundational knowledge provides the basis for the following
chapters. We first review existing control strategies and algorithms
for fully specified Boolean networks, and then introduce the methods
developed in this thesis for the partially specified setting.
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In this chapter, we will discuss the state of the art related to control
of Boolean networks. We will start with a brief overview of the his-
tory of control theory and control of partially specified systems. We
will then focus on control of synchronous, asynchronous and most-
permissive BN which served as an inspiration of development of the
PSBN control methods presented in the following chapters (Chapter 4
and Chapter 5). Next, we discuss overlap and applicability of control
to the problematic of model inference. Finally, we exhaustively com-
pare the existing control methods and tools in the field of BN control
and discuss the limitations of the existing methods and tools.

31 CONTROL OF DISCRETE SYSTEMS

The field of control theory has an extensive historical background,
tracing back to the 19th century when James Clerk Maxwell formal-
ized the principles of feedback through his seminal work on gover-
nors [Max68]. These mechanical regulators, such as the centrifugal
governor used to maintain windmill speed [FCZo3], embodied some
of the earliest notions of automatic control, though their application
was predominantly focused on systems governed by continuous dy-
namics.

As engineering advanced into the early 20th century, a paradigm
shift towards discrete systems began with the rise of relay logic and
switching circuits. Pioneered by Claude Shannon in his groundbreak-
ing master’s thesis [Sha38; Shaso], the application of Boolean alge-
bra to electrical circuits laid the foundation for the control of discrete
systems. This marked the transition from purely continuous control
to symbolic, state-based reasoning in control design.

The 1940s brought a unifying conceptual breakthrough with the
emergence of cybernetics. Led by Norbert Wiener, who was himself
inspired by Maxwell’s early insights, cybernetics established a theo-
retical framework for feedback, communication, and control across
mechanical, biological and combined systems [Wie48]. This new per-
spective helped shape the modern view of control as a universal sys-
tem principle, leading to its widespread application in fields such as
engineering, economics, cognitive science, and biology.

From this foundation, the control of discrete systems evolved into
more specialized subfields. One of the most prominent is the control
of discrete event systems (DES), introduced by Ramadge and Won-
ham [RW87]. In DES, the processes under control are modeled as asyn-
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chronous, discrete, and potentially nondeterministic systems. These
systems are often described by formal languages, where the plant
is represented as a language generator and the controller (or super-
visor) as a recognizer of a target language. The central problem be-
comes the synthesis of the largest controllable sub-language that
satisfies the desired specifications

One of the major advancement in the discrete systems theory is
the development of model checking [CE81; Clag7]. Model checking is
a formal verification method used to determine whether a system
model (e.g. a Kripke structure [Kri59; Kri63]) satisfies a temporal logic
specification (e.g. a LTL [Pnu77]). It has been instrumental in verify-
ing properties such as safety, liveness, and reachability. A parametric
model checking or parameter synthesis then seeks to find the maxi-
mal set of parameters for which the property holds [Hun+02; Dawog;
Smi+20].

Logical formulas expressing properties such as a system "eventu-
ally reaches a desired state" can be also viewed as a direct reduc-
tion of the control problem. This brings us to a provocative ques-
tion —what is the relationship between control and parametric model
checking? Both problems involve identifying choices under which a
system satisfies a desired specification, but the nature of these choices
differs: control selects interventions, whereas parametric model check-
ing selects parameter valuations. Model checking typically operates
within a well-defined domain of parameters and verifies whether a
selected property (drawn from a wide variety of types) holds for a
given system.

Control theory, on the other hand, tends to focus on a narrower
set of property types (i.e., reachability) but allows for greater flexi-
bility in choosing parameters, applying perturbations, or designing
other interventions to guide system behavior. Specifically, parameter
synthesis typically infers a static system properties, whereas control
might also apply temporal interventions. Therefore, narrowing the fo-
cus to a specific property type enables more efficient optimization for
the problem at hand.

The control of discrete systems eventually extended to the realm
of BN theory thoroughly introduced in the previous chapter. Initially,
Boolean control networks (BCN) were considered as an object of the
control [Aku+07; CQL10; Hoc+13; ZGC15; MGFA19]. BCNs are characteris-
tic by containing a set of control (input) nodes and a set of controlled
(output) nodes. The control problem lies in the assigning Boolean val-
ues to the given control inputs. This problem was extensively studied
and successfully solved e.g. using algebraic and semi-tensor product
methods [CQL10] or model checking [LJo9].

The BCN control problem can be viewed as being closer to parame-
ter synthesis than to the control of discrete-event systems. This is be-
cause the available control inputs are specified in advance, whereas
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the control framework considered in this thesis allows greater flexi-
bility in the choice of perturbations. Nevertheless, as discussed later,
our approach also employs BN inputs for control, but in a more tai-
lored manner. The control of BCNs is also discussed in more detail in
Section 3.3, as it is closely related to the control of synchronous BNs.

3.2 CONTROL OF PARTIALLY SPECIFIED SYSTEMS

The notion of partial specification plays a central role in this the-
sis, and it appears in various forms within discrete system modeling.
Broadly speaking, partial specification refers to situations in which
some aspects of a system'’s structure or behavior are unknown, un-
defined, or only partially observable. This incompleteness poses a
unique challenge for control, as it requires strategies that remain ef-
fective despite the inherent uncertainty. In the following paragraphs,
we discuss several interpretations of partial specification and their
relevance to Boolean network control.

Non-observability is considered to be one of the forms of the par-
tial specification, since in such systems, the current state of the sys-
tem cannot always be determined precisely [Kal6o]. This challenge
has long been recognized in control theory [Flo62; Sor68], as we can
not optimize control for the source state (because it is unknown).
Non-observability is particularly common in biological systems where
the full internal state is often hidden, or changing too rapidly to mea-
sure. [LSB13; Vil19] In the context of Boolean networks (BNs), we adopt
a similar view: the internal dynamics are considered unobservable,
and only attractors (i.e., stable, long-term behaviors) are assumed
measurable. This abstraction is essential in modeling of biological
systems, where stable phenotypes correspond to observable steady
states (or other attractors). Nonetheless, this thesis is concerned with
an even broader and more complex notion of partial specification.

Another important source of uncertainty is non-determinism, espe-
cially relevant in asynchronous BN. In such systems, the exact tran-
sition path from one state to another is not deterministic — multi-
ple successor states may exist. This lack of transition determinism
can be viewed as a form of partial specification, as it obscures the
system’s exact evolution over time. However, in this thesis, we treat
non-determinism as an intrinsic property of the system rather than
as an imperfection in its specification. The control task must there-
fore account for all possible transitions, ensuring control guarantee
across all potential execution paths.

Nondeterminism also inspired a game theoretic interpretation of
control. In this perspective, the system and its uncertain evolution
are viewed as an adversarial player, and the controller must identify
a winning strategy to guide the system to a desired state [Man19].
This view is particularly useful in multistep control problems, where
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strategies unfold over multiple transitions and must remain effective
despite adversarial behaviors. While the game theoretic approach
provides valuable conceptual insight, the focus of this thesis lies
in simpler control settings (e.g., single-step or permanent control),
where the full strategy does not need to be explicitly constructed.

A more structural form of partial specification arises in models
such as probabilistic Boolean networks (PBNs) [Shm+02], where un-
certainty is introduced by allowing each variable to be governed by
multiple update functions, each with an associated selection prob-
ability. In such models, not only is the update time of variables un-
certain, but so is the logic guiding those updates. Thus, control must
operate over a probability-weighted ensemble of behaviors, further
complicating the synthesis of effective system perturbations.

In contrast, the partially specified Boolean network framework cen-
tral to this thesis allows each variable to have multiple possible up-
date functions, but crucially assumes that only one “true” function
per variable governs the evolution throughout the system’s runtime.
That is, while the identity of the function is unknown (and remains
hidden due to non-observability), it is assumed fixed. The resulting
dynamics are therefore equivalent to asynchronous BN under a hid-
den function instance, though unknown from the observer’s perspec-
tive. This hybrid interpretation combines partial structural knowledge,
non-determinism, and limited observability, creating a novel chal-
lenging control problem that this thesis aims to address.

The control of partially specified systems is also closely related to
the broader framework of discrete event systems (DES), where uncer-
tainties arise in timing, event ordering, and transition logic. Similar
challenges are present in stochastic models such as Markov chains
and probabilistic transition systems. These models share structural
affinities with PBNs, particularly in how transitions are defined over
distributions rather than deterministic rules. These are a few exam-
ples which were inspiration for development of the BN. Now let us
focus on the control of BN and methods closer to our approach.

3.3 CONTROL OF SYNCHRONOUS BOOLEAN NETWORKS

Synchronous Boolean networks are characterized by the simultane-
ous update of all variables at each time step. This deterministic up-
date scheme ensures that the system’s evolution is fully determined
by its initial state. Despite this determinism, research on control for
synchronous BNs remains highly relevant, especially because it pro-
vides foundational insights and inspiration for tackling more complex
cases, such as asynchronous or partially specified networks.

As discussed earlier, control of Boolean control networks (BCNs)
represents the most basic form of BN control. In BCNs, control inputs
can be modeled as direct perturbations of network variables or up-
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date rules. Therefore, if one enumerates all possible perturbations
as BN inputs and adjusts update functions accordingly, BCN-based
control can trivially solve the control problem for synchronous BNs.
Nonetheless, this naive approach is exponentially complex. Moreover,
despite the deterministic underlying dynamics, the control problem
for synchronous BN remains computationally challenging as it was
proven to be NP-hard [Aku+o07].

Given the Boolean nature of BN, an interesting problem reduction
to the answer set programming (ASP) was explored in [Kam+13]. The
encoding of the problem here is quite straightforward, as the BN can
be represented as a logic program, the control problem is formulated
as a query, and even perturbations can be expressed as additional
rules very conveniently by using three-valued logic. The approach
was proven efficient, being handle to solve BN with up to 200 vari-
ables and perturbation size 10. A slightly generalized approach was
later developed, allowing to specify general changes in long-term be-
havior (as opposed to output behavior only) [Vid1s]. Finally, ASP was
also used to not just control the BN but also to infer input-output
experiments and design therapeutic targets also packaged as a tool
caspo [Vid+17].

Beyond basic control problem, several more refined problem varia-
tions have emerged over time. Notably, Kim et al. [KPC13] introduced
the notion of a control kernel, which is defined as the minimal set of
variables that need to be set initially in order to drive the system to-
ward a desired attractor. This formulation corresponds to a one-step
control problem and is closely aligned with the concept of perturba-
tion strategies discussed in Section 2.3.2.

Another perspective is provided by Choo et al. [Cho+18], who gen-
eralized the target of control from a specific attractor to a broader
phenotype, defined as a set of target states sharing functional or bi-
ological characteristics. This abstraction reduces the granularity of
control targets and allows for more flexible solution spaces. While
computationally simpler than controlling asynchronous or partially
specified networks, phenotype-based control provides valuable con-
ceptual tools. Indeed, as discussed in Chapter 5, a similar generaliza-
tion is central to our own contributions in control of PSBN.

A particularly relevant concept introduced for synchronous BNs
is the control of Boolean network ensembles [GR16; Cor+18; Gat+21;
Vid+17]. In this setting, one considers a family of networks with iden-
tical topology but differing update functions. The control problem
becomes finding a perturbation that guarantees convergence to the
same attractor across all network instances. This notion aligns closely
with the challenges posed by partial specification as we will see later
in this work.

Finally, synchronous dynamics can also serve as a useful tool for
analyzing asynchronous networks. Specifically, attractors identified
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under synchronous updates can act as approximations or partial indi-
cators of stable attractors in the asynchronous setting [Zhe+13]. While
this correspondence is limited to certain classes of attractors (i.e.,
stable fixed points), it provides valuable structural insights that can
guide further analysis of asynchronous dynamics.

3.4 CONTROL OF ASYNCHRONOUS BOOLEAN NETWORKS

Asynchronous BN offer a more biologically realistic modeling frame-
work, as they incorporate asynchronous variable updates [CASO5].
This added expressiveness, however, introduces significant challenges
for control, since the system’s evolution is no longer deterministic
and may follow multiple trajectories from the same initial state. To
address this complexity, a broader variety control techniques were
developed. In the following subsections, we survey key approaches to
the control of asynchronous BN, highlighting the methods employed,
the types of perturbations considered, and the formulation of control
objectives.

3.41 Refined strong basins search

Another branch of methods solving the BN control problem is based
on the efficient identification of the strong basin of a target attrac-
tor (see Section 2.2.4). By definition, a strong basin is the maximal
set of states from which only the given attractor is reachable. Once
the strong basin is identified, the control task reduces to finding the
minimal perturbation that drives the BN into this basin. This is effec-
tively a solution to the source-target control problem using one-step
perturbations, since the solution there is as trivial as finding a state
from strong basin with minimal Hamming distance to the source state.
However, when considering other types of perturbations (e.g., tem-
porary or permanent), additional computational steps are needed to
determine appropriate control strategies.

A trivial approach to identifying the strong basin is through a fixed-
point algorithm: nodes are iteratively removed from the weak basin
if they have transitions that lead outside the basin. When no such
nodes remain, the resulting set constitutes the strong basin. While
conceptually simple, this method does not scale well for large biolog-
ical networks. To address this limitation, a more efficient algorithm
based on a decomposition of the state-transition graph (STG) into
blocks was proposed [Pau+18].

The core idea of this block-based method is to partition the STG
into basic blocks, where each block consists of a strongly connected
component and its parent states. These blocks are considered in par-
tial projections of the BN (subsets of the full variable set). Once iden-
tified, the blocks are topologically sorted and then unfolded, starting
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from the block containing the attractor, until all states in the strong
basin are identified.

Compared to the stable motif approach that was discussed previ-
ously, strong basin identification must be performed separately for
each target attractor when solving more complex variants of the con-
trol problem, such as full-control or all-pair control. Nonetheless, for
smaller BN, the decomposition-based method has shown better per-
formance even in full-control scenarios [PPS18a], whereas for larger
networks, the stable motif-based method tends to remain more effi-
cient.

The strong basin identification approach has been successfully ap-
plied to source-target control with a variety of perturbation types:
one-step initial perturbations [Pau+18; PPS18al, temporary and per-
manent perturbations [SPP19a], and sequential (attractor-based) vari-
ants [Man+19; SP20b]. More recently, the method has been extended
to support target control under all types of perturbations [SP203;
Su20]. All of these techniques have been integrated into the software
toolkit CABEAN [SP21], facilitating broader adoption and experimen-
tation.

3.4.2 Stable motifs identification

Some techniques address complexity of asynchronous BN by analyz-
ing only RN along with the update functions at first. The obtained in-
formation can be used to dramatically reduce the size of explicit state
space, which needs to be explored to solve the BN control problem.

One such approach is based on identification of stable motifs [ZA13;
ZA15]. A stable motif is a subset of variables and their corresponding
values that, once reached, remain unchanged indefinitely. By identi-
fying all stable motifs, one can construct a so-called succession dia-
gram that captures all possible nondeterministic runs of a BN. This di-
agram provides a structured way to navigate through the system'’s dy-
namics and determine the appropriate interventions needed to reach
a desired attractor.

The strength of this method lies in its global topological analysis,
which enables efficient performance. Once stable motifs are identi-
fied, they can be reused to compute control strategies for any attrac-
tor within the BN. This facilitates a solution to the full-control variant
of the problem and offers valuable insights into the system robust-
ness. However, the method is not complete as it may miss some vi-
able control strategies. Additionally, stable motifs primarily serve as
guidance for control design and must be validated through simula-
tion to confirm their effectiveness. This validation also determines
whether the required perturbations should be applied transiently
(temporarily) or permanently.
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To support broader adoption, the method was later implemented
as a Python package pystablemotifs, significantly improving its per-
formance as well as accessibility for the research community [Roz+22].

3.4.3 Trap spaces

Another approach based observing partially stabilized components is
based on observing so-called value percolations. This phenomenon
is observed if we generalize successor function from a single state
to subspaces. This way we can very quickly trace how the reachable
subspaces from a given perturbation. Such an approach was first em-
ployed by aforementioned approach for the synchronous BN [Kru+11;
Vid+17].

The downside of potential percolation-only approach for asynchro-
nous BN is that it is not complete, since it does not guarantee to dis-
cover all perturbation strategies. Therefore, it was extended later by
combining percolations with trap spaces exploration [CFTS20]. Trap
spaces are spaces of the BN which can not be left once reached (see
Section 2.2.4).

Compared to the strong basin, however, if we find a trap space in
a synchronous BN, the trap spaces are also contained in network’s
asynchronous dynamics. Therefore, we can transfer the knowledge
obtained from analysis of a simpler dynamics of synchronous BNs
and use it for computing control of asynchronous BNs. The perturba-
tions used in this approach are temporary state perturbations.

Since the target of the method is a trap space, the target of the
control is also generalized from a single attractor to an arbitrary sub-
space. This way the method is able to solve the control problem for a
wider range of targets (attractors), and allow for more flexible control
strategies.

Given the nature of percolations and trapsaces, similar to the syn-
chronous BN approach which inspired this work [Kru+11], methods
for control of asynchronous BNs also use ASP to compute the control
strategies.

What is also interesting is that logical programming allowed to ex-
press the other types of perturbations than just variable perturba-
tion, but also edge perturbations, which disable a regulation of one
variable to another [FLTS22; CF23].

It is worth mentioning, that there is also a significant body of work
focusing solely on efficient computation of trap spaces. Therefore,
tools and methods such as PyBoolNet [Kla+18], BioLQM [Nal18], trap-
pist [THB22], or tsconj [Tri+24] can inspire future research of control
methods.
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3.4.4 Model checking

The methods based on percolation and trap spaces were limited to a
specific subspace target (i.e., not a combination of multiple indepen-
dent subspaces). Moreover, they needed to be combined with other
approaches in order to obtain a complete solution to the control
problem. These caveats inspired the development of a new method
based on the model checking approach [CFTS22].

The model-checking approach is using CTL to easily express the
control problem. Nonetheless, the general model-checking approach
tends to be slow since it explores the entire state space to make sure,
that all states fulfill the properties.

Therefore, the control method itself is based on the idea of using
a model checking as a “backup” approach if we are unable to assess
whether a control strategy works using the trap-space-based method
introduced previously. This way we obtain both, high performance for
the majority of the cases and a complete solution for the rest.

The approach based on model checking for the phenotype con-
trol was implemented based on the Python interface of the BoolNet
tool [Kla+18].

3.4.5 Other techniques

Finally, we describe other techniques to control asynchronous BN
which do not fit into the previous categories, because they use less
conventional or a combination of multiple methods.

Kali is a tool for performing in silico therapeutic target discovery
using network attractors [PB14; Por17; PG18]. The tool was in its last
version updated to handle asynchronous and multivalued BNs.

In this approach, the input is a physiological variant of the net-
work and a pathological variant of the network. The goal is to find
perturbations that drive the pathological variant to behave like the
physiological one, i.e., to reach the same or at least a subset of the
same attractors.

The approach is based on a combination of several techniques.
First, the tool identifies all attractors of the BN using random walks.
Then, so-called therapeutic bullets candidates are generated, using
uniform distribution of all possible options. These are combinations
of “bullet targets” (states where perturbation is applied) and “bullet
values” (the values to which the targets are perturbed).

The candidates are then evaluated by simulating the BN with ap-
plied bullet targets. The evaluation is based on the proportion of ini-
tial states reaching a physiological attractor or a portion of reachable
physiological attractors in case of synchronous BN.

An interesting aspect of the method is, that not only universal per-
turbations are computed, but also existential perturbations evalu-
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ated and quantified. Also, the method is focused on refining a model
with the same behavior as opposed to driving it towards a specific
static set of states. On the other hand, the method is not complete,
since it relies on random walks to identify attractors and evaluate
perturbations.

Another recently developed approach relies on semi-tensor prod-
ucts [Su+24]. This is another example of successful generalization of a
technique working on synchronous BNs to asynchronous BNs. Again,
given the nature of semi-tensor products, the control is achieved us-
ing periodical impulsive control. The viable controllers are defined
along with the model, similarly to the synchronous BCNs mentioned
in Section 3.3.

Nonetheless, in this approach, the controllers do not need to be
just static Boolean values, but can be also dynamic components that
are gaining the value periodically. Moreover, this approach is able
to quantify probability of reaching the target states as opposed to
inevitably reach the state after applying the control.

3.5 CONTROL OF MOST-PERMISSIVE BOOLEAN NETWORKS

The previously described variants of BN semantics are limited in their
ability to capture certain biologically significant behaviors [Pau+20].
For example, none of the earlier models can accurately represent the
incoherent feed-forward loop of type 3 (I13-FFL) [MA03], a well-known
motif in gene regulatory networks.

Most-permissive semantics enhances the expressiveness of BNs
by allowing transient dynamics during state transitions from o to 1
and vice versa. This feature enables the representation of intermedi-
ate states, capturing subtleties in biological processes that are not
strictly binary.

A major motivation for the development of most-permissive se-
mantics lies in its application to model inference. The aim of model
inference is to narrow down a broad set of candidate models to those
that accurately reflect observed biological behavior. Under more re-
strictive Boolean semantics, correct models may be incorrectly dis-
carded due to the absence of valid trajectories leading to experimen-
tally observed attractors. As the name implies, most-permissive se-
mantics allow the widest range of behaviors, thereby reducing the
risk of false negatives during model selection.

An additional advantage of most-permissive Boolean networks is
that despite their increased expressiveness they remain analytically
tractable. In particular, Answer Set Programming (ASP) has proven to
be well-suited for this framework, as it naturally supports the declar-
ative encoding of Boolean logic and allows efficient searching for tra-
jectories that either confirm or refute specific hypotheses [Pau+20].
However, a notable limitation of this approach is the difficulty in ana-
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lyzing quantitative properties, such as the size of basins of attraction.
For such purposes, simulation-based methods may be used, though
they typically trade off completeness and performance [RP22].

The tool BoNesis integrates various techniques for the analysis of
most-permissive Boolean networks, including simulation, attractor
detection, model synthesis, and control [Pau23]. For symbolic rea-
soning it leverages ASP, enhanced with counterexample-guided ab-
straction refinement (CEGAR) [Riv+23], while simulations of network
dynamics are performed using an iterative depth-bounded approach.

Control within BoNesis is guided by specifying biological markers,
which semantically correspond to the phenotypes introduced in Sec-
tion 3.4.4. The perturbations computed by the tool are permanent,
and the control is universal, meaning that the desired properties
must hold across all possible runs of the Boolean network. To mini-
mize the size of the required perturbation set, users can optionally
specify an initial configuration, thereby avoiding over-optimization
across all possible initial states.

BoNesis supports different control strategies for steady states (fixed
points), and all attractors, enabling optimization tailored to task com-
plexity, since reprogramming steady states is typically less computa-
tionally intensive [Pau23]. Another notable feature of BoNesis is its
ability to control ensembles of Boolean networks, which is especially
relevant since model inference usually produces a set of plausible
models rather than a single one. When controlling BN ensembles,
users can choose between existential and universal control strate-
gies. Existential control identifies perturbations that succeed in at
least one model in the ensemble, while universal control yields per-
turbations that are guaranteed to work across all models.

3.6 LEVERAGING CONTROL FOR MODEL REFINEMENT

Traditionally, the control of Boolean networks has been viewed pri-
marily as a means to modify system’s behavior, most notably for ap-
plications such as cellular reprogramming. However, recent research
has begun to explore control as a valuable asset in the model refine-
ment process. In this context, control can serve several important
purposes:

1. Handling uncertainty: Model inference may produce many net-
work models that all fit the data. A good control strategy should
work across these variations. If control leads all plausible mod-
els to the same desired behavior, it increases our confidence in
both the models and the control itself [Che+25].

2. Model verification: Control does not need to be just a down-
stream consumer of inferred models; it can also act as a verifi-
cation tool. By applying perturbations and comparing the sys-
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tem’s behavior to experimental observations, we can check that
the model behaves in accordance with observations.

3. Guiding experiments: When experimental data is limited or if
there is an abundance of plausible models, control can help
design better experiments. It can identify the most informative
perturbations; those that produce system behaviors revealing
how the network works.

A growing body of work focuses on integrating perturbation data
such as gene knockouts and over-expression experiments into the
model inference pipeline [Gje+20; Yor+16; PRA25]. These efforts often
rely on analyze model ensembles to explore the impact of pertur-
bations. For instance, logic-based approaches can use Satisfiability
Modulo Theories (SMT) to impose constraints on system dynamics,
enabling the prediction of perturbation effects and facilitating model
refinement based on experimental evidence [Yor+16].

Control can also help prioritize new experiments by running in-
silico simulations to predict which experiments would be most use-
ful for refining the model. This idea originally came from continuous
models, where system analysis has been used to design experiments
that help fine-tune model parameters [KTo9; Mel+10]. Later, similar
strategies were applied to regulatory networks, where perturbation
experiments were designed specifically to uncover the network’s un-
derlying structure [UD+16].

Similar strategies have been developed for BNs, though with vary-
ing degrees of generality and scalability. Early works addressed ex-
periment design for synchronous Boolean networks [Vid+15]. How-
ever, the only refined parts are inputs and outputs of the network,
thus all available perturbations need to be included into model in-
puts beforehand.

Another line of work concerned with perturbations experiment de-
sign uses a maximum entropy framework to choose experiments that
provide the most information [Ati+14]. Still, these methods rely heav-
ily on simulations and are expected to be hard to scale; especially
when dealing with asynchronous dynamics, where the number of pos-
sible system behaviors grows rapidly.

3.7 RELATED TOOLS

Many of the previously introduced methods were encompassed as
software tools in order to make them accessible to a wider audience.
Given the numerous nuances between control problems it is not an
easy task to exhaustively compare the tools between them. Moreover,
some features combinations might not be available.

The first factor which we can compare the tools is the type of dy-
namics they support. Asynchronous dynamics is more general and bi-
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Table 2: Comparison of related software tools for Boolean network control.
The columns indicate whether the tool supports asynchronous dy-
namics, the type of control problems it can solve (source-target,
target, phenotype), whether it can handle partial specification (e.g.,
ensembles), the types of perturbations supported (one-step (0),
temporary (T), permanent (P)), completeness of the method, avail-
ability of a graphical user interface, and the main computational
method employed. The checkmarks in gray mean, that features
were implemented as part of this thesis. * indicates that control
can be achieved indirectly through trap space analysis. ** indicates
that control is focused on driving a pathological model towards
an archetype model rather than specific phenotypes. *** indicates
that for phenotype control, only permanent perturbations are sup-

ported.
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CABEAN [SP21] v v oTP v Strong basin search, ASP
BoolNet [KSS17] v v* v* oP v Trap spaces, model checking
KALI [PG18] Vv Ve P Simulations
CASPO [Vid+17] v v P v ASP
BoNesis[Pau23] v v v v V P v ASP

AEON [Ben+20] v v v v OTP*** v v Symbolic BDDs

ologically relevant, but also more computationally challenging. The
majority of the tools support asynchronous dynamics, or were ex-
tended to supportit. Only CASPO tool does not support asynchronous
dynamics.

Secondly, we compare the goal of the control. Note, that BoolNet
does not support any specific control per se, but since it supports
the identification of trap spaces, it can be easily used to design one-
step control strategies based on trap spaces. The tool was also used
for methods of phenotype control in [CF23], however to the best of
our knowledge, the control methods are not embedded to the tool
directly. As for the KALI tool, it is focused on controlling a “patho-
logical” BN based on an “archetype” BN, thus we categorized it as a
special case of phenotype control.

As for the partial specification, CASPO and BoNesis tools support
Boolean network ensembles, although CASPO is based only on syn-
chronous BNs. Regarding the perturbation types, most of the tools
support only permanent perturbations. CABEAN on the other hand,
supports the widest range of perturbation types, including one-step,
temporary, and permanent perturbations and even sequential per-
turbations.

Finally, we can also compare the tools based on their completeness
and user-faced tools availability. Completeness is a crucial aspect of
control methods, as it ensures that all viable control strategies are
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identified. The methods based on simulations from KALI tool can not
guarantee this property.

In terms of user-faced availability, the presence of a graphical user
interface (GUI) can significantly enhance accessibility for researchers
who may not be familiar with command-line tools or programming
languages. This capability is present only in AEON, which provides a
user-friendly interface for designing partially specified Boolean net-
works and analyzing their bifurcation and attractor landscapes. Prior
to this work, AEON did not support any control methods. Due to its
good support of partially specified Boolean networks, we have de-
cided to implement the control methods on top of this tool, thus mak-
ing it the only tool supporting control of partially specified Boolean
networks with a graphical user interface. The details of this imple-
mentation are described in Chapter 6.

3.8 SUMMARY

In this chapter, we have provided an overview of the state-of-the-art
in the control of Boolean networks, with a particular focus on asyn-
chronous dynamics and partial specification. We have discussed vari-
ous methods for identifying control strategies, including strong basin
search, stable motif identification, trap space analysis, and model
checking. Additionally, we have highlighted the importance of con-
trol in the context of model refinement and experiment design. Fi-
nally, we have compared several software tools that implement these
methods, noting their capabilities and limitations. This overview pro-
vides the context for the contributions of this thesis, which extend
Boolean network control to the partially specified setting.



SOURCE-TARGET CONTROL OF PARTIALLY SPECIFIED
BOOLEAN NETWORKS

In our work, the source-target control problem provides a natural
starting point for the development of control methods and for un-
derstanding the challenges arising from the partial specification of
Boolean networks. Since the source state is fixed, it is not necessary e
to analyze the effect of a perturbation on the entire state space; in-
stead, the search for suitable perturbations can be optimized for the
given initial state.

We begin with one-step perturbations, which constitute the sim-
plest class of interventions. As will be shown later, computing one-
step perturbations is significantly easier than computing permanent
or temporary perturbations, because it does not require modifying
the transition system of the network to account for sustained inter-
vention.

However, one-step perturbations are often less efficient than per-
turbations applied over a longer time horizon. Therefore, we also de-
velop methods for permanent and temporary perturbations, which
are computationally more complex but may yield smaller perturba-
tion sets.

In this chapter, we first define the source-target control problem in
Section 4.1, including the notions of one-step, permanent, and tempo-
rary perturbations. Next, in Section 4.2, we present a semi-symbolic
method for computing one-step source-target controlin partially spec-
ified Boolean networks. Finally, in Section 4.3, we extend this method
by representing the state space of perturbed networks fully symboli-
cally and to handle permanent and temporary perturbations as well.

PsS

41 PROBLEM DEFINITION

The cardinal difference between classical Boolean networks and par-
tially specified Boolean networks is that the latter can be interpreted
in many ways, depending on the chosen interpretation. As a conse-
quence, every interpretation induces a different instance of the PSBN,
which in turn induces a different state transition graph.

On the other hand, the definition of a perturbation is independent
of the network’s interpretation. A perturbation simply fixes the val-
ues of certain variables to constants. Therefore, the definition of a
perturbation is very similar to the one used in classical Boolean net-
works.
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What we need to keep in mind, however, is the effect of a pertur-
bation on the network’s transition system. In a classical Boolean net-
work, a perturbation can be applied to the whole state space, and it
simply removes all states that are not admissible by the perturbation.
In a PSBN, however, the effect of a perturbation can differ between
different interpretations. This is because the unperturbed variables
can still evolve freely. As a result, a perturbation can achieve control
for some interpretations, while failing for others.

411 Perturbations, perturbed state transition graph and runs

Here, we build on the definitions of perturbations and their applica-
tions from the previous chapter. Most notably, we will leverage the
concepts of perturbation (Definition 6), application of a perturbation
to a source state (Definition 7), perturbation application to a state-
transition graph (Definition 8) and a perturbed run of a Boolean net-
work (Definition 9).

Now, let us remind the definitions of a perturbation and its appli-
cation to a source state, but in the context of a partially specified
Boolean network (although the definitions themselves remain very
similar, since they are independent of the network’s dynamics):

Definition 12. Assume having a given PSBN M = {E;,...,E,}. A vari-
able perturbation is then a vector Q € B'. For every Q; = x, we say
that the i-th variable is unperturbed, whereas for Q; = 0 or Q; = 1,
we say that the variable is perturbed. The size of Q is the number of
perturbed variables: Size(Q) = | {i | Q; # *} |. The set of all consid-
ered perturbations is denoted as Q and typically equals to B!.

Definition 13. Given a PSBN M = {Eq,...,E,}, application of a pertur-
bation Q € Q to a source state s € B™ is a forced state transition,
5(s,Q) = s — s’ such that:

st Iff Qi =%
Qi IffQi#x

where s’ is the state reached after applying the perturbation.

§(si) =s{ =

To facilitate the discussion of temporary and permanent perturba-
tions, we also need to define the effect of a perturbation on the state
transition graph of PSBN. Since the dynamics of a PSBN depend on
the chosen interpretation, we also take it to the context for the defi-
nitions of the perturbed PSBN state transition as well as a perturbed
PSBN run:

Definition 14. Let M = {E4, ..., En} be a normalized partially specified
Boolean network such that M admits m nullary function symbols G =
{g1,...,9m}. Given an M, and an interpretation I € T, application of a
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perturbation Q € Q to a PSBN instance JV[(I) with STG(J\A/[(I)) =(V,E)
results in a perturbed partially specified Boolean network instance
J\A&(I)Q with perturbed state transition graph STGQ(J\A&(I)) = (Q,Eq)
where vertices are a subspace of the unperturbed state space V = B™
given by the perturbation Q and a set of perturbed edges Eq C E is

given as follows:
Eq ={(uwv)|(w,v) c EAuec QAveEQ}
The perturbed STG of a PSBN is illustrated in Figure 11.
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Figure 11: Perturbed STG of a PSBN. An example of a PSBN with four inter-
pretations perturbed with a perturbation x1xx.

Definition 15. Let us assume an interpretation I € 1 of a PSBN M =
{E4, ..., En} with m nullary function symbols G ={g1,...,gm} Where
STG(J\A/E(I)) = V x E. Also, have a given source state s € B™, a per-
turbation Q € Q, a and a time period z € N, after which the per-
turbation is withheld. A perturbed run 7t is a run which satisfies the

following conditions:

s ifft=0
5(s,Q) ifft=1
s'sotm(t—1)=s"N(s",s")eEq ifft'+z>t>t'+1

mQ(t) =

s's.t.(t—1)=s"N(s",s") e E ifft>t' +z

AsetTlq(M(I),s,z) is a collection of all perturbed runs mtq for a given
perturbation Q, applied to a state s with perturbation being withheld
after z time-steps.

Notice, that again the definitions of perturbation and its applica-
tion to a source state remain almost the same as in the Definition o.
The only differences are that we now also consider the interpreta-
tion of the PSBN instance. Moreover, since this chapter focuses on
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source-target control, the perturbation is always applied just to a
given source state.

41.2  Control types and goal

Finally, we can define the source-target control problem goal in the
context of partially specified Boolean networks. Here, we consider
three types of perturbations: one-step, permanent, and temporary
perturbations. The definitions of these perturbation types are simi-
lar to those used in classical Boolean networks [SPP19b; SP20b], but
adapted to the context of partially specified Boolean networks.

Definition 16. Assume having a PSBN M = {Eq, ..., E} with m nullary
function symbols G = {g1,...,gm}, an interpretation 1 € 1, a source
state s € B™, and a target state t € B™ such that t € |JA(M(I)).
Then, we say that a perturbation Q € Q controls M(I) from s to t via:

* One-step perturbation: if for all m € T (M(I),s, 1), t € inf(m).
That is, after performing the perturbation for a single time-step
(5(s,Q)), t is always visited infinitely often without further re-
stricting the network in any way,.

« Permanent perturbation: if for all mg € TTo (M(I), Q(s),00), t €
inf(mq). That s, t is always visited infinitely often assuming the
perturbed variables remain constant to their perturbed value.

« Temporary perturbation: if for all mg € TTg(M(I), Q(s),z + k),
there exist such time period z that for every k € Ny we have t €
inf(mq). Intuitively, the system can evolve for an arbitrary num-
ber of time-steps while assuming the perturbed variables are
constant. But there must exist some time period z after which
if the perturbation is withheld, run reaches (or remains in) t in-
finitely often.

Here, note several observations regarding the presented types of
PSBN control. The one-step and permanent perturbations are rather
straightforward since they either do not require any further adjust-
ment of the network’s transition system (one-step perturbation) or
they require a simple restriction of the transition system to the sub-
space of states admissible by the perturbation (permanent perturba-
tion). The temporary perturbation, however, is more complex since
the network transition system needs to be adjusted only for a finite
number of time-steps. The number of these time-steps is not know
in advance or specific since the Boolean network is not considered
to be observable. Typically, we assume, that network reaches some
“intermediate” attractor within Eq an in any of these states, the per-
turbation can be withheld. Oftentimes, this intermediate attractor
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Figure 12: A specific case of a perturbed STG. An example of an STG where
a temporary perturbation control the network while one-step or
permanent perturbations do not guarantee control.

contains the target state t itself. In such case, the exact same per-
turbation works with both temporary and permanent applications.

Moreover, as already noted, the assumption that target state t is
a member of an attractor guarantees that if visited once in an un-
perturbed system, it is in fact visited infinitely often. Second, perma-
nent control could force a particular t to be visited infinitely often
even though it is not a member of any attractor in the original M(I).
This is because the perturbed variables remain fixed indefinitely, as
opposed to one-step and temporary perturbations where the restric-
tions are eventually lifted. We allow for such case in the phenotype
control as we see in the following (Chapter 5). Here, to maintain the
comparability between all three perturbation types, we strictly re-
strict ourselves to the interpretations where target is an attractor
state.

Note that under this assumption, any successful permanent per-
turbation is also successful as a temporary perturbation, since the
control can be released once target is reached. If we consider the
cases where permanent control can introduce the target attractors,
this property no longer holds. Nevertheless, a permanent perturba-
tion can also potentially cause target to not be visited infinitely of-
ten by disturbing the attractor in which target resides, or it can cause
the attractor to be unreachable within the perturbed state space. In
this case, such permanent perturbation simply cannot control the
network towards the desired target. An example of such scenario (tar-
get being unreachable due to permanent perturbation) is shown in
Example 3.

Example 3. Consider STG from Figure 12, source s = 101 (blue) and
target t = 110 (green) with a perturbation Q = x1x. By applying the
perturbation, the network transitions from s = 101 to 5(s, Q) = 111.
In the shown STG, only solid arrows are admissible while the pertur-
bation is applied. The whole (unperturbed) STG then also admits the
dashed arrows. As a result, under permanent perturbation, there is no
way of reaching 110 from 111. Meanwhile, in the context of a tempo-
rary perturbation, 011 corresponds to a state when the control would
be released. Once 011 is reached, lifting the perturbation guarantees
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that target = 110 is eventually reached as well. Finally, note that
Q = x1x is also unsuccessful as a one-step perturbation. This is be-
cause by immediately lifting the perturbation, §(s, Q) = 111 can non-
deterministically return to s = 101—reaching target t is therefore pos-
sible, but not guaranteed.

41.3 Robustness

In practice, our goal is to not only find perturbations that successfully
control the network, but that are efficient and biologically feasible.
Indeed, for a target state t a trivial perturbation Q = t successfully
controls the network towards t, but is most likely not realistic. When
the network is fully known, we typically focus on finding perturba-
tions that are minimal in terms of size [SPP19b; SP20b]. This search
can be further restricted to network variables where the perturbation
is known to be biologically feasible if such information is available.

However, if the network is not fully known, there are many pos-
sible interpretations, potentially resulting in very different sets of
fair runs. In turn, most perturbations correctly control the network
only for some subset of these interpretations. Since we do not know
which interpretation(s) of the PSBN actually occurs in the wild, we
may want to quantify such uncertainty. This allows us to search for
perturbations that are not only small (in terms of perturbed vari-
ables), but that also work for a reasonable portion of the PSBN inter-
pretations. Formally, this is captured by the metric of perturbation
robustness [Bri+21]:

Definition 17. The robustness p of a perturbation Q € B™* for a PSBN
M and a target state t is defined as follows:

_ [{Tel'| Q controls M(I)}|
C {Iel[te UAMD)}]

p(Q)

Depending on context, the term controls refers to either one-step,
permanent, or temporary perturbation as defined above.

41.4 Control problem

As we can see, both size and robustness are critical factors when se-
lecting viable perturbations for a PSBN. To facilitate the search for
such perturbations and to compare different perturbations, we de-
fine control problem for PSBN as computation of the control rela-
tion of all perturbations that successfully control the network from a
given source to a given target:

Definition 18. Given a PSBN M = {E;, ..., E,} with m nullary function
symbols G = {g1,...,9m)}, a source state s € B™, and a target state
t € B™ such that there exists an interpretation 1 € 1 for which t €
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U A (M(1)), the goal of the source-target control problem is to com-
pute a control relation Cx - the set of all pairs Cx ={Q, I} C BI' x I
such that Q controls M(I) from s to t assuming a type of perturba-
tions X € {O,P, T} as one-step (Cp), permanent (Cp), or temporary
(C+) control.

The robustness measure gives us the ability to compare the “qual-
ity” of a single perturbation. To also compare the “quality” of different
control relations (or control approaches in general), we extend the
notion of robustness to be measurable on a control relation. Specifi-
cally, we define maximal robustness pp.x(Cx) to be the maximal ro-
bustness achievable by a single perturbation from Cx, and union ro-
bustness p,(Cx) to be the collective robustness achievable by all
available perturbations:

pmaX(CX) = max p(Q)

Qe
B ‘ UIGCX I |
pu(Cx) = [{Iel|te JAMM(D)}]

Intuitively, the maximal robustness pmax gives us the best case sce-
nario that can be achieved using a single perturbation from Q. Mean-
while, union robustness py, is the measure of how well a system can
be controlled overall. In particular, if union robustness is less than
one, there are PSBN interpretations that cannot be controlled by any
perturbation in Q. Both measures are thus worth exploring, as each
represents a slightly different optimization goal: While a control rela-
tion Cx with high pyay is generally more likely to provide a practically
viable control strategy, another control relation with a higher p_ may
achieve control even for cases that are not feasible by the former Cx.

41.5 Summary

To summarize, in this section we defined the source-target control
problem for partially specified Boolean networks. We defined three
types of perturbations: one-step, permanent, and temporary pertur-
bations. Then, we defined the goal of the source-target control prob-
lem as computation of the control relation containing all perturba-
tions that successfully control the network from a given source to a
given target. Finally, we introduced the robustness metric to quan-
tify the uncertainty of a perturbation in terms of the portion of PSBN
interpretations it can control.

4.2 SEMI-SYMBOLIC METHOD FOR ONE-STEP CONTROL

Now we describe our computational framework for solving the one-
step state perturbation control of PSBN. We start by introducing our
approach for finding strong basins in a PSBN. Then we explain the
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framework for exploring PSBN STG and for manipulation with PSBN
interpretations. Next, a concise workflow for PSBN control that em-
ploys the proposed algorithms is demonstrated. Finally, we present
an evaluation of the method on a collection of PSBN models.

421 Semi-symbolic labelled strong basin search

The foundation of our method is based on binary decision diagram
(BDD [Bry86]) representation of interpretation sets of a PSBN. The
decision variables of the BDD are the nullary function symbols of the
network meaning that every path from the root to a leaf in such a
BDD represent a set of interpretations of the PSBN while states are
represented explicitly.

Common logical operations on such BDDs (and, or, negation, ...)
then correspond to set operations (intersection, union, complement,
...). Furthermore, static regulation constraints (activation, inhibition,
observability) can be formalized using Boolean formulae over inter-
pretations, and we can, therefore, create a BDD which enforces all
constraints imposed by the regulatory network and represents the
set of only relevant interpretations.

As described in Section 2.4.3, PSBN dynamics STG(M) are repre-
sented as an edge-labelled state-transition graph, where each tran-
sition s — t has an associated set of interpretations I(s, t) C I repre-
sented as a BDD. A labelled state set is a mapping V — 2! assigning
to each state a set of interpretations. Furthermore, we suppose that
the state space is represented explicitly, meaning that all operations
on states are performed element-wise (typically in parallel).

We consider basic procedures over an STG of a PSBN. Given a source
state s and a viable interpretation set J of a PSBN M, procedures PRE
and PosrT yield a set of labelled states reachable in one step back-
ward/forward from s under interpretations from J:

PRE(s,I) ={t—J¢ [VI€ T :1€TNs =1t}
PosT(s,]) ={t—J¢ |[VI€ T : 1€ TNt =1 s}

These procedures can be then used (e.g. using a fixed-point compu-
tation) to compute a maximal labelled state set of all forward/back-
ward reachable states from the source state s. The set contains all
reachable states t where each t is associated with a maximal set of
interpretations J; for which t is reachable from s:

FWD(s,J) ={t—J¢ VI €Tt : 1€ TAs =] t}
BwD(s,J) ={t— Iy [VI€ T : 1€ TNt =T s}

This representation (explicit state space and symbolic interpreta-
tions) allows computing the reachability procedures in parallel. For
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the underlying implementation, we worked with internal libraries of
the tool AEON [Ben+20] which provides most of the necessary func-
tionality, including a convenient format for specifying PSBNs and par-
allel reachability procedures.

For control of PSBN, we first need to determine the relevant inter-
pretations Ja (t) for the target state t, where t is a part of some at-
tractor. This process is described in Algorithm 1. The algorithm is fol-
lowing: we first compute all reachable states, but only the one from
which we can also reach back the target state itself are a part of a
TSCC. Otherwise, it is possible to reach some other component of the
system from the target state, and that contradicts the notion of attrac-
tor. In the partially specified setting, we obtain a mapping of states
to interpretations in which it is not possible to return to the target
again. Therefore, in all these interpretations the target state is not a
part of any attractor, and so we discard them from the full parameter
space I to obtain Ja (t).

Algorithm 1: Computation of attractor interpretations J 4 (t).

1 Fn ATTINTERP(t € V)

2 F < FwD(t,I);

3 B «+ BwbD(t,I);

/* For every state, compute the BDD difference x/
4 NA < F\ B;

return I\ U, cy (ao) NA(s);

The key observation for controlling PSBNs is that an attractor is
always reached from its strong basin (as explained in Definition 5).
From all other states, it is possible to reach also some other attrac-
tor; therefore, reaching the target attractor is not guaranteed. When
the attractor’s strong basin for all interpretations is known, we can
compute the control mapping Co from a source state to the target at-
tractor by considering Hamming differences between the source and
the states of the strong basin.

Our algorithm is based on the fixed-point approach for strong basin
computation in fully specified BNs [PPS18a]. The premise is that only
states from which it is possible to reach the attractor (weak basin)
can be part of the strong basin. The weak basin of the attractor is
computed using standard reachability algorithms, for example, BFS.
Then states are iteratively removed if it is possible to leave the basin
from them (and therefore not reach the given attractor). Finally, if
there are no states left to remove, the fixed-point is achieved, and
the strong basin is found.

In Algorithm 2, we extend the approach from [PPS18a] onto PSBN.
For each state we remember under which interpretations it is in the
basin, starting with the labelled weak basin (backward reachability
from the target state). Then we iterate over the basin’s states. For each
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Algorithm 2: Parallel strong basin computation.
Fn STRONGBASIN(M, t € V(M),Ta(t))

-

2 SB < BwD(t,JA(t));
3 toUpdate « {s € V(M) | SB(s) # 0};
4 | while toUpdate # () do
5 updated « 0;
6 toRemove « Vs € V(M) — 0;
7 parallel for s € toupdate do
8 for u € PosT(s) do
/* Recompute interpretations leading
outside of basin */
9 toRemove(s) < toRemove(s) U
(SB(s)NI(s,u) N (Ta(t) \SB(u)));
10 if toRemove(s) # () then
1 L updated < updated U{s};
12 toUpdate « 0);
13 for s € updated do
/* Update strong basin */
1% SB(s) < SB(s) \ toRemove(s);
/* Only predecessors of updated states might
be updated in the next iteration */
15 toUpdate <+ toUpdate U{s}UPRE(s);
16 return SB;

state, we consider its successors, and we compute the interpretations
for which some successor is not in the strong basin. In these interpre-
tations, it is possible to leave the basin, and therefore these interpre-
tations are not part of the strong basin and so we remove them for
this state.

We can process the states in parallel and compute for them the
interpretations which are not part of the strong basin. To avoid writ-
ing to the strong basin structure while it is intensively read from, we
store the interpretations which should be removed separately, and
after it is computed, we update the strong basin structure sequen-
tially. The procedure is repeated until nothing more can be removed
from the strong basin.

4.2.2 Control computation workflow

Now we can describe a complete workflow for computing the source-
target control in PSBNs, depicted in Figure 13. The workflow consists
of three inputs and three computation steps, resulting in the control
mapping Co.
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Figure 13: Workflow of computing the source-target control problem. Parts in the orange boxes
represent inputs and blue boxes represent (intermediate) results.

Given an input PSBN and a target attractor state t, we start by com-
puting valid interpretation set J4 (t) using Algorithm 1. Then, the la-
belled strong basin is computed from the PSBN with target attractor
state t and its valid interpretations J 4 (t) using Algorithm 2. After that,
from the strong basin and the source state, we obtain the complete
control mapping. Notice that we do not need to know the source state
for computing the strong basin and that we can re-use the target’s
strong basin for obtaining control for different sources.

To compute the control mapping, observe that viable controls cor-
respond exactly to the Hamming differences (the variables with op-
posite values) between the source state and the states of the strong
basin; yielding one viable perturbation Q for every state s in the
strong basin SB. Any other control Q' does not reach the strong basin
and therefore does not guarantee to reach the target attractor (for
these, Co(Q) = o). A perturbation Q is then viable only for interpre-
tations for which s appears in the strong basin, we thus set Co(Q) =
SB(s).

Finally, we can compute the size and robustness of each control
as we have all knowledge regarding the variables which need to be
controlled and interpretations for which the controls work. If it is de-
sired, we can construct a witness PSBN instance for a perturbation
Q (a fully specified BN where the given control works) by fixing the
parameters from Co (Q).

In complex and highly underspecified models, the empty perturba-
tion gmay satisfy the control objective for some interpretations. This
occurs when, under a given interpretation, the source state already
lies in the strong basin of the target, and therefore no intervention is
required. If such interpretations are considered unrealistic, for exam-
ple because they contradict the assumption that an intervention is
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needed, the set Ja (t) can be replaced by a custom set of admissible
interpretations.

The resulting set of all available controls can be then used for ex-
ample for cell reprogramming. However, we might obtain many pos-
sible controls, and we need to decide which one should be applied.
To do that, we can decide based on the size of control or its robust-
ness. The control set can be arbitrarily filtered discarding controls
with size bigger than the trivial control (which always has 100% ro-
bustness) or bigger than some set size. Similarly, the control relation
can be pruned based on too low robustness. It is left to the actual ap-
plication to decide which control would best suit its needs. Namely,
whether it is more important for the control set to be small or to
be robust, as typically, there is rarely available perturbation which
would be optimal in both these factors.

4.2.3 Results

We evaluate our approach on two real-life BN models. We compare
the performance of our approach using a different number of param-
eters implanted into the models, resulting in different size of relevant
parameter space. We conducted all measurements using a machine
equipped with AMD Ryzen Threadripper 2990 WX 32-Core Processor
and 64 GB of memory.

The first model is a cell-fate decision model [Cal+10]. The model
provides a high-level view of possible different cell fates such as pro-
survival, necrosis or apoptosis. We used an adapted version of this
model, where only regulatory network is provided and all the func-
tions are left unspecified. Then, we selected seven biologically rele-
vant attractors and computed strong basins only for these attractors
in several model instances differing in the number of unknown pa-
rameters (see Table 3).

The second model, a myeloid differentiation network [Kru+11], was
designed to model a bone marrow tissue cell differentiation from
common myeloid cell to specialised blood cells (megakaryocytes, ery-
throcytes, granulocytes, and monocytes). The original network has
eleven nodes and six attractors. We derived several partially spec-
ified versions of the model by arbitrarily substituting update func-
tions of the model for function symbols. Similarly to the previous
case, we used only attractors of the original network when comput-
ing strong basins for partially specified versions of the model. The
results are again shown in Table 3.

Next, we “virtually” compare our approach to a naive approach
based on an interpretation enumeration (i.e., computing results for
each interpretation separately). In [Bau+19], a strong basin of (fully
specified) asynchronous BNs is computed using a block decompo-
sition method with 4 ms needed to finish the computation for the
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Table 3: Results of strong basin computation. The values are stated as
ranges because we computed strong basins of all attractors con-
sidered in the given models. The second column shows the number
of model’s parameters. The third column shows count ranges of in-
terpretations which contain the given attractor. The fourth and fifth
columns display ranges of the number of states in the weak (resp.
strong) basins. The last column contains ranges of times needed to
compute strong basins.

Model |G| |Ia(t)] # WB States # SB States Time
1 1 258,000-491,184 32-352 44919 S
Cell-Fate 8 14 258,000-491,464 2179 4.63-13.42 S
20  7-56 258,048-491,520 1632-262,144 5.82-26.59 S
1 1 128-1152 64-381, 8-30 ms
Myeloid 32 63-2052 224-1984 641472 14-214 ms
70 59x10%-1.8x 107 1512-2048 256-2048 147-1717 ms
94 3.4 x10°-3.7x 107 2008-2048 10242048  0.6-15.38 S

Table 4: Scalability of strong basin computation. The strong basins are com-
puted on attractors of myeloid model [Kru+11].

CPUs A, A, A, A, A As
613 s 99.31S 71.32's 13017 S 45.84 S 136.65 S

-

2 3.34S 54.32s  38.87s 71.31s 24.95 S 74.29 S
4 1.86 s 31.3s 21.83 s 40.315 13.71S 42.26 S
8 111s 19.34 S 13.31S 24.68 s 8.4s 26.49 S
16 0.87s  14.035S 9.32's 17.56 s 5.77S 18.86 s
32 0.65s 10.98 s 6.87 s 13.22'S 4.54'S 15.38 s

myeloid model. Even if the reported hardware was slower than in our
case, and we assume that the strong basin computation for one inter-
pretation would last only 1 ms, the fully unspecified myeloid model
contains an attractor which is present in 3.7 x 107 interpretations.
Therefore, the expected time for computing a strong basin for all
interpretations with 32-fold parallelization is more than a day com-
pared to less than 27 s achieved using our semi-symbolic approach.

We evaluate the scalability of our approach on a fully unspecified
myeloid model. The results are shown in Table 4. The computation
was restricted to the specified amount of CPUs. The final speed-up
achieved on our machine, when using 32 CPUs compared to a non-
parallel CPU usage was about 10-fold.

Now let us have a look at an example of how the results might be
interpreted and a suitable control selected. Suppose that we want
to reprogram an erythrocyte cell (attractor having factors EKLF=1 and
GATA-2=0) into a monocyte cell (attractor having factors cJun=1 and
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EgrNab=1) of the myeloid model. First, we obtain a strong basin of
the monocyte attractor having 1472 states yielding us 1472 possible
control sets. We can observe that trivial, i.e., the most robust control
strategy (setting variables so that we reach the attractor right after
applying the control), has size 8. We can discard all controls with size
8 and larger as they are less optimal in all aspects than the trivial
control. In our case, there are 1259 controls with a smaller size than
the trivial one.

Resulting smallest control sets have the size 1. However, the best
robustness among these controls is 46%. Therefore, it is quite likely
that it will not work in practice. If we allow the control to have size
2, we can use the control with 76.8% robustness. Increasing the size
further provides control with the size 3 and the robustness 92% and
so is highly likely to reprogram the cell’s phenotype.

To achieve only slightly more robustness (93.8%), we may use a
control of size 5. In this highly unspecified model, there is no control
with 100% robustness being smaller than the trivial one. It is not a
rule of the thumb that with bigger size of control we obtain better
robustness, for example, the control with the size 11 (the only one,
with all variables, reversed compared to the original one) has the
robustness of only 50%.

It can be seen that the unknown properties of PSBN make selection
of one particular “best” control complicated. The smallest control has
low chance to work in reality and while control of size 3 works has
significantly better chance to work, the success of the control is not
guaranteed and might be difficult to implement. This is why a careful
in vitro experimentation is needed to verify the correctness of the
control in reality. Nonetheless, the obtained control set still can help
and highly reduce the exponential number of potential transcription
factor combinations that could be theoretically tested in vitro.

4.2.4, Summary

In this section, we presented a semi-symbolic method for computing
the source-target control of PSBN using one-step perturbations. The
method is based on a fixed-point computation of the labelled strong
basin of the target attractor. We demonstrated that our method is
capable of controlling highly unspecified models in seconds, and is
considerably faster than the naive interpretation scan approach.

4.3 SYMBOLIC METHOD FOR ONE-STEP, TEMPORARY AND PERMA-
NENT CONTROL

In the previous section, we presented a method for computing the
source-target control of PSBN using one-step perturbations. We have
seen, that control size for one-step perturbations could be improved.
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To address this issue, we can consider more general types of pertur-
bations, such as permanent or temporary perturbations. Moreover, in
the meantime, the tool AEON was advanced to support symbolic rep-
resentation of states as well [Ben+22b], which allows us to explore the
whole perturbation space in parallel. Therefore, we can now propose
a fully symbolic method for computing the source-target control of
PSBN using one-step, temporary, and permanent perturbations.

431 Symbolic computation model

Similarly to the previous method, we employ symbolic representa-
tion using binary decision diagrams (BDDs) [Bry86]. However, in this
case, we extend the use of BDDs to represent not just interpretation
space symbolically, but also the sets of states. The main advantage
of BDDs is that a logical operation (e.g. a conjunction) can be per-
formed directly on two operand diagrams, maintaining the compact
representation throughout the whole computation. Due to this corre-
spondence, we do not differentiate between a BDD and the Boolean
function that it represents. Furthermore, note that any set or relation
X consisting of Boolean vectors (e.g. X C B¥) can be represented by
a Boolean function that returns 1 exactly for the members of X and
0 otherwise. Therefore, any such X can be also represented using a
BDD. In particular, this includes subsets of network states (X € B™),
subsets of PSBN interpretations (X C B™), and relations of the two
(X € B™ x B™). Logical operations on BDDs then correspond to set
operations (e.g. N = A, U=V, etc.).

Another important aspect is that a perturbation Q is not a Boolean
vector, but rather a vector over B,. For our purposes, however, the
algorithms do not need to manipulate whole perturbations. Instead,
we only encode which variables in the network are perturbed (q; = 0
or i = 1) and which are free (q; = *). For this task, subsets of B™
are sufficient. To summarize, we use the following notation:

« V = B™ encodes network states (vertices of STG(M));

« T = B™ encodes network interpretations (i.e. the set of all pos-
sible function symbols valuations);

« L = B™ encodes sets of perturbed variables (without the actual
perturbation value).

Similar to the previous method, target state t may not be an at-
tractor state in all interpretations of the given PSBN. Consequently,
instead of I, we again consider a smaller subset of interpretations
Ja C I where t is guaranteed to be a member of some attractor. As
this requires no functional changes to the presented algorithms, we
generally use the set J, with the implicit assumption that a smaller
J’ can be also used when desired.
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The reason why we do not have to encode full perturbations is be-
cause in our algorithms, we use a relation X C V x I x IL to encode
the full state of the system. In such an X, we assume that if the net-
work is perturbed, only the states that are compatible with the per-
turbation are permitted (this invariant is maintained throughout the
algorithms). Consequently, in a triple (v,I,1) € X where 1; encodes
whether a variable is perturbed, v; encodes either the state of the
network (when 1; = 0, i.e. unperturbed) or the constant value of the
perturbation (when 1; = 1, i.e. perturbed).

We then use X =V x I x IL as a shorthand for this extended set of
perturbable states and network interpretations. We also write that a
pair (v,1) € V x L is equivalent to a perturbation Q € B, (v,1) = Q,
if Qi =+ when1; =0,and Q; =v; whenl; = 1.

Q=0+

on

010

Figure 14: Encoding of perturbations. Illustration of how perturbations are
encoded using pairs of network states and perturbation masks.

Observe that this approach is more efficient than simply incorpo-
rating the set of all possible perturbations B™* directly into the encod-
ing. Each B, element would require more than one bit per network
variable to encode, whereas our approach only adds one bit on top
of the existing state space. The details of the decoding for the actual
perturbations will be described in Section 4.3.3.

4.3.2 Symbolic operations

Aside from standard set operations (N, U, \, x, etc.), we also use 3y (X C
X) to denote existential projection over the perturbed variables, i.e.

LX) ={(s,c) | Il € L (s,¢,1) € X}. This can be implemented as a

single operation on the directed graph of a BDD as well. Finally, we

need a mechanism to symbolically explore the graph STG(M) that is

compliant with the applied variable perturbations. For this purpose,

we define the following two operations:

PREXC X)={(s,L1)|3(t,I,1) e XA\s #t
AT e [1,n].t =s[i— fi(s) of M(I)] ALy =0}

PosT(X C X) ={(t, 1) |3(s, 1) e XAs #t
AT e [1,n].t =s[i— fi(s) of M(I)] A1y =0}
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Recall that the conditions above are almost exactly the condition
under which (v,I,u) € E of STG(M) (as per Definition 14). That is, PRE
and PosT compute the sets of predecessors and successors of the
states in X under their respective M interpretations. However, for
each computed transition, we also require that 1; = 0, i.e. the i-th
variable is not perturbed. Hence values of the perturbed variables
remain constant. For example, when 1; = 1 for all i € [1,n], no tran-
sition is possible. Meanwhile, when 1; = 0 for all i € [1,n], we get
exactly the behaviour of STG(M) without any perturbations. These
two operations can also be implemented using BDDs, since P; is an
expression over Boolean variables (which trivially corresponds to a
Boolean function and hence a BDD). The rest are either pure logical
operations or quantifications that can be realised as BDD operations.

4.3.3 Supporting algorithms

Our main algorithms rely on a collection of utility procedures defined
in Algorithm 3. Before we proceed with the main result, we quickly
explain the rationale behind these procedures.

) Z

RAP(BwD 7
\ A TRAP(BWD(T)) BwD(T) |

Figure 15: Bwp and TRAP procedures. An intuitive example demonstrating
the BwD and TRAP procedures from Algorithm 3. The highlighted
dark green state is the target attractor state T. The shaded area
represents the set of states Bwp({T}) (weak basin of T). The solid
green area represents the set TRAP(BwD({T})) (strong basin of T).

Bwbp This is a standard backward reachability procedure. That is,
for the given set of initial states, it computes all transitive predeces-
sors of these initial states. It also uses our modified notion of state
space X which incorporates information about the perturbed vari-
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ables. That is, if a variable is perturbed, it cannot be updates (recall
our definition of PRE).

TRAP This procedure computes a generalized variant of trap sets
as defined in Section 2.2. The procedure takes a set of initial labelled
states X C X and iteratively eliminates any components that have
outgoing transitions leading out of X. For unperturbed components,
this corresponds exactly to the notion of the trap set (grouped by
possible interpretations encoded in the component C of X). For cases
where the network is perturbed, the result is still a maximal subset
of X with no outgoing transitions, however, only with respect to the
unperturbed variables.

Figure 15 shows an example demonstrating the use of Bwbp and
TRAP (for simplicity, we do not consider multiple network interpreta-
tions or perturbations here). Given a target t attractor state, the figure
shows the set of all backwards reachable states Bwp({t}) (weak basin
of t). Set TRAP(BwD({t})) then depicts the maximal trap set contained
within BWD({t}) (strong basin of t).

CANPERTURB Observe that while all procedures introduced so far
respect existing perturbations (by the means of the IL. component of
X), no procedure actually performs the perturbation step from source
s to 8(s, Q) as assumed by all three BN control approaches. However,
since our control method works in a bottom up manner, we actually
seek to answer a slightly modified question: given a set T C V, what
subset T’ C T is reachable from source s by an admissible perturba-
tion? Formally, the goal is to compute triples (s, I, 1) € targets satisfy-
ing 5(source, Q) = s for Q = (s, 1) (i.e. Q is the perturbation encoded
within the (s, I, 1) triple).

To compute CANPERTURB(s, X), need we respect the following: Let
(s/,I,1) € Xbe atriple such that s/ # s; and l; = 0 for some i € [1,n].
That is, source s and s’ differ in the value of the i-th variable, but
the variable is marked as unperturbed in 1. Then, and only then we
have that 6(s, Q) # s’ for Q = (s, 1). In other words, every (s, c, 1) for
which such variable exists must be removed from X when computing
CANPERTURB. Algorithm 3 thus iterates through all network variables,
constructing a symbolic representation of the set of triplets which
violate the aforementioned condition, and subtracting this set from
the original X. The result is a subset of the X’ relation where every
member is reachable from source s via its respective perturbation.

4.3.4 Control algorithms

In Algorithm 4, we describe the bottom-up procedures which com-
pute the relations Cp, Cp, and C. Each algorithm relies on the pro-
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Algorithm 3: Basic graph algorithms.

Fn Bwp(X C X)

2 repeat X « X UPRE(X) until X reaches fixpoint;
3 return X;

n TRAP(X C X)
/* Eliminate elements that escape from X in one
step. */
5 repeat X < X\ PRE(PosT(X)\ X) until
X reaches fixpoint;
6 return X;

-

&~
-

7 Fn CANPERTURB(s € V, X C X)
foric{l...n}do
diffi <~ {s’ e V[s/ #si};
10 unperturbed; <~ {lelL|l; =0}
1 X" < X\ (diff; x IL x unperturbed;);

12 return X’;

13 X

cedures from Algorithm 3, but incorporates specific adjustments to
accommodate the temporal aspects of a specific control approach.

PERMANENT The procedure for computing permanent control is
the most straightforward. First, we use BwD({t} x I x IL) to determine
all states that are able to reach t across all possible PSBN interpre-
tations (I) and combinations of perturbed variables (IL). Procedure
TRAP then retains only the states from which all runs are guaranteed
to eventually reach t. This follows from the fact that t is a member
of the only attractor within the initial set, hence fair runs that do not
leave BwD({t} x I x IL) must eventually reach it. Finally, CANPERTURB
is used to determine which of these cases are actually admissible un-
der the given source s . The result is a map € X which describes the
control relation Cp. As Cp is not a Boolean relation, it does not have
a direct BDD representation—instead, the return statement describes
how members of Cp correspond to the members of map. Intuitively,
map can be seen as a simple Boolean encoding of a non-Boolean
relation Cp.

ONE-STEP  Since one-step control does not assume that perturba-
tion is held over time, component IL in the initial states is substituted
for {0}™. This is a singleton set that only admits the case where no
perturbation is applied. By computing TRAP(BWD({t} x I x {0}")), we
then get the combinations of states and interpretations which guar-
antee that t is eventually reached (and visited infinitely often) in the
unperturbed network. This corresponds to the strong basin of t.
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Algorithm 4: Control procedures.

Fn PERMANENT(s € V,t € V)
basin < TRAP(BWD({t} x I x IL));
map < CANPERTURB(s, basin);
return (Q,I) e Cp & (s,I,1) emap A (s, 1) = Q;

n ONESTEP(s € V,t € V)

basin < TRAP(BWD({t} x I x {0}™));

basin < Jp(basin) x IL;

map < CANPERTURB(s, basin);

return (Q,I) e Co & (s, 1) emap /A (s, 1) = Q;

10 Fn TEMPORARY(s € V,t € V)

1 basin < TRAP(BWD({t} x I x {0}™));

12 basin < Jp(basin) x IL;

13 basin < TRAP(BwD(basin));

1% map < CANPERTURB(s, basin);

15 return (Q,I) e Ct & (s, 1) emap /A (s, 1) = Q;

Hf W N A
-

O 00 N O U

Once basinis computed, we cannot simply use CANPERTURB to iden-
tify possible perturbation candidates, as basin only contains cases
where the network is unperturbed. Instead, we use 3y (basin) x IL
to eliminate the {0}™ component from the relation and substitute it
for the full set IL. Intuitively, this enables all of the possible perturba-
tions within the basin, allowing CANPERTURB to correctly select cases
that are relevant for the given initial s state.

TEMPORARY  Finally, TEMPORARY is conceptually a combination of
both approaches: first, a basin is computed with all perturbations
disabled (i.e. {0}"). At this point basin represents the collection of
possible states where lifting the perturbation guarantees that target
t is eventually visited infinitely often. Afterwards, {0}™ is exchanged
for IL, which enables all possible perturbations in these basin states.
The combination of BwD and TRAP is then repeated, yielding a larger
set of states that eventually always reach target t even if the corre-
sponding perturbation is initially applied, but eventually lifted (i.e.
applied only temporarily). Finally, CANPERTURB again limits this set to
perturbations that are compatible with source s.

Note that under the assumption that t is a member of an attractor
for all I € I, we have that the result of permanent control is always a
subset of results for temporary control. Also note that for permanent
control, if a combination of perturbed variables disturbs the attrac-
tor in which t resides, the TRAP procedure ensures that such case is
eliminated from the basin relation entirely. This is because in this
situation, all states (including t) can reach states that are not back-
wards reachable from t and are thus eliminated.
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Correctness of the procedures follows from the discussion above.
All introduced procedures also surely terminate. The fixed-point pro-
cedures (Bwp and TRAP) necessarily reach the fixed-point, because
the superset X on which they operate is finite, and the resulting set
can only grow (or shrink) in each iteration. The procedure CANPER-
TURB is a straightforward for-loop over all BN variables. All control
procedures are thus a composition of the described terminating op-
erations or symbolic operations on BDDs.

4.3.5 Evaluation

To evaluate our methods, we have implemented algorithms from the
previous section by using internal libraries of the tool AEON [Ben+20].
Our experiments were run using a computer with AMD Ryzen Thread-
ripper 2990WX 32-Core Processor and 64GB of memory. We describe
the software implementation and how to access in Chapter 6.

4.3.51 Benchmark model set

We use real-world biological BN models to evaluate our methods. The
first model is a myeloid differentiation network [Kru+11] which mod-
els a bone marrow tissue cell differentiation from common myeloid
cells to specialised blood cells (megakaryocytes, erythrocytes, gran-
ulocytes and monocytes). The second model depicts heart develop-
ment done by cardiac kernel transcription factors [Waa+1z)]. The third
model explains regulatory interactions, which may cause ERBB kinase
over-expression - a marker of breast cancer [Sah+09]. The fourth
model focuses on specific conditions which lead to a metastatic tu-
mour [Coh+15]. The last model, the Mitogen-Activated Protein Kinase
(MAPK) network, consists of signalling pathways involved in diverse
cellular processes, such as cell cycle, survival, apoptosis and differ-
entiation [Gri+13].

As our methods focus on the ability to handle systems with non-
trivial unknown behaviour, we synthetically derive partially specified
versions of the models listed above. We distinguish six model groups
that differ in the number of interpretations (size of | I |).

The numbers of interpretations corresponding to the individual
groups are [2°,2°],126,210],...,[22°,230]. For every class, we then gen-
erate 20 samples of partially specified networks by randomly remov-
ing some fully-specified functions. The arity of removed functions is
limited to 5 to prevent intractable parameter explosion. This method-
ology approximates a uniform distribution of samples across an ex-
ponential scale of benchmark model sizes while still covering models
with varying numbers and arity of uninterpreted functions.

We then also randomly select the target and source attractor for
every sampled model. However, we always verify that the actual num-
ber of model interpretations admitting the target attractor belongs
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to the given range. That is, for a model in class 2%¢ — 230, we guar-
antee that the target attractor is actually admissible for at least 2%¢
interpretations, even though the total number of all possible inter-
pretations for the model can be higher. That is because we optimize
control methods by restricting them to the interpretations where the
attractor is present. As discussed in Section 4.1.2, one-step and tem-
porary controls are unable to stabilize a system in a state which is
not part of any attractor. Since we want the results to be consistent
for all methods and phenotypic variation is not the focus of this work,
we pose the same constraint to permanent control.

4.3.5.2 Scalability
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Figure 16: Performance of the control methods. Plots in every row show results for a different

real-world model. The horizontal axis of all plots is showing the number of attractor
interpretations (given by model instances from our benchmark set) and the vertical
axis is for the duration (in ms) of the given method computation. Plots in the first three
columns show all measurements for one-step, permanent and temporary controls using
the colored markers which are surrounded by polygons to better visualize their dispo-
sition. The computations that did not finish computation within a threshold of 24 hours
are not displayed in the figure. The last column displays scalability trends of all method
results by interpolating logistic regression slope with logy = logx function.

Our first experiment evaluates the performance and scalability of
our method with respect to the model size (count of variables) and
unknown knowledge (number of interpretations). We use the bench-
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mark model set as described above. We list all results in Figure 16.
All plots are showing the relation of method computation time to
the number of considered attractor interpretations. The rows depict
results for particular real-world models. In every column, there are
results for different control methods (one-step, permanent, and tem-
porary). The last column displays results from all methods in a single
plot. To capture the scalability trends we use logy = logx type of
logistic regression (due to exponential scaling of interpretations as
well as time). All computations had 24-hour time-out. Nonetheless,
this case never occurred for one-step control and only in a MAPK
model for permanent control (5 times). The temporary control yields
more such cases, but only in the most demanding scenarios in ERBB
(2 times), tumour (1 time) and MAPK (70 times) models. Note that as
we disregard these results for compact logistic regression visualisa-
tion, the logistic regression might be slightly steeper in the reality.

As described before, the symbolic representation is used to encode
three types of entities: a set of the STG vertices, a set of interpre-
tations (PSBN interpretations) which admit an edge in the STG, and
a set of perturbations that permit the given edge. Therefore, when
we increase the number of interpretations, only one dimension of
the resulting symbolic representation grows. In opposition, when we
increase the number of the system’s variables, both the number of
states and the number of available perturbations grow. Therefore, it
is expected that increasing the model size has a bigger impact on the
performance than increasing the number of model interpretations.
This hypothesis is to some extent supported by our experiment cap-
tured in Figure 16. While the maximal increase of variables (myeloid
vs. MAPK models) is just five-fold, we need to increase interpreta-
tions 107 times to obtain the similar one-step control runtime of the
myeloid model as the best-performing MAPK version. This difference
is even amplified for other types of control. For example, in the case
of temporary control, no myeloid model version performs as bad as
the best-performing MAPK.

Nonetheless, it must be highlighted that the impact of scaling up
interpretations as well as variables is to some extent unpredictable.
This is given by the intrinsic mechanics of the introduced STGs. As the
nature of our method relies on fixed-point computation where each
iteration eliminates only the direct predecessors of a particular set,
in cases where e.g. a long path in the graph arises, our method will
not be able to scale well: the algorithm will need many iterations to
converge, each eliminating only a small fraction of the STG vertices.
Another unforeseeable effect on the method’s performance have the
BDDs themselves. The ordering of the BDD diagram has a significant
impact on the effectiveness of all operations and no single ordering
strategy can perform best in all cases [HIBo1]. Our observation is also
supported by the experiment.
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Notice, the high variance of run times for the similar size of at-
tractor interpretations shown in the plots. For example, in the case
of temporary control in the ERBB model, compared to versions with
fewest interpretations, some highest attractor interpretations (over
108) cause just approximately 10-times longer execution time while
other cases with a similar number of interpretations result in time-
outing computations, therefore the slow-down of over 107. Or in the
case of the myeloid model, even despite its somewhat smaller vari-
able countthanin the cardiac model, some computations take longer
than in the bigger cardiac model, especially in the temporary control
case.

Another insight that can be obtained from Figure 16 is how one-
step, temporary and permanent controls differ in their complexity in
terms of computational time. We can notice that one-step control is
always over-performing other methods. This is because we do not
need to consider perturbed state space when computing the trap set
of the target attractor. In contrast, temporary control is usually by far
the most computationally demanding compared to the other types of
control. This should be given by the need to compute two trap sets.
The first computed trap set is the same as in the case of one-step
control and should be thus easy to compute.

However, the seed for the second computed trap space is a much
bigger vertex set, and therefore the resulting second trap space (which
incorporates perturbations) of the first trap space (without perturba-
tions) can generate much more complex symbolic structure and also
gives more space for slowly converging fixed-points which were dis-
cussed previously. Nonetheless, in some rare cases with models con-
taining few interpretations (myeloid and ERBB), the temporary con-
trol might over-perform the permanent one. This can be caused by
the first (unperturbed) strong basin computed by temporary control
being very similar to the second (perturbed one) while the first com-
putation might be somewhat faster as it does not consider pertur-
bations. We do not observe such scenarios in bigger models (tumor
and MAPK) where the trends of one-step over-performing permanent
control, and permanent over-performing temporary one look quite
consistent.

4.3.5.3 Robustness

Next, we conduct experiments evaluating the presented robustness
metrics across different types of controls. In particular, we use max-
imal robustness pnax and union robustness p_, metrics which we
measure on sets of fixed perturbation size. The results are shown
in Figure 17 and Figure 18.

First, let us look at what particular types of global robustness met-
rics can tell us about the inspected systems. Under the assumption
that the real biological system corresponds to a single “correct” in-
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Figure 17: Maximal robustness pmqx per set of perturbations with a given size - comparison be-
tween different types of controls. The horizontal axis shows the size of perturbations
in the set and the vertical axis displays the maximal robustness. Each chart is showing
robustness for a different model.
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Figure 18: Union robustness p, per set of perturbations with a given size — a comparison between
different types of controls. The horizontal axis shows the size of perturbations in the set
and the vertical axis displays the union robustness. Each chart is showing robustness
for a different model.

terpretations of our partially specified BN model, what the maximal
robustness tells us is how high the chance that a particular pertur-
bation will work in the real model. Alternatively, we use union ro-
bustness to evaluate a chance that there is some perturbation of the
given size that will work. For example, in the ERBB model (Figure 17b
and Figure 18b), we can notice that there is a 60% chance that the
most robust perturbation (temporary or permanent) of size two will
work for the real, fully specified model. However, even if this particu-
lar perturbation fails, we know that 80% of the interpretations can be
influenced by a perturbation of this size. This means that out of the
40% of interpretations that cannot be influenced by the perturbation
with the maximal robustness, half is still controllable by perturbing
only two variables. For all three models, it is thus highly likely that a
temporary perturbation of size no bigger than 3 exists which controls
the network. That is a very small portion of the total model variables
which could be possibly perturbed.

As the one-step control is subsumed by temporary control, it is ex-
pected that the temporary perturbations achieve the same or higher
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robustness than the one-step perturbations. Thisis also shown in the
experiments, where we find no instance in which the one-step con-
trol could achieve higher maximal or union robustness. We can also
observe that temporary and permanent controls mostly perform very
similarly.

Specifically, they achieve 100% maximal robustness for perturba-
tions of size three (in the case of the cardiac model) or four (in the
case of other models). Therefore, we successfully computed pertur-
bations which surely work even despite the missing knowledge we
introduced into the models for the purpose of our experiments. This
is also in line with previous research demonstrated by, e.g., [SPP19b;
SP20b], where the necessary size of temporary or permanent control
is often very small.

The temporary control outperforms the permanent in the union
robustness only in the cardiac model (Figure 18a). This means there
are some perturbations which work when applied temporarily as op-
posed to when applied permanently. The possible reasons for this
were already discussed in the previous sections. There are two plau-
sible explanations for this observation.

The first may be a simple fact that the trap set computed for tem-
porary control is expected to be bigger since the seed of the trap
set is not only the given target state but also its unperturbed trap
set. The second explanation for this is a scenario when a permanent
perturbation disrupts the BN dynamics in such a way that the target
attractor becomes unreachable or completely ceases to exist. Our ob-
servation is also in line with [SPP19a], where the minimal temporary
control also outperformed the permanent one in a few cases.

4.3.5.4 Comparison of source-target methods

We also compare the symbolic and the semi-symbolic approach de-
scribed in the previous Section 4.2 (from [Bri+21]) one-step controls.
The results are captured in Figure 19. We use the same benchmark
model set as in the previous experiment. We also use a similar lay-
out for plots in the figure.

However, there are fewer models considered as the semi-symbolic
method was not able to compute any instance of tumor or MAPK mod-
els due to out-of-memory (OOM) errors. Also, some instances of ERBB
model were not processed due to OOM rather than time-outs. The
first column shows the results of the fully symbolic one-step control
method while the second column shows the results of the previous
semi-symbolic method. The plots in the last column compactly com-
pare these two methods using the same logistic regression as in the
previous experiment.

Another insight of our experiments is a comparison of the novel
symbolic approach to the semi-symbolic approach from [Bri+21]. The
experiment captured in Figure 19 shows that the symbolic approach
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Figure 19: Comparison with existing semi-symbolic method from [Bri+21]. Plots in every row show
results for a different real-world model. The horizontal axis of all plots shows the num-
ber of attractor interpretations (given by model instances from our benchmark set) and
the vertical axis is for the duration (in ms) of the given method computation. Both axes
have logarithmic scaling. Plots in the first column show all measurements for the fully
symbolic one-step method from this work. The second plot is showing results for the
one-step control method from [Bri+21] using the colored markers. Plots display scalabil-
ity trends of all methods by interpolating the results with the logistic regression slope

of logy = log x function.

is performing better in all measured cases. As can be seen from the
regression trends, the bigger the model, the bigger is also the mar-
gin by which the novel method over-performs the semi-symbolic one.
However, in the cases with high number of interpretations, the paral-
lelization of the semi-symbolic method might be faster than the fully
symbolic one. This is also suggested by the linear regression trends
where we can notice, that the semi-symbolic method has a less steep
slope. Nonetheless, the greatest benefit of our novel method is the
ability to process models with significantly bigger state space such
as the tumor model or MAPK, as well as the highly unknown vari-
ants of the ERBB model, where the explicit state-space considered
by the semi-symbolic approach completely fails to fit into the avail-
able memory.

4.3.6  Summary

In this section we presented fully symbolic methods for source-target
control problem for PSBNs. We have described the algorithms for
computing one-step, temporary and permanent control relations. Fi-
nally, we have evaluated our methods on a benchmark set of real-
world biological models with varying sizes and degrees of uncertainty.
We have compared the performance of different types of control and
also compared our one-step control method to the semi-symbolic
approach from Section 4.2. We have shown, that new symbolic meth-
ods are superior in both performance and scalability, as well as in the
size of perturbations enabled by temporary and permanent control.






PHENOTYPE CONTROL OF PARTIALLY SPECIFIED
BOOLEAN NETWORKS

The previous chapter was focused on the problem of source-target
control for PSBNs. However, in many applications, the goal is not to
reach a specific state but rather to achieve a certain phenotype - a set
of states with shared properties. For example, in the context of gene
regulatory networks, a phenotype may correspond to a particular cell
type or cellular behavior.

Moreover, in the context of PSBNs, the target of the control is prone
to change across different interpretations of the network. In the pre-
vious chapters, we tackled this problem by narrowing down the inter-
pretation space to those where the target state was a part of some
attractor. Nonetheless, this approach might discard interpretations
where the network stabilizes in a similar attractor although not ex-
actly the same as the target state. That is why phenotype control is a
more suitable framework for PSBNs: it allows us to consider a broader
set of interpretations where the network stabilizes and describe the
desired behavior in a more flexible way rather than focusing on a
single state.

In this chapter, we first formally define the problem of phenotype
control for PSBNs and its variants. Then we present an algorithm with
symbolic state space exploration to solve the posed problem. Finally,
we demonstrate the applicability of our approach to middle-sized
PSBNs.

51 PROBLEM DEFINITION

Before defining the problem of the phenotype control, we need to
think about the relationship between attractors and phenotypes. In
the context of Boolean networks, an attractor represents a stable
state or a set of states that the system can converge to. These attrac-
tors are often associated with specific biological phenotypes, which
are observable characteristics or behaviors of the system.

It has been shown that attractors are closely tied to the notion of
biological phenotypes [Kla+18; CFTS22]. Each attractor represents a
possible stable outcome achievable within a particular N. The com-
bination of traits observable as part of this outcome then forms the
actual phenotype. However, in many cases, there can be multiple at-
tractors that exhibit the same set of traits, and thus the same biolog-
ical phenotype. We formalize this concept as follows:
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Definition 19. A character is a set of BN variables U C [1,n] which
cover the observable real-world properties of the system. A trait T is
then a valuation of these character variables: T : U — B.

Such character variables U typically correspond to the network out-
puts, but this is not required. Each trait defines a subspace T € B
s.t. Ty # x for i € U, and T; = * otherwise.

Definition 20. A phenotype is a set of states ¢ C B™ described by an
arbitrary combination of the BN traits. An attractor A may have three
types of relationships toward a given phenotype ¢:

« A stabilizes in ¢ iff A C ¢ (or equivalently AN = A).
+ A avoids ¢ iff A\ ¢ = A (or equivalently AN ¢ = 0).
- A oscillates through ¢ otherwise (equivalently ) # (AN ) # A)

If all attractors of a BN have the same relationship with a pheno-
type, we can generalize the relationship to a whole BN.

Note that while attractor is an intrinsic property of a BN, a pheno-
type is a modeler’s choice. The same BN can be studied with respect
to different phenotypes, depending on the research question.

While a trait is always a subspace, a phenotype is an arbitrary com-
bination of traits. For example, assuming n = 4 and U = {1,2}, 11xx
and 00« are two of the four admissible traits (or rather trait sub-
spaces). Each of these traits can represent a single phenotype, but
they can also represent a combined phenotype 00xx U 11xx. We typ-
ically assume that if a network admits more than one phenotype,
these are mutually disjoint. Finally, note that not all phenotypes can
be manifested by a BN (e.g. if a trait is not biologically viable).

Table 5: Phenotype related terms. The table summarizes the notions of
character, trait, and phenotype in the context of real-world con-
cepts compared to Boolean network models. The considered exam-
ple is a small excerpt of MAPK pathway.

Concept Real-world Example Network Example

Property of A phosporolation on

Character A set of variables U {FRs2}

an interest  FRS2 tyrosine residue

Trait Observation FRS2 tyrosine residue Valuation T: U — B, FRS2=0,

is not phosphorylated a subspace generator *o*

Observation FRS2 or ERK L . Kok | Kk
Phenotype . A combination of traits ¢ 17U ™1
combination is phosphorylated

Now that we have defined the relationship between attractors and
phenotypes, we can define the problem of permanent phenotype con-
trol for Boolean networks and PSBNs.



5.2 METHODS

We say that a permanent variable perturbation Q € BI' controls
Boolean network N towards stabilization of phenotype ¢ if and only
if VA € A(Ng).A C ¢ (all attractors of a BN stabilize in ¢). Sim-
ilarly, we can also define control towards a different relationship of
the network with the phenotype (avoidance, oscillation). What is also
interesting, is that A(Ng). is not necessarily a subset of A(Ng). A
permanent perturbation can change existing attractors or even in-
troduce new ones (e.g., by elimination of outbound transitions from
some states).

This concept naturally applies to interpretations of PSBNs as well:
given a M, an interpretation I and a perturbation Q, the interpreta-
tion has a perturbed STGq (M(I)). As such, a perturbation Q controls
M under the interpretation I if it ensures A(M(I)q) € ¢. Formally:

Definition 21. Assume a partially specified network M, a phenotype
¢ C B™, a desired relationship between the network and phenotype
R € {stabilization, oscillation, avoidance}, and a set of admissible
perturbations Q C BI'. The goal of the complete phenotype control
is to compute a relation Cg, of all pairs (I, Q) € I(M) x Q such that Q
controls M(I) towards the desired phenotype relationship R with ¢.

Same as for the source-target control, the concept of size (num-
ber of perturbed variables) and robustness (ratio of successfully con-
trolled interpretations) applies to perturbations as well. A slight dif-
ference is, that since we are considering only permanent perturba-
tions and the objective is more general, we do not restrict the inter-
pretation space to those where the target state is an attractor. In-
stead, we consider all interpretations and check whether the attrac-
tors of the perturbed system have the desired relationship with the
phenotype:

HI € T(M) | Q controls M(I)}
[L(VO)|

The concepts of the maximal and union robustness would be ad-
justed in the same way.

p(Q) =

52 METHODS

5.21 Symbolic computation model

For the phenotype control problem, we rely on the same symbolic
computation model as for the source-target control from Section 4.3.
Again, the state-space, interpretation-space and perturbation-space

are encoded as BDDs, composed of three components:

X=VxIxL
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Where V encodes the state-space B™, I encodes the interpretation-
space B™ of a normalized PSBN and IL of size (B™) encodes the
perturbation-space without an actual value of a perturbation (i.e.,
which variables are perturbed, but not how they are perturbed).

As opposed to source-target control however, we do not know the
source state beforehand, and we want to control the system glob-
ally regardless of the source state. As we will see later, that renders
the problem more complex and requires explicit manipulation with
control map for each query of working perturbations. This makes our
method not fully symbolic and requires some enumeration of pertur-
bations. However, we still rely on symbolic state space exploration
to compute the control map for a large set of perturbations at once,
which significantly speeds up the process compared to naive enumer-
ation. Moreover, the typical size of admissible perturbations is small
(e.g. up to 3 perturbed variables), which further mitigates the need for
enumeration. We also use this fact to optimize the size of the BDD en-
coding of the perturbation space IL — since we are usually interested
in perturbations of size up to k, we can restrict the set of admissible
perturbations.

SYMBOLIC OPERATIONS Recall from the Section 4.3.2, that set op-
erations (N, U, \, etc.) on symbolic sets (or relations) are implemented
through Boolean logical operators (A, V,—, etc.) as is customary for
BDDs. By the same token, we also use standard methods of reacha-
bility, namely functions PR, PosT, BwWb and TRAP as defined in Sec-
tion 4.3.3. Furthermore, the following standard BDD operations are
used:

PROJECTy(X C B¥) ={x € B* | 3b € B. x[V s b] € X}
SELECTy_p (X C B*) = {x € B* | x € X Ax[V] = b}
RESTRICTy_p (X C B*) = PROJECTy (SELECTy_p (X))

Here, V denotes a variable of the BDD encoding (e.g. V3). We can
also use a list of conditions in the subscript of the method as a short-
hand for multiple nested calls to the same method. Intuitively, PROJECT
is equivalent to existential quantification, SELECT is implemented us-
ing conjunction, and RESTRICT is a combination of both.

Finally, we use VAIL} to denote a BDD which encodes a function of
ninputsthatis true iff exactly k inputs are true. This construct is useful
for restricting the set of admissible perturbations. To construct such
BDD efficiently, we observe the following:

VAL = \ —x
ie[1,n]

VALY = \/ (VALY ;Vx)
ie[1,n]
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5.2.2 Control algorithm

Our control approach is based on Algorithm 5 where we describe:

« COMPLETEPHENOTYPECONTROL: Core algorithm that iteratively com-

putes the complete control map for an admissible set Q.

« ROBUSTPHENOTYPECONTROL: A wrapper for the core algorithm
that facilitates minimal control under the desired robustness.

« ENUMERATE: An auxiliary method to enumerate all working per-

turbations and find the maximum robustness.

Algorithm 5: Permanent phenotype control

1
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27

Fn COMPLETEPHENOTYPECONTROL($ CV,Q C
V x IL (encodes B}'))
universe < { (v,i,) e X|(v,1) €Q }
phenotype < universeN (¢ x I x IL);
phenotype_trap <+ TRAP(phenotype);
non_phenotype < universe \ phenotype_trap;
cannot_ctrl < TRAP(non_phenotype);
foric[1,n] do
not_pert < PROJECTy, (SELECT,—o(cannot_ctrl));
L cannot_ctrl < not_pert USELECT,—7(cannot_ctrl);

control_map < universe\ cannot_ctrl;
return control_map;

Fn ROBUSTPHENOTYPECONTROL(T,$ CV,Q CV x L)
fork ¢ [0,n] do
Qx « QN (V x VALY);
control_map «~ COMPLETEPHENOTYPECONTROL(¢, Qy);
Ppest < ENUMERATE(1, control_map);
if ppes: > T then return;

Fn ENUMERATE(i € IN, control_map C X (encodes B™ x B}'))

if control_map = () then return 0;

[ HIell|3(v,I,1)eX.(v,I,1)Econtrol_map}|,
if i > n then return ] ;

not_controlled < RESTRICT,—o(control_map);
controlled_true <— RESTRICT, 1 y,~1(control_map);
controlled_false <— RESTRICTL,—1,yv,~o(control_map);
best «+— ENUMERATE(i+ 1,not_controlled);

best < max(best, ENUMERATE(i+ 1, controlled_true));
best < max(best, ENUMERATE(i+ 1, controlled_false));
return best;

77



78

PHENOTYPE CONTROL OF PARTIALLY SPECIFIED BOOLEAN NETWORKS

COMPLETE CONTROL The main idea behind Algorithm 5 is the fol-
lowing: A perturbation achieves phenotype control if and only if all
attractors in the perturbed STG are within the phenotype subset ¢.
Consequently, we want to discard any perturbation that provably re-
tains some attractor not contained in ¢.

Therefore, we compute a non-phenotype trap set that is guaran-
teed to contain all non-phenotype attractor states in it. First, we com-
pute a similar trap subset of the phenotype ¢ which is guaranteed
to contain all phenotype attractors. Then, we invert this set and re-
peat the operation to obtain a trap which is a superset of all non-
phenotype attractors. Note that simply computing the largest trap set
within V \ ¢ would only cover attractors that are completely within
V \ ¢. The above-described process is necessary to also cover attrac-
tors that intersect ¢ but are not subsets of ¢.

The algorithm then iterates over all network variables and per-
forms projection in cases where the variable is not perturbed. Initially,
the cannot_ctrl set contains at least one state of the perturbed STG
of each Q € Q that admits a non-phenotype attractor. After this op-
eration, cannot_ctrl contains all states of such perturbed STG. In
other words: the resulting set can depend on variable V; only for
{1 € L |1 = 1} (i.e. the variable is perturbed). In such cases, the
role of V; is to encode the actual perturbed value of the i-th network
variable. Finally, we invert the cannot_ctrl set to only retain pertur-
bations where no non-phenotype attractor state exists.

ROBUST CONTROL To extend this algorithm to robust control, we
test the perturbations of increasing size (using the VAIL] BDD) and
use a recursive ENUMERATE method to find perturbations with maxi-
mal robustness. Notice that the necessity of this step makes our al-
gorithm semi-symbolic.

Instead of iterating through all possible control strategies of size k,
procedure ENUMERATE recursively branches into three cases for each
variable i:1is not perturbed, i is perturbed to true, and i is perturbed
to false. Note that each call completely eliminates both IL; and V;
from control_map (for the case of 1; = 0, V; was already eliminated
by the core algorithm). As such, once i > n, the resulting control_map
only depends on BDD components of I and we can use it to compute
the robustness.

Note that for simplicity, we do not store the actual perturbations
with maximal robustness explicitly in the algorithm. However, these
can be easily reconstructed from the recursion path in the ENUMER-
ATE algorithm. Furthermore, note that the recursion in the ENUMERATE
algorithm can be replaced using projected iteration, where we first
project the control_map to the admissible 1 € I, and then project
only to the state variables perturbed within each such 1. This ap-
proach can be faster as it uses fewer symbolic steps. However, it is
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also highly specific to each BDD library. As such, we chose to present
the more widely applicable algorithm.

5.2.3 Phenotype control with oscillations

Method for phenotype control as shown above works only for the
case of stabilization (or avoidance) of a phenotype. In the case of
oscillation, we need to ensure that the system can both enter and exit
the phenotype. This means that we need to check both whether the
system can be controlled to stabilize in the phenotype and whether
it can be controlled to stabilize in its complement.

Since we already showed the niches of the state space exploration
and control map enumeration, let us zoom in to the support of os-
cillatory phenotypes. In Algorithm 6 we show a simplified version
of the control algorithm for oscillatory phenotypes. The function re-
turns true or false depending on whether the perturbed Boolean net-
work is guaranteed to comply with the desired relationship with the
phenotype. This algorithm is then a part of the complete symbolic
control algorithm, where state space, interpretations and perturba-
tions are explored simultaneously. Also, the final result would be the
same type of a control map as in the previous algorithm, and further
enumeration of working perturbations would be required to find the
optimal one.

Algorithm 6: Phenotype Control Algorithms
1 Fn ISCONTROLLED(¢$ C V, 0sc € B)

2 phenotype_space « if osc then Bwp(¢) else ¢;
3 phenotype_trap + TRAP(phenotype_space);

4 non_phenotype_trap < TRAP(IB™ \ phenotype_trap);
5 return non_phenotype_trap = ();

6 Fn ISPHENOTYPECONTROL(p C V, type € {S,A, 0})

7 if type = S then

8 | return ISCONTROLLED(¢, false);

9 else if type = A then
10 | return ISCONTROLLED(V \ ¢/, false);

1 else if type = 0 then

12 in_phen < ISCONTROLLED(¢, true);

13 out_phen < ISCONTROLLED(V \ ¢, true);

1% return in_phen /A out_phen;

Even though there are three types of relationships between a net-
work and a phenotype, the core of our algorithm ISPHENOTYPECON-
TROLAUX relies on two different relationships — we see the oscillation
as either allowed or forbidden.
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J
(@) BN not stabilizing in phenotype ¢ (b) BN not stabilizing in phenotype ¢
due to the non-phenotype attractor. due to the oscillating phenotype at-
tractor.
(- I
wdl(P
Buel(P) e Bud) )

P
\\ Trop(Bwd(P)) ) _ (l‘ro\p(BwJ(P’n /)
(c) BN exhibiting oscillating phenotype  (d) BN exhibiting oscillating phenotype
¢ — computation of ¢. ¢ - computation of ¢’ =V \ ¢.
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% TraplBwdP))) (\TrapWR) )
(e) BN not exhibiting oscillating pheno- (f) BN not exhibiting oscillating pheno-
type ¢ — computation of ¢. type ¢ — computation of ¢’/ =V \ ¢.

Figure 20: Examples of Algorithm 6 progressions. Figure (a) and Figure (b)
show situations where BN does not stabilize in the given pheno-
type considering not allowed oscillation. Figure (c) and Figure (d)
show the computation of the oscillating phenotype ¢ and its com-
plement ¢’ for the BN exhibiting the oscillating phenotype. Fig-
ure (e) and Figure (f) show the same computation for the BN not
exhibiting the phenotype.

In the case of a non-oscillatory phenotype, we first find the maxi-
mal trap set in the phenotype space itself. Thus, we obtain a set of
states that contain all attractors stabilizing in the phenotype. We do
not need to compute the specific attractors, since it is not necessary
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for the phenotype control and such a specific attractor refinement
might be costly for big networks. After that, we verify, whether re-
maining reachable space contains any trap set (which would surely
contain at least one attractor). If the obtained trap set is empty, that
means there are no other attractors than the ones which stabilize
in the phenotype, and thus we can say, that the whole network sta-
bilizes the phenotype. The example of an opposite situation can be
seen in Figure 20a. Also, as it can be seen from Figure 20b, the at-
tractors only oscillating trough ¢ will be also detected as trap sets
negating the phenotype, since they will not be included in TRAP(¢).

In order to allow also the oscillatory attractors, we extend the phe-
notype space with the states that are backward-reachable from the
phenotype space. This way, also attractors that only oscillate through
the phenotype are captured by the trap set as well. Notice, that set
TRAP(BWD(¢)) cannot contain any attractors completely outside of ¢
(in BWD(¢) \ ¢). This is because attractor states, by definition, can-
not include any states that are unreachable from themselves. This
would contradict the method by which we obtained the set (the back-
ward reachability from the phenotype itself). Therefore, by expanding
the considered states for trap set computation, we obtain both - at-
tractors that stabilize in the phenotype and attractors that oscillate
through it.

The function ISPHENOTYPECONTROLAUX can be used as a stand-alone
function when either just phenotype-stabilizing or both phenotype-
stabilizing and oscillating networks are desired. Also, the phenotype
avoidance algorithm is rather trivial, since it is sufficient to reverse
the phenotype space as ¢’ = V \ ¢ and compute the control without
allowing oscillation. However, the method ISPHENOTYPECONTROLAUX
on its own cannot guarantee that all attractors in the network are
indeed oscillatory towards ¢.

That is why we also introduce a wrapper function ISPHENOTYPE-
CoNTROL which exactly supports the defined network-phenotype rela-
tionships. The algorithm for phenotype stabilization and avoidance
is trivial. For oscillatory phenotype also quite a straightforward ap-
proach is used - we verify whether the network doesn’t avoid both ¢
and ¢’ = V \ ¢ when the oscillation is allowed. These two steps of
computation on a network that oscillates through a phenotype are il-
lustrated in Figure 20c and Figure 20d. On the other hand, Figure 20e
and Figure 20f show a scenario, where the network is not oscillating
because of the presence of an attractor stabilizing in ¢. Notice, that
such cases are not possible to detect with a single run of ISPHENO-
TYPECONTROLAUX.
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Table 6: Comprehensive overview of the tested real-world Boolean net-
works. The first four columns contain the model name and the
counts of network inputs, all variables, and perturbable variables,
respectively. Column Q¢;3 represents the number of all admissible
perturbations of size up to three. Sixth column gives a reference
to the literature that describes each model. Lastly, the seventh col-
umn contains variables that we do not allow to be perturbed.

Model Ins | Vars | Per. Qg3 Ref. Uncontrollable vars

Cardiac 2 | 13 | M 6,252 [Her+12] | Tbx1, Tbx5

Red. MAPK | 4 | 14 | M 25,008 | [Gri+13] | Apoptosis, Growth_Arrest,
Proliferation

ERBB 1 19 | 18 14,354 | [Ito+12] | pRB1

Tumour 2 | 30 | 24 | 69,380 |[Coh+15]| Apoptosis,Metastasis,

Invasion,Migration,
EMT, CellCycleArrest

Cell Fate 2 | 31 | 26 88,612 | [Cal+10] | Apoptosis,Survival,
Death,Division, NonACD

FulLMAPK | 2 | 49 | 46 |2,010,768 | [Gri+13] | Apoptosis,Growth_Arrest,
Proliferation

5.3 EVALUATION

In this section, we evaluate our proposed phenotype method. As pre-
viously, all experiments were performed using a computer with AMD
Ryzen Threadripper 2990WX 32-Core Processor and 64GB of memory.

5.31 Performance

BENCHMARK MODEL SET We use real-world Boolean networks to
evaluate our method. All tested networks contain input nodes which
can be viewed as functionally equivalent to zero-arity uninterpreted
functions in PSBNs. We thus treat these inputs as unknown external
signal beyond our control.

Table 6 lists all models and their relevant characteristics, includ-
ing number of inputs, variables, perturbable variables, and reference
to the original publication. We also state the number of admissible
perturbations of size up to three. Previous work shows that such rel-
atively small size is both realistic to implement in practice [BD27;
CFTS22; SPP19a] and robust enough in the presence of partially un-
known dynamics [Bri+23]. This number therefore represents how many
models would need to be explored in a brute-force based methods
for the models of the given size. The table also lists variables which
we explicitly do not allow to be perturbed. These variables are mostly
outputs and they represent traits which induce individual phenotypes.
Therefore, perturbing these variables would lead to trivial control
which is neither viable nor interesting.
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Table 7: Performance of PSBN control. The first two columns contain model
and phenotype names. Then, for perturbations of the size up to
three, we list the computation time and maximal robustness found
in perturbations of this size. Last column gives the number of min-
imal perturbations with p = 1.0.

Size 1 Size 2 Size # Min. per.
Model Phenotype - - - 3 P
Time| p |Time| p | Time | p | (p=1.0)
FHF <1s | 05 | <1s [1.0| <1s |10 4
Cardiac SHF <1s | 05 | <1s [1.0| <1s |1.0 2
No mesoderm | <1s | 0.5 | <1s |1.0| <1S |1.0 3
Apoptosis <1s | 1.0 | <1s [1.0| <1s |10 1
Red. MAPK Growth.a.rrest <1s |075| <1s [1.0| <1s | 1.0 1
No decision <1s | 1.0 | <15 [1.0] <1s |1.0 1
Proliferation <1s |0.25| <1s [1.0| <1s |[1.0 3
ERBB Phosphor. <1s | 1.0 | <1s [1.0| <1s |10 7
Non-phospor. | <1s | 1.0 | <1s [1.0| <1s |1.0 8
Apoptosis 2s | 1.0 | 8 [1.0]| 235 |1.0 2
EMT 1 . 1. 1 1. 1
Tumour ' <1s | 0.5 | 3s o s o 5
Hybrid <1s |025| 55 [1.0| 24s |1.0 3
Metastasis <1s | 05 | <15 | 1.0 1s 1.0
Apoptosis <1s | O 4s |10| 58 [1.0 24
cell Fate Naive . <1s | O 2s |10| 29s |1.0 8
Necrosis <1s | 1.0 | <1s | 1.0 11S 1.0 1
Survival <1s | 1.0 | 25 [1.0| 21s |10 1
Apoptosis <1s | 1.0 | 7s |1.0| 14min | 1.0 6
Full MAPK Growth. a‘rrest 4s | 075| 4s |1.0 22m!n 1.0 47
No decision 3s | 0.81| 107s | 1.0 | 22min | 1.0 45
Proliferation 3s |0.25| 3s |1.0|20min |10 8

The first model illustrates cardiac progenitor cells differentiation
into the first heart field (FHF) or second heart field (SHF) [Her+12]. The
second and sixth models represent Mitogen-Activated Protein Kinase
(MAPK) network representing signalling pathways involved in diverse
cellular processesincluding cancer deregulation. We use both the full
and reduced versions of this model as stated in [Gri+13]. The third
model depicts the key event preceding breast cancer cells prolifera-
tion which is the hyper-phosphorylation and subsequent lack of pRB.
This process is regulated by ERBB kinase, the lack of which is con-
sidered a breast cancer marker [Sah+09]. The fourth model focuses
on specific conditions which lead to a metastatic tumour [Coh+15]. Fi-
nally, the cell fate model provides a high-level understanding of the
interplays between pro-survival, necrosis, and apoptosis pathways in
response to death receptor-mediated signals [Cal+10].
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PERFORMANCE EVALUATION ON REAL-WORLD MODELS InTable7,
we show results of computing phenotype control on all our bench-
mark models from Table 6. We use real-world phenotypes as described
in the source literature. These are typically subspaces obtained by fix-
ing network outputs to the desired values. The details of exact phe-
notypes can be found in Appendix B

For each model and its phenotype, we computed all working pertur-
bations of size up to three. We then show the times needed for indi-
vidual computations (including enumeration and robustness calcula-
tion), the highest robustness achieved for each case, and the number
of minimal perturbations with 100% robustness.

Table 8: Minimal perturbations for reduced MAPK model. The first column
is target phenotype while other columns contain minimal perturba-
tions for unperturbed model, model with over-expressed EGFR, and
model with FGFR3 gain-of-function. Variables divided by / stand for
perturbing either of them. () is used when no perturbation is neces-

sary.
Phenot. Unperturbed Perturbed EGFR=1 Perturbed FGFR3=1
Apoptosis DNA_dmg=1, DNA_dmg=1,TGFBR_st=1, | DNA_dmg=1,TGFBR_st=1,
TGFBR_st=1, FRS2=1 ERK=0, p53=1 ERK=0, p53=1
—Apoptosis | 0 AKT=1,ERK=1,MSK=0, AKT=1,ERK=1,MSK=0,
PTEN=0, p14=0, p53=0 PTEN=0, p14=0, p53=0
Prolif. ERK=1 p14=0, p53=0 {p14/p53=0,FRS2=1},
{p14/p53=0,PI3K=1},
{p14/p53=0,EGFR=1}
—Prolif. [} DNA_dmg=1,TGFBR_st=1, | DNA_dmg=1,TGFBR_st=1,
AKT=0, ERK=0, MSK=0, AKT=0, ERK=0, MSK=0,
PI3K=0,PTEN=1,p53=1 PI3K=0,PTEN=1,p53=1
No decis. 1] MSK=0 MSK=0
—No decis. | DNA_dmg=1, [} DNA_dmg=1, TGFBR_st=1
TGFBR_st=1  EGFR=1, ERK=1,FRS2=1,p53=1,
ERK=1, FRS2=1, p53=1 PI3K=1

5.3.2 Method validation

Now we demonstrate how phenotype control can be used to replicate
observations conducted in [Gri+13] and even strengthen these results
with a more robust assessment of the model. In [Gri+13], various per-
turbations of a reduced MAPK model are simulated and their effect
on phenotypes is observed. Specifically, networks with all inputs set
to 0 and with EGFR or FGFR3 over-expressed (gain-of-function) are ex-
posed to a set of further perturbations. The model has three outputs
(Apoptosis, Growth_Arrest, and Proliferation) and three attractors
are observed: apoptosis (Apoptosis=Growth_Arrest= 1), prolifera-
tion (Proliferation= 1) and no decision (all outputs set to false).
We first compute phenotype control on the fully specified but re-
duced model. We list discovered minimal perturbations for network
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variants of interest in Table 8. Here, the perturbations which were
also discovered in [Gri+13] are shown as green. In the enumeration,
where appropriate, we only considered perturbations that contain
over-expressed EGFR or FGFR3, as in the original paper. We also list
the minimal perturbations working for the unperturbed network. This
way we can compare such perturbations with the EGFR and FGFR3
over-expressed variants. We can see that with our method we were
able to not only replicate all solutions from [Gri+13], but also con-
veniently obtain more perturbation options, including the truly min-
imal controls (if we consider over-expressions of EGFR or FGFR3 as
perturbations, the further perturbations to these networks lead to a
non-minimal perturbations in most of the cases).

The interest of the original MAPK study [Gri+13] is also to observe
the impact on phenotypes caused by various gain- or loss-of-function
mutations. Here, authors replace such functions with constants to
simulate these effects. Nonetheless, such an approach could be too
restrictive: a mutation could alter the function in unpredictable ways
instead of knocking-out (resp. over-expressing) the variable perma-
nently. To model such mutations, we employ the uninterpreted func-
tions of the PSBN framework. This application is demonstrated in Ta-
ble 4. Here, we selected apoptosis phenotype as the phenotype of
interest (the “healthy” phenotype preserving non-cancerous cell be-
haviour). We then replace the dynamics of variables studied in [Gri+13]
with uninterpreted functions in the full MAPK model.

Our method performs well in spite of the significant amount of in-
terpretations introduced by the model uncertainty. Moreover, we see
that perturbations with relatively small size are still capable of suc-
cessful control. The obtained observations can be for example used
to refute hypotheses about model’s update functions. If a candidate
perturbation is shown as non-viable, this indicates that the interpre-
tations where such perturbation works do not represent the true dy-
namics of the system. This can guide further refinements of the par-
tially specified model.

5.4 SUMMARY

In this chapter, we introduced a novel method for phenotype control
in partially specified Boolean networks. We first defined the problem
of phenotype control and then presented a semi-symbolic algorithm
to solve it. Finally, we evaluated our method on real-world models
and demonstrated its practical applicability and performance. Our
results show that our method can efficiently compute phenotype con-
trol strategies even in the presence of a model uncertainty, making
it a valuable tool for analyzing complex biological systems.
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SOFTWARE

In this chapter, we describe the technical details of the software tools
we developed for the control of Boolean networks. We first give an
overview of the software. Then we describe the implementation un-
derlying backend details of the main components of the software. Fi-
nally, we describe the Python package and the web application that
we developed to make the software accessible to a wider audience.

61 SOFTWARE OVERVIEW

The software for the control of PSBN networks was developed as part
of the BioDivine tools' [Bar+09] developed by the Sybila 2 (Systems
Biology Laboratory) research group at Masaryk University.

The tools were initially oriented on a colored model checking of
parametrized continuous models of biological systems [Bri+15]. The
approach was also later extended to hybrid models [Smi+20]. The
main idea behind colored model checking was encoding the contin-
uous models as discrete color-labelled transition systems, and then
applying SMT model checking techniques to analyze their behavior.
This approach also enabled solving the parameter synthesis and at-
tractor bifurcation problems for these models [Ben+16; Ben+17].

Building on top of the previous work, the group shifted focus from
discretized continuous models to Boolean networks, which are a more
direct “natively” discrete modeling formalism. The former parame-
ters of continuous models and their paramters synthesis was reori-
ented from continuous values of parameters to unknown functions
of the network structure.

At first, the tools were mostly focused on the bifurcation analysis
of PSBN [Ben+19]. To nurture the adoption of the tool, a web appli-
cation was developed to make the tool accessible to a wider audi-
ence [Ben+20]. The web application allowed users to upload their
own partially specified Boolean network models, adjust them and run
the bifurcation analysis.

Since globally there was not a lot of tools supporting analysis of
PSBN models, the AEON tools were extended to support also other
types of analysis. In particular, we implemented the control of PSBN
models, which is the main topic of this thesis. The control of PSBN
models was implemented as a new component of the software, and
it was integrated into the web application as well.

1 https://sybila.fi.muni.cz/tools.html
2 https://sybila.fi.muni.cz/index.html
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Later, to make the control of PSBN models more accessible to users
who prefer working with code, we also implemented a Python pack-
age that provides an interface to the control algorithms implemented
in the software [Ben+22a]. The tool also provides all underlying algo-
rithms and data structures such as the symbolic representation of
the state space, and the algorithms for computing the attractors and
their basins of attraction. The tool is also being extended by higher-
level algorithms for the analysis of PSBN models, such model check-
ing of temporal properties, and the analysis of the structure of the
state space [Ben+23a; Ben+24].

[ aeon-react ]

1
[ aeon-server J [ aeon-P(/ J
—

C an-control

A

[ lib-Po‘ro«m-Bn ]

( lib-bdd ]

Figure 21: Biodivine AEON software architecture overview. The figure de-
picts components of the biodivine software related to the control
of Boolean networks. The green box represents the main Rust li-
brary, which contains the core algorithms and data structures for
Boolean network control. The arrows indicate the dependencies
between the components.

In Figure 21, we give an overview of the software architecture of
the AEON tools. The core components are implemented in Rust lan-
guage because of its performance, memory safety and mature de-
veloper experience. Component lib-bdd is a low-level library for the
symbolic representation of the state space using binary decision di-
agrams (BDDs). It is independent of Boolean networks and can be
used for any application that requires symbolic representation of
state spaces.

Component lib-param-bn is the main library for the performant
analysis of PSBN models, which contains the algorithms for comput-
ing attractors, reachability algorithms and bifurcation. On top of the
two libraries, we implemented the control of PSBN models as a new
component of the software. Since the control of PSBN requires cus-
tom encoding of the perturbations it also relies on the lib-bdd library
for the symbolic representation of the state space. The control com-
ponent also relies on the lib-pbn library for computing the attrac-
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tors and their basins of attraction, which are used in the control al-
gorithms.

Finally, the Rust components serve as the backend of a web applica-
tion that makes the developed methods accessible through an inter-
active interface. Aeon-server provides a server functionality such as
validation of the uploaded models and progress reporting to interact
with the software through a web interface. The web application (aeon-
react) then uses just the server component of the software, which
provides an API for the users to interact with the software through
the web interface. Later, also a Python package aeon-py was imple-
mented to provide a convenient Python interface for all low-level al-
gorithms and data structures.

6.2 CORE PACKAGES

LIB-BDD The lib-bdd library provides a symbolic representation
of the state space using binary decision diagrams. It provides basic
operations for manipulating BDDs, such as conjunction, disjunction,
negation, and quantification.

Compared to many other implementations, each BDD instance man-
ages its own memory. This design simplifies serialization and enables
safe sharing between threads, which is particularly beneficial for ap-
plications that process large numbers of BDDs concurrently. It also
aligns well with the ownership and safety principles emphasized in
the Rust programming language.

The implementation provides support for a range of common op-
erations on BDDs. These include standard logical operations, evalua-
tion of Boolean expressions, and transformations between BDD rep-
resentations and conjunctive or disjunctive normal forms. Additional
functionality allows inspection of BDD structures, conversion back to
Boolean expressions, and visualization through graph exports. The
system also supports several relational-style operations commonly
used in symbolic computation, such as projection and restriction.
Note that these operations were used in Section 4.3.2 and Section 5.2
for the control of PSBN models.

LIB-PARAM-BN The lib-param-bn library is the main library for the
performant analysis of PSBN models, which contains the algorithms
for computing attractors, reachability algorithms and bifurcation. In
particular, it implements fully symbolic representation of the state
space of PSBN models using BDDs, that can combine interpretations
and states in a single BDD.

Previously the library used semi-symbolic representation of the
state space, where only interpretations were represented symboli-
cally, while states were represented explicitly. This approach was used
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— cargo.toml
— cargo. lock

— README.md
|— auxiliary_scripts/ # Scripts to do & process experiments
|— models/ # Base experimental models
I— results/ # Raw measured results from experiments
L— src/ # Library source code
}— aeon/ # Simplified algorithms taken over from aeon-server
|— bin/ # Alternative console entry—-point scripts
|— control/ # Source-target control algorithms
I— perturbation/ # Perturbed state-transition graph implementation
l—— phenotype_control/ # Phenotype control algorithms
— lib.rs # Library declaration
L— main.rs # Main console entrypoint

Figure 22: Biodivine pbn-control library file structure overview.
The figure depicts the main files and directories of the
biodivine-pbn-control library, which implements the con-
trol algorithms for partially specified Boolean networks. The file
structure follows the standard layout of a Rust library project
managed using Cargo.

in the initial version of the control algorithms implemented in this
thesis, which are described in Section 4.2.1.

You can also note, that the terminology of library is slightly dif-
ferent from the one used in this thesis. Formerly, we called partially
specified Boolean networks as “parametrized Boolean networks”, and
the library was named accordingly. However, since the parameters
of the model are not just parameters in the traditional sense, but
rather unknown functions of the network structure, we decided to
change the terminology to “partially specified Boolean networks” in
later versions of the presentation of our work. The library name was
not changed to avoid confusion with the previous versions of the soft-
ware and to maintain consistency with the existing codebase.

Also, interpretations were formerly called “colors”. This is due to
the fact that the original approach of colored model checking was
based on encoding the continuous models as discrete color-labelled
transition systems. The term “color” was used to refer to the different
interpretations of the model, which were represented as different col-
ors in the transition system. However, since the term “color” can be
confusing in the context of Boolean networks, we decided to change
the terminology to “interpretations” in the later group’s line of work.

PBN-CONTROL The pbn-control library provides all of the neces-
sary functionality for the control of PSBN models, including the im-
plementation of various control strategies and algorithms.

The core structure of the pbn-control library follows the standard
layout of a Rust library project managed using Cargo. The main com-
ponents of the library are explained below.



6.2 CORE PACKAGES

The file Cargo.toml defines package metadata and dependencies,
while Cargo.lock ensures reproducible builds by fixing exact depen-
dency versions. The main library implementation resides in the src/
directory, with lib. rs serving as the crate entry point and additional
modules organized according to functionality.

The package can be compiled locally by running the cargo com-
mand cargo buildinthe project root directory. Duringthis step, Cargo
automatically resolves all dependencies, downloads any missing ex-
ternal crates, and compiles both the dependencies and the library
source files located in the src/ directory. The resulting build artifacts
are stored in the target/ directory, typically under target/debug/ for
development builds or target/release/ when compiled using the op-
timized command cargo build -release.

The folder auxiliary_scripts/ contains various Python scripts for
preparation and analysis of the control results, such as generation
of PSBNs from BNs or data analysis. Folders models/ and results/
contain the models and results of the experiments described in this
thesis.

Finally, the folder src/ contains the main implementation of the
control algorithms. The file lib.rs serves as the entry point of the
library, where the main public API of the library is defined. The file
main.rs is the main executable entry point for running the control
algorithms demonstration from a command line. Alternative entry
points for running experiments from a command line are defined
in the src/bin/ directory. The entry points can be run using com-
mand cargo run (or cargo run -release for optimized version) op-
tionally followed by the name of the entry point (e.g. cargo run -bin
<bin_name>).

The folder src/aeon/ contains the implementation of the high level
algorithms taken over from aeon-server package. Since aeon-server
implements the algorithms with a focus on the web application, the
codebase of the server was not designed to be easily reusable for
other purposes. Therefore, we decided to implement a lighweight
version of the algorithms for reachability, attractor computation and
trap set computation here in the pbn-control library. These algorithms
are described in Section 4.3.3 and Section 5.2.2.

In src/perturbations/ we implemented the encoding of perturba-
tions as function symbols, that are added to the original PSBN model.
This allows us to use the same symbolic representation of the state
space for both the original model and the perturbations, which is cru-
cial for the performance of the control algorithms. We use the same
encoding for both source-target control and phenotype control. For
encoding perturbations, we use only a single function symbol per
variable, which is used when computing control with temporary and
permanent perturbations. The concept of this encoding is described
in Section 4.3.1.
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Finally, src/control/ and src/phenotype_control/ folders contain
the implementation of the algorithms described in Section 4.3.4 and
Section 5.2.2, respectively. Since we have shown, that symbolic one-
step control is superior to semi-symbolic one-step control, the cur-
rent version of the control algorithms implemented in the software
relies on the fully symbolic representation of the state space pro-
vided by the lib-param-bn library. However, the initial version of the
source-target one-step control algorithm implemented in this the-
sis, which are described in Section 4.2, relied on the former semi-
symbolic representation of the state space.

6.3 AEON WEB APPLICATION

AEON web application is a web-based interface for the analysis of
PSBN models. It allows users to upload their own models, adjust
them and run various analyses, including the control of PSBN models.
The initial version of the web application was developed to make the
bifurcation analysis of PSBN models accessible to a wider audience.
The initial version was first released in 2020 [Ben+20].

In version 0.5.0 of the web application, we integrated the control of
PSBN models as a new component of the software [Ves+25]. During
implementation of the new control module, it was discovered, that
technical debt in the codebase of the web application was making it
difficult to implement the new control module. Therefore, it was de-
cided to refactor the web application to make it more modular and
maintainable. This has led to a major refactor of the web applica-
tion, which was released in version 0.6.0 and which is also briefly
presented here.

AEON tool is available at https://biodivine.fi.muni.cz/aeon/ as
an online tool. Due to the potential high computational complexity of
the analyses, Sybila group does not provide a public instance of the
web application server, but instead provides a downloadable version
of the server that users can run on their own machines.

The main flow of how a model can be uploaded and analyzed in
the web application is shown in Figure 23. The user first needs to
download and run the server component of the software on their
own machine. Then, they can access the web application function-
ality through a web browser. The user can upload their own PSBN
model in the form of a text file, which is then validated by the server
or select one of the example models provided by the web application.
Once the model is loaded, the user can adjust the model by changing
the model functions, or by changing the regulations of the model.

After the model is loaded, the user can run various analyses on the
model, including the permanent phenotype control of PSBN models.
Source-target control is not support via the AEON Ul. It could be im-
plemented later if there is a user interest. The control interface of the
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Figure 23: Biodivine AEON web application interface. From [Ves]. The figure
shows the main interface of the AEON web application, where
users can upload and load their own PSBN.

web application is shown in Figure 24. The user can select variables
that can be perturbed, the type of the phenotype control (allowed, re-
quired or forbidden oscillation) and the target phenotype that they
want to reach. The user can also adjust the parameters of the con-
trol algorithm, such as the minimal required robustness, maximum
number of perturbations allowed or maximum number of results.

After the control algorithm is run, the results are displayed in the
web application, where the user can inspect the results and down-
load in a CSV format for further analysis. The results include the com-
prehensive statistics about the control problem, such as elapsed time,
number of interpretations that can be controlled, the number of per-
turbations found, highest robustness achieved, and other relevant
information. Moreover, a full list of all possible perturbations that
can be applied to reach the target phenotype is also available. The
list can be filtered and sorted by various criteria, such as the number
of perturbations, the robustness of the perturbation, or the variables
that are perturbed.
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Figure 24: Biodivine AEON web application control interface. From [Ves]. The
figure shows the control interface of the AEON web application,
where users can control their own PSBN.

6.4, AEON.PY

To provide access to the full functionality of the control algorithms
beyond what can be conveniently exposed in a web application, a
Python package is also available [Ben+22a]. The Python package is
available on PyPi3 and is also a part of the CoLoMoTo docker im-
age [Nal+15].

The CoLoMoTo toolset provides a robust and reproducible compu-
tational framework for the analysis of Boolean networks, enabling
both qualitative and formal investigation of complex biological reg-
ulatory systems. Its Jupyter environment based on Docker ensures
interoperability and reproducibility while facilitating scalable explo-
ration of state-space dynamics under different updating schemes.

3 https://pypi.org/project/biodivine-aeon/
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Since it is widely used in the community of Boolean network mod-
eling, we decided to make the AEON control algorithms available as
part of the CoLoMoTo docker image. This allows users who are already
using the CoLoMoTo toolset to easily integrate the control algorithms
into their existing workflows.

The Python package provides a convenient interface for users who
prefer working with code rather than a web application. It allows
users to load their own PSBN models, adjust them and run the con-
trol algorithms directly from a Python environment and run a large
scale experiments programmatically.

To implement the Python package, we used the maturin* library,
which provides bindings between Rust and Python. The maturin li-
brary allowed us to expose the functionality of the Rust libraries to
Python in a seamless way, while also providing good performance
and memory safety.

The most convenient way to use the Python package is through
a Jupyter notebook, which provides an interactive environment for
users to explore the control of PSBN models. The Jupyter notebook
allows users to load their own models, adjust them and run the con-
trol algorithms, while also providing a convenient way to visualize
the results and share them with others.

6.5 SUMMARY

In this chapter, we described the software tools we developed for the
control of Boolean networks. We gave an overview of the software
architecture and the main components of the software, including the
core libraries for symbolic representation of state spaces and the
control algorithms.

We also described the web application that we developed to make
the software accessible to a wider audience, and the Python pack-
age that provides a convenient interface for users who prefer work-
ing with code. The software is available online and can be used by
researchers interested in analyzing and controlling Boolean network
models. In the next chapter, we will demonstrate the use of the soft-
ware on a case studies with real-world applications.

4 https://www.maturin.rs/
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This chapter demonstrates the applicability of our method. First, we
list practical examples of PSBN control in the field of regenerative
medicine (cell reprogramming). We show the way the cell program-
ming can be achieved on a specific example of a myeloid cell. Then
we explain a holistic workflow of how the control of partially speci-
fied Boolean networks can be used to design a therapy or to refine the
model. Finally, we show the full workflow on the second case study
that is focused on the MAPK signalling pathway and demonstrates
the control-guided model refinement.

71 MOTIVATION: CELL REPROGRAMMING

In nature, the most common process by which a cell acquires a differ-
ent phenotype is cell differentiation. A typical example is the differ-
entiation of stem cells into specialised daughter cells in response to
the organism’s needs. The outcome of this process is often described
as a cell fate (or a cell-fate decision). Another natural mechanism is
cell dedifferentiation (or retrodifferentiation), in which differentiated
cells revert to an earlier developmental state. Dedifferentiation is ob-
served in certain organisms, such as worms and amphibians [JBB11].
In addition, under specific conditions, differentiated cells can convert
directly into a different differentiated cell type; this process is known
as transdifferentiation. These processes are illustrated in Figure 25.
The existence of such natural mechanisms has provided important
inspiration for the emerging field of regenerative medicine.

The organism’s need for cell differentiation is communicated via
signalling pathways [BD10]. These signals are transmitted via cas-
cades of biochemical reactions, predominantly through protein phos-
phorylation catalyzed by protein kinases. Such signalling dynamics
can be modelled using Boolean networks. If we can identify the sig-
nals that promote dedifferentiation or transdifferentiation, we may
be able to emulate them and artificially induce the corresponding
cellular transition. This procedure is known as cell reprogramming.
In this context, finding efficient perturbations for controlling BNs pro-
vides an abstract formulation of the signal-identification problem.

T-cells are a central component of the human immune system. They
must differentiate rapidly to mount an effective immune response.
However, diseases affecting the immune or haematopoietic system
(e.g., leukaemia) can disrupt the signalling pathways that regulate T-
cell differentiation, making treatment difficult. Cell reprogramming
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Figure 25: Cell differentiation. From [WSA12]. The figure illustrates examples
of, and differences among, cell differentiation, dedifferentiation,
and transdifferentiation.

approaches may help identify dysregulated signals and support the
development of therapeutic interventions [MZ+13; Saa+11; ZA15].

Anotherimportant target for cell reprogramming is embryonic stem
cells. Because these cells can differentiate into many cell types, they
hold considerable clinical promise for applications such as the treat-
ment of diabetes and heart disease, as well as modulation of tumour-
related processes and undesired immune responses [HKH11; SD09;
TY06; You11; Wer+07].

There are many additional potential applications of cell reprogram-
ming. Examples include the conversion of white adipocytes to brown-
like adipocytes as a potential therapy for obesity [Zhu+15], restora-
tion of malfunctioning cells [Mot+08], and, potentially, regeneration
or repair of organs [Gol19]. For these reasons, we consider the PSBN
control problem to be a timely and broadly applicable research direc-
tion.

7.2 MYELOID CASE STUDY

To demonstrate an example of how the control of PSBN can be ap-
plied to cell reprogramming, we consider a case study of myeloid cell
differentiation. Myeloid cells are a type of blood cell that can differen-
tiate into various cell types, including erythrocytes, megakaryocytes,
monocytes, and granulocytes. Understanding the regulatory mech-
anisms underlying myeloid differentiation is crucial for developing
therapies for diseases such as leukaemia and other blood disorders.
We will be using model from [Kru+11]. The model has 11 variables and
its regulatory network along with the model semantics can be seen
in the Figure 26.

We use AEON.py [Ben+22a] to do the analysis of the model and to
compute the control. First, we do a standard attractor search to find
the attractors of the model. The binary single-state attractors are
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Figure 26: Myeloid cell differentiation. From [Kru+11]. The figure illustrates what differentiation
process is exhibited by the model (A), the regulatory network of the model (B), a visu-
alization of the state space of the model (C), and the deciding update factors driving a
cell from common myeloid progenitor (CMP) to the specific phenotypes (D).

Table 9: Attractor states of myeloid model. All attractor sizes are 1 and rep-
resent four types of specialized blood cells. Values are binary and
represent value assignments of model variables. The highlighted
values represent the differentiating factor for each cell type that is
considered in the phenotype specification later.

Erythrocyte Megakaryocyte Monocyte  Granulocyte

CEBPa o (o} (o] 1
EKLF 1 (o} (o} (o]
EgrNab 0 0 1 0
FOG1 1 1 o o
Fli1 o] 1 o] o]
GATA1 1 1 o] o]
GATA2 o] o] o] o]
Gfi1 o] o] o] 1
PU1 0 (o] 1 1
SCL 1 1 o] o]
cjun (o] (o] 1 (o]

shown in Table 9. Even though the tool does not tell us the seman-
tics of the attractors, we can identify them by comparing the attractor
states with the known phenotypes of the myeloid differentiation. The
single differentiating factor for each cell type is highlighted in the ta-
ble.

Since we have results from the attractor search, we can perform
the source-target control for all the attractor pairs. The presumption
is that eventually the cell converges to one of the possible attrac-
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tors and that using source-target control we can find perturbations
which can drive the cell from one attractor to another. The results
of the control are shown in Table 10. We can see that in some cases
one-step perturbations are bigger than temporary or permanent per-
turbations. The worst case is reprogramming from megakaryocytes to
granulocytes, where one-size perturbation needs to be of size 4 while
temporary or permanent perturbation suffice with size 2. Also, even
though temporary and permanent perturbation are of the same size,
for some cases there are more options for temporary perturbations
than for permanent ones.

Table 10: Source-target control between attractors. Perturbation values are written as x=1 (True)
and x=0 (False). When a perturbation contains multiple assignments, they are grouped

in braces {-}.

Source Target One-step Temporary Permanent

Ery. Mega. {EKLF=0,Flil=1} Flil=1;EKLF=0 Flil=1;EKLF=0

Ery. Mono. PU1l=1 PU1=1 PU1=1

Ery. Gran. {CEBPa=1,GATA1=0,Gfil=1} {CEBPa=1,cJun=0}; {CEBPa=1,cJun=0,6fi1=1}
{cEBPa=1,EqgrNab=0}; {cEBPa=1,EqgrNab=0};
{cEBPa=1,6fi1=1} {cEBPa=1,6fi1=1}

Mega. Ery. {EKLF=1,F1i1=0} Flil=0; EKLF=1 F1i1=0; EKLF=1

Mega. Mono. PU1l=] PU1=1 PU1=1

Mega. Gran. {CEBPa=1,Gfil=1,PU1=1,5CL=0} {CEBPa=1,cJun=0}; {CEBPa=1, cJun=0};

{cEBPa=1,6fi1=1,PU1=1,GATA1=0} {CEBPa=1,EgrNab=0}; {cEBPa=1,EgrNab=0};
{cEBPa=1,6fil=1,F1i1=0,GATA1=0} {CEBPa=1,Gfil=1} {ceBPa=1,6fi1=1}

Mono. Ery. {EKLF=1,GATA1=1,PU1=0} {F1i1=0, GATA2=1,PU1=0}; ... {Flil=0, GATA2=1,PU1=0}; ...
... 5 more options {EKLF=1, GATA2=1, PU1=0};

Mono. Mega. {Flil=1,GATA1=1,PU1=0} {Pu1=0, FLi1=1} {Fli1=1, Pu1=0}

Mono. Gran. {CEBPa=1,EgrNab=0,6fil=1} {cEBPa=1, cJun=0}; {cEBPa=1, cJun=0};
... 3 more options ... 2 more options

Gran.  Ery. {CEBPa=0,EKLF=1,GATA1=1,PU1=0} {F1i1=0,6ATA2=1,PU1=0};... {Fl1i1=0,GATA2=1,PU1=0};
... 5 more options {EKLF=1,GATA2=1,PU1=0}

Gran. Mega. {CEBPa=0,GATAl=1,Flil=1,PU1=0} {PU1=0, Flil=1} {Fli1=1, Pu1=0}

Gran. Mono. CEBPa=0 CEBPa=0 CEBPa=0

Next, we can also run phenotype control to find the perturbations
that stabilize the network regardless of the source attractor. The re-
sults of the phenotype control are shown in Figure 27. We can see, that
in some cases, like in case of megakaryocytes, the minimal perturba-
tion size is the same for source-target and phenotype control, while
with control to other cell types we can fine-tune the perturbation to
the known source and use a subset of the complete phenotype per-
turbation. Nonetheless, the phenotype control is always a superset
of the source-target control, which is consistent with the fact that the
phenotype control is a more general problem.

Finally, we can briefly compare our results with the source paper
of the model that is depicted in Figure 26. We can see, that our frame-



7.2 MYELOID CASE STUDY

°
Erythrocyte
Megakaryocyte

Basophil Neutrophil  E0Sinophil w @

Granulocytes Monocyte

Figure 27: Control results for myeloid model. The figure shows the results
of control for each cell type in the myeloid model. The arrows
going from one cell type to another represent results of perma-
nent source-target control while the arrows going into a cell type
(without any source) show results of phenotype control. Each row
of the arrow label represents one perturbation. The color of each
arrow depends on the control’s target — green for megakaryocytes,
blue for monocytes, orange for erythrocytes and red for granulo-
cytes.

work yielded results consistent with the original study, since no per-
turbation negates the perturbation evolution depicted in branches
(the root is only initial state and it can be negated). Sometimes, the
negation of factors that are driving to one cell type work as a driver
to another cell type, which is consistent with the known biology of
the system. For example, the perturbations to erythrocytes can be
enabled either by over-expression of EKLF (as depicted in the origi-
nal study) or by the knock-out of Fli1 which over-expression is driving
to megakaryocytes.

In order to fully demonstrate the capability of the developed meth-
ods, we decided to simulate partial specification of the model by arbi-
trarily introducing some unknown functions in the model. The model
adjustments can be seen in Table 11.

However, attractor analysis of the partially specified model revealed
that some attractors satisfy multiple phenotype specifications when
phenotypes are defined by the expression of a single marker. For
example, there was an attractor that had EKLF=1 and Gfil=1, there-
fore it was shared between erythrocytes and granulocytes. To resolve
this issue, we adjust the phenotype specification to require only one
marker to be set to true, while other markers were required to be
false. For example, the phenotype specification for erythrocytes was
changed from EKLF=1 to EKLF=1 A F1il=0 A Gfil=0 /A cJun=0. This ad-
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Table 11: Functions of partially specified myeloid model. The functions of
the original model are shown in the second column, while the func-
tions of the partially specified model are shown in the third col-
umn. The symbol ‘—’ means, that the function is not changed. The
new functions are defined as functions of the original variables
and thus they are consistent with the original model.

Variable Function New function

GATA2 GATA2 A —(GATA1 A FOG1) A —PU1 f(GATA2, GATAL, FOG1,PU1)
GATAl (GATAL V GATA2 \V Fl1il) A—PU1 -

FOG1 GATAl —

EKLF GATA1 A—Flil —

Flil GATA1 /\ —EKLF —

SCL GATA1 /A —PU1 -

CEBPa CEBPa /A —(GATA1 A FOGL A SCL) g(CEBPa, GATA1, FOG1,SCL)
PU1 (CEBPa V PU1) /A —(GATA1V GATA2) h(CEBPa,PU1,GATAL, GATA2)
cJun PU1 N\ —Gfil —

EgrNab (PUL A —cJun) A—Gfil —

Gfil CEBPa /A —EgrNab -

0.92
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Figure 28: Control results for partially specified myeloid model. The figure
shows the results from Figure 27 in the partially specified model.
The considered perturbations are the equal to the ones in the
fully specified model, but they are also labelled with the robust-
ness in the partially specified model.
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justment ensured that the phenotypes are disjoint, and thus we can
perform the control analysis without any issues. The results of the
control in the partially specified model are shown in Figure 28.

What is interesting, is that phenotype control in some cases, de-
spite being global and therefore solving a harder problem in a sense
has more robust perturbation than source-target control (for exam-
ple, for megakaryocytes or monocytes). This is because the source-
target control is more restrictive and requires stabilization in one spe-
cific state, while the phenotype control requires stabilization allows
for stabilization in any state of the phenotype, which is more flexible
and robust toward model uncertainty. This well illustrates the advan-
tage of the phenotype control over the source-target control in the
context of model uncertainty.

In this section we have seen, that introducing uncertainty into the
model can lead to unexpected behaviors of the model, such as shared
attractors between phenotypes. This can be seen as an example of
how the model uncertainty can lead to a loss of model precision. In
the next section, we will show how the control can be used to guide
the model refinement and thus to lower the model uncertainty and
increase the model precision.
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Figure 29: Workflows of control framework. The diagram in the picture depicts two workflows of
how the phenotype control can be used to achieve two different goals - to find a therapy
or to refine a PSBN model. The workflows can be combined or achieve each other’s goals
as a side effect (e.g., we might refine model after refuting that the obtained therapy
works). The rectangle boxes represent the steps of the workflow, while the tape shaped
boxes represent the artifacts obtained from the conducted steps.

In this section, we will zoom in on the practical workflow of how
the control of partially specified Boolean networks can be used to
design a therapy or to refine the model. The workflow is depicted in
Figure 29. We will explain the two main branches of the workflow -
control-driven therapy design and control-guided model refinement.
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We will also show how these two branches can be combined and how
they can benefit each other.

7.31 Control-driven therapy design

In the previous sections, we have demonstrated the application of
PSBN control in context of cell reprogramming. In general, we can
refer to this process as therapy design in case the goal is to find a
suitable treatment which achieves a desired (healthy) system behav-
ior [Blo+18; Kim+17; ML+17; Saa+11; Zhu+16].

Also, as we have seen that such an objective can be directly trans-
lated to the phenotype control problem where the system behavior
is described via PSBN and the target behavior via a phenotype. The
output of the control problem is a set of perturbations which can be
implemented back to the real-world, for example as gene knockouts
and over-expressions.

In an ideal case, the artifact obtained from this workflow is a ther-
apy design that can be proven to work in in-vitro (or in-vivo) exper-
iments. Usually, the preferred perturbations are the ones which are
easiest to implement in practice (i.e., with the smallest perturbations
or the ones which are the most biologically feasible) [SPP19b]. The
second criterion to consider is an expected chance of the therapy to
work. This aspect is estimated by the model via a robustness metric
of the perturbation [Bri+23].

Nonetheless, since the model is imprecise to some extent, the de-
signed therapy might not work in practice. In such case the observa-
tions from the experiment can be used to refine PSBN model. Usu-
ally, we can simply refute the interpretations which do not comply
with obtained observation. For example, if we expected a perturba-
tion FGFR3=1 to stabilize the network in a phenotype ERK=1 for 60%
of interpretations, but the real-world experiment do not stabilize this
phenotype under FGFR3 over-expression, we can conclude, that these
60% of interpretations are not representing the studied system cor-
rectly, and thus we can discard them from the considered set of inter-
pretations. This would complete the workflow cycle depicted on the
left side of the diagram in Figure 29 and we can attempt to recompute
the therapy design with the remaining interpretations.

7.3.2 Control-guided model refinement

In more complex cases, it is also possible, that the treatment is not
replicated in vitro even for a perturbation with 100% robustness. As a
result, we might need to rework the model significantly, e.g., by intro-
ducing new model parts (regulations and variables) or by changing
the existing components. Usually, these model adjustments signifi-
cantly expand unknown parts of the model, since they are based on
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hypotheses and uncertainty. Then, a typical next step is verification
of the hypotheses we posed as well as efforts to lower the introduced
uncertainty.

As shown on the right side of the diagram in Figure 29, we use
phenotype control to guide an experimental design of knockout or
over-expression experiments for the model refinement [UD+16]. Let
us zoom in to the details of this process.

INITIAL PSBN MODEL We start with an initial PSBN model (Step
1; Fig. Figure 29) and its phenotypes. Such PSBN can be constructed
directly from prior knowledge and known assumptions about biologi-
cal behavior, or it can be an extension of some existing model relying
on new information (e.g., newly discovered regulations or pathways).

SCREENING ADMISSIBLE PERTURBATIONS We analyze the feasi-
ble perturbations w.r.t. known phenotypes of the PSBN (Step 2; Fig-
ure 29). In therapy design, we would seek perturbations of high ro-
bustness achieving our phenotype of interest. For refinement, per-
fect robustness (i.e., p(Q) = 1.0) is not desirable as it means the
perturbed interpretations are indistinguishable through phenotype
observations. Similarly, if two perturbations achieve equivalent phe-
notypes across all interpretations, only one needs to be considered
further.

SELECTION OF PERTURBATIONS USING INFORMATION-GAIN  While
the initial screening can significantly reduce the space of admissible

perturbations, it likely still remains too large to explore in vitro. We

therefore prioritize perturbations using a normalized mutual infor-
mation score (NMIS; [KEN83]), quantifying how well is the outcome of
a perturbation explained by a specific unknown feature of the PSBN

(Step 3; Figure 29). We use the following formulas to compute the

NMIS:

IS(X;Y) = Z P(x,y)log m
oy Y

H(X) =—> P(x)logP(x)

21S(X; Y)
HOXOH(Y)

To compute NMIS, we observe that interpretations I can be parti-
tioned into equivalence classes Jq,...,Ji based on their outcomes,
with each class consisting of interpretations that are indistinguish-
able by any admissible perturbation. Each class is assigned a set of
behavior labels and feature values.

Here, behavior labels correspond to the phenotypes observed when
subject to individual perturbations (collectively, we call these the be-

NMIS(X;Y) =
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havior pattern of J;). Similarly, feature values are based on selected
properties of the underlying class of networks J;. These features are
derived from the unknown elements of the PSBN, such as the unin-
terpreted update functions or properties of regulations (essentiality,
monotonicity, canalization, etc.).

We use NMIS to express the mutual information between the be-
havior labels achieved by a perturbation Q and the values given by a
particular network feature, quantifying how well the network feature
predicts the outcome of perturbation Q.

High NMIS for a feature-perturbation pair indicates that observing
the perturbed phenotypes should (with high likelihood) either con-
firm or refute that network feature. The perturbation with the highest
NMIS (for some network feature) is selected for in vitro testing (Step
LA; Fig. 29). Alternatively, prior knowledge can be introduced to assert
the expected phenotypes of the model under perturbation (Step 4B;
Fig. 29).

Finally, model instances that do not conform to the expected be-
havior are excluded (Step 5; Fig. 29), allowing us to restart the work-
flow with an updated PSBN.

EXAMPLE OF PERTURBATION SELECTION  For example, let us sup-
pose, that we consider some PSBN M similar to the one from example
in Figure 10 (i.e., a PSBN with multiple variables and functional sym-
bols). The PSBN has 2820 interpretations. and that we compute stabi-
lization in prolifertion (P) phenotype. The result of the control could
be perturbations Qa, Qg, Qc, while the union of the interpretations
for which they work is exactly I(M). The cardinality and intersection
of the interpretations they cover are shown in Figure 30a.

We can notice, that despite the perturbations Qo and Q¢ are work-
ing for exactly the same amount of interpretations, they might con-
trol very different sets of particular interpretations. If there would be
multiple perturbations which work for exactly same interpretations
as the perturbation Q 4, it is not expected to be informative to use
them all in the real-world experiments. Finally, we can see, that the
perturbation Qg is also covering distinct sets of perturbations, al-
though their size is much smaller.

If we were in the situation, when we would need to select only two
perturbations for the real-world experiments (e.g, due to the high
experiment price) we can consider the reduced interpretation sets in
perturbation-phenotype tables depicted in Figure 30b and Figure 30c.
The rows of these tables represent non-overlapping interpretation
classes with distinct behavior patterns, while column values show
differing phenotype outcomes of these interpretations under the se-
lected perturbations.

When deciding which two perturbations out of three should be
kept, we would be probably inclined to select Q4 and Q¢ since in
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Figure 30: An example of interpretations partitioning of working perturbations. Figure (a) shows
sets of interpretations and their intersections for some three distinct perturbations
QAa,Qg, Qc. Then, the Figure (b) and Figure (c) show phenotype-perturbation matrices
if perturbations Q4 and Qg are selected or Q5 and Q¢ respectively. Each row repre-
sents a set of interpretations. The values in the table cells contain a phenotype in which
model stabilizes under the given perturbation one of proliferation (P), apoptosis (A) or
growth arrest (GA). The last column contains cardinality of the relevant interpretation

set.

the worst (and most probable) case we would reduce the model un-
certainty to a third of the original interpretation cardinality. On the
other hand, if we would select Qo and Qg, there would be a chance,
that we would reduce the model uncertainty to a very small fraction
of the original one, but the expected chances of this are very low.
Nonetheless, the in ideal scenario we would be able to try all three
perturbations in the real-world experiments, or we would prefer the
perturbations which are easier to implement.

Notice, that in phenotype-perturbation matrix we may not just rep-
resent whether the perturbation works or not, but also which pheno-
type in particular it exhibits. This is particularly useful for the model
refinement, since we can then distinguish behavior classes depend-
ing on the exhibited phenotype.

Therefore, this table can be then directly used for design of knock-
out and over-expression experiments in the real world. Since rows of
a table always contain a distinct combination of phenotypes, we ex-
pect to be able to match the results from the phenotypes observed in
the real-world to one particular row of the phenotype-perturbation
table and thus significantly reduce the model uncertainty.

Performing the designed experiments in vitro is an ideal approach
to refine the model. However, the experiments are usually costly and
might not always be possible to implement. In such cases, we can
still observe which model mechanics allow or prevent a perturbation
working for some interpretations. For this, purpose, we can infer fea-
tures of an interpretation sets split obtained in the previous step.
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Perturbations Features
197 | Qa Q¢ | 31€J.ERK— FRS2 VI € J.FGFR3 = 0
803 P P 1 o)
1002 | P A o} 1
1002 | A P o) o}
13 A A o) 1

Table 12: Example of phenotype-perturbation tables with extracted fea-
tures. The table shows the binarized phenotype-perturbation ta-
ble for the perturbations Qo and Q¢ from Figure 30. The table is
extended with features extracted from the interpretation sets.

For example, consider Table 12, where we have selected two per-
turbations from the previous example in Figure 30. In the table, we
assume that we have selected perturbations Q4 and Q. We might
be interested in finding out why a particular perturbation works for
some interpretations and not for the others. For this purpose, we in-
fer the features of the interpretation sets. The vector of phenotypes
for perturbations can thus be considered as a label, and we can ob-
serve their NMIS to measure impact of a feature. Note, that since
question we are interested in is whether a perturbation works or not,
thus it is more advantageous to consider binary labels (yes/no) for
the labels. Given a set of interpretations J, the features we consider
are following:

« A regulation is essential in all interpretations VI € J. GRB2 —
FGFR3 is observable in M(I).

+ A regulation is essential in any interpretation 31 € J. GRB2 —
FGFR3 is observable in M(I).

« A presence of a particular function instance in all of the given in-
terpretations (VI € J.FGFR3 = FGFR3_stimulus /A —=GRB2 in M(I)).
This way we learn, that a particular function is necessary for the
phenotype control to work.

« A presence of a particular function instance in any of the given
interpretations (31 € J. FGFR3 = FGFR3_stimulus /\ —GRB2 in
M(I)). This way we might find, that a particular function is pre-
venting a perturbation from working.

Note, that the features can be combined in various ways as well
as there might be other features to consider (e.g. monotonicity of
regulations, or particular values of the function symbols, etc.). A rule
of the thumb is to refine as many potentially relevant features as
possible. In our example, we can notice, that perturbation Q¢ avoids
proliferation exactly if an interpretation has update function FGFR3=0.
This could be a surprising observation for the modeler since maybe
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they did not expect FGFR3 function to be so trivial, nor Q¢ to have
such effect on proliferation. If such is the case, approximately a third
of the interpretations can be refuted using the analytical approach
only.

In more complex cases, it becomes complicated to assess which
single feature can completely predict the observed phenotypes. To
quantify an extent to which the phenotype is dependent on a given
feature we use the mutual information gain metric. Therefore, we con-
sider a single vector of features at a time, and a single vector of phe-
notype labels yielded by a perturbation, in order to select features
best describing each perturbation, to analytically evaluate mechan-
ics of a given perturbation. Since there might be different cardinal-
ity for possible phenotype outcomes (i.e. models and perturbations
might achieve different number of varying phenotypes), we use nor-
malization for the mutual information gain [VEBO9].

To summarize, the workflow in Figure 29 can be used to design a
therapy, or guide the model refinement, or both. The cycle can be
repeated any amount of times while having both of these goals in
mind. The main difference between the two workflows is the selec-
tion of perturbations for the real-world experiments. In the therapy
design, we are interested in the perturbations which are the most
likely to work, while in the model refinement, we are interested in
the perturbations which are the most informative.

7.4 MAPK CASE STUDY

The Mitogen-Activated Protein Kinase (MAPK) signaling pathway is a
critical cellular signaling pathway that transmits signals from the cell
surface to the nucleus in response to various extracellular or inter-
nal stimuli, such as growth factors, cytokines, or DNA damage. This
pathway regulates a wide range of cellular processes, including pro-
liferation and apoptosis. The disruption of these regulations can lead
to diseases, in particular various types of cancer.

We employ our methodology to analyze three models. First, a small-
scale abstract model projecting the current knowledge of FGFR3-ERK
signalling is considered. Several reported unknown facts are repre-
sented by means of a PSBN and control-guided refinement is applied
to precise the model with respect to hypothesis suggested in litera-
ture.

Second, we consider a larger-scale model [Gri+13] of general MAPK
signalling affecting cell proliferation, apoptosis, and growth arrest.
Third, we embed FGFR3-ERK mechanism into the model [Gri+13], thus
introducing the unknown details of the signalling logics. We explore
the extended model further with the control-guided framework.

109
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7.41  Isolated FGFR3 pathway model
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Figure 31: An isolated FGFR3 pathway model. The model consists of 12 variables and 16 regulatory
interactions. The variables FRS2 and FGFR3, are partially specified. The positive regula-
tions are depicted in green color while negative regulations are red. The lines which
are dashed represent regulations which are not required to be essential in the model
interpretations. The model serves as an example for demonstrating the capabilities of
our method.

Based on our previous research[Haj+16], we consider a minimalis-
tic model representing an abstracted form of FGFR3-MAPK signaling
pathway, focusing on the interactions among FGFR3, FRS2, SHIP2 and
ERK proteins [Bar+17]. The model is encoded as a PSBN consisting of
12 variables and 16 regulatory interactions. The model contains one
input — FGFR3_stimulus, which is considered implicitly set to true to
simulate constitutive activation of the pathway via suitable FGF lig-
ands. This stimulus can be however disabled (perturbed to the value
0) with the phenotype control.

The update logics of FGFR3 and FRS2 are partially specified reflect-
ing the fact that the combined effect of variables regulating their
activity as well as the presence of particular regulations is not well
understood [FT+12; Kum+23]. The exact regulatory graph is shown in
Figure 31, while the update functions are shown in Table 13.

The dynamics of the final protein component ERK closing the iso-
lated pathway forms the phenotype. In particular, we consider three
protein-level phenotypes targeting ERK activity: ERK stabilization, ERK
avoidance, and ERK oscillation. Due to the introduced uncertainty, the
FGFR3 model has 888 possible interpretations.

Let us we observe the non-perturbed behavior - the “natural” phe-
notypes of the model. After running a simple algorithm for searching
the attractors supported in AEON.py, we learn that the unperturbed
model stabilizes in 2 types of attractors - ERK stabilization (556 inter-
pretations) and ERK oscillation (332 interpretations). The ERK avoid-
ance phenotype was not observed in the non-perturbed version of
the model. This is due to the presence of the FGFR3_stimulus which
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Table 13: FGFR3 pathway model update functions. The table shows the up-
date functions of the FGFR3 pathway model. The variables FGFR3
and FRS2 are partially specified, while the rest of the variables are
fully specified. The function symbols f, g and h are unary function
symbols, while A and V are binary logical operators.

Variable Function

FGFR3 f(FGFR3_stimulus, GRB2)

GRB2 FRS2

FRS2 FGFR3 A g(ERK, GRB2, SPRY) \ (FGFR3 A h(SHIP2))
ERK MEK1_2

SHIP2 FGFR3

SPRY ERK

S0S GRB2

RAS S0S

RAF RAS

MAP3K1_3 RAF
MEK1_2 MAP3K1_3

we have set to true for our experiments. The stimulus transitively ac-
tivates ERK via FGFR3, FRS2 and other transitive variables.

INITIAL PERTURBATION SCREENING We computed the phenotype
control for all three considered phenotypes. The results are summa-
rized in Table 14. Due to the small size of the model, we list only per-
turbations up to size one, since perturbations of bigger size did not
achieve better results; not even in case of oscillation, where no per-
turbation has 100% robustness. Even when perturbations of all sizes
were computed, no perturbation achieved better robustness towards
oscillation phenotype than SHIP2=0. This might be due to the incom-
plete model design, which we will discuss later.

We can also notice, that perturbation of the same variable to both
true and false may lead to the same phenotype (e.g. SPRY in case of
oscillation). Similarly, the same perturbations can lead to multiple
phenotypes (e.g. SHIP2=1). This is because in these cases the partially
specified functions have a greater influence on the network dynam-
ics, than the perturbation itself - thus, another plausible explanation
is, that the network behaves the same way as without any perturba-
tions. In case, this is not expected behavior, this can be seen as a
flaw introduced in some interpretations of the model which should
be therefore refuted.

To probe further all the unexpected model behavior we use the
framework of perturbation experiments. First, we need to observe
which perturbations yield the most differing results in terms of con-

1M
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Table 14: Phenotype control of the isolated FGFR3 pathway model. The table
shows the perturbations that control the model towards the ERK
stabilization, avoidance and oscillation phenotypes. The symbol
¢ denotes an absence of perturbations. The robustness of each
perturbation is of all interpretation of the original model is shown
in the third column.

Phenotype Perturbation )
FRS2=1, GRB2=1, MAPK3K1_3=1, MEK1_2=1,
RAF=1, RAS=1, S05=1

FGFR3=1 0.94
ERK stabilization

SPRY=0 0.637

@, SHIP2=1, SPRY=1 0.626

SHIP2=0 0.583

FGFR3=0, FR$2=0, GRB2=0, MAPK3K1_3=0,

MEK1_2=1, RAF=0, RAS=0, S0S=0
ERK avoidance

FGFR3_st.=0 0.667
SPRY=1 0.017
SHIP2=0 o.41

@, SHIP2=1 0.374
SPRY=0 0.363

ERK oscillation

SPRY=1 0.357
FGFR3=1 0.061
FGFR3_stimulus=0 0.333

trolled interpretations. To do this, we can depict intersections of the
interpretation sets controlled by various perturbations with a robust-
ness lesser than 100%. The results of such an analysis are displayed
in Fig. 32. We use Upset plots for the visualization [Lex+14].

We can see, that ERK avoidance case (Subfig. 32¢) gives us very
straightforward answer of which perturbations should be selected,
since there are only two perturbations (FGFR3_stimulus=0 and SPRY=1)
covering unique sets of interpretations (the same can be seen from
Table 12).

The case of ERK stabilization (Subfig. 32a) is a bit more compli-
cated, as there are multiple perturbations that could be selected.
Nonetheless, we can notice, that SPRY=0 and FGFR3=1 should be se-
lected, since they cover some unique set of interpretations. Similarly,
SHIP2=0 should be selected, because it is missing some interpreta-
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Figure 32: Data informing selection of knockout and over-expression experiments to refine model
uncertainty. Figure 32a,Figure 32¢, and Figure 32d use UpSet plots [Lex+14] to represent
intersections between sets of interpretations controlled by particular perturbations
into ERK stabilization, avoidance and oscillation. Figure 32b then represent intersec-
tions between controlled interpretations by perturbation candidates selected from Fig-
ure 32a.

tions covered by all other perturbations (i.e, it is unique by interpre-
tations which it is not covering). Finally, as we can see in the Sub-
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fig. 32b, these three perturbations are sufficient to cover all subset
cases of the ERK stabilization.

Last but not least, we consider phenotype control to oscillating ERK
(Subfig. 32d). We can notice, that we have already selected all other
perturbations to be in the perturbation experiments apart from an
empty perturbation and SHIP2=1. However, these two perturbations
have exactly the same behavior, and thus we can arbitrarily choose
any of them - we choose an empty perturbation (since it would be
expected to be easier to implement). The results of the perturbation
experiments are summarized in Table 17.

Table 15: Information gain of interpretation features. The table shows infor-
mation gain of the three best performing features (four in case of
exact match) per each labelling (assessment whether a perturba-
tion is working). The features highlighted in blue were selected to
be considered in the next experiment.

Perturbation Feature NMIS
3SPRY—FRS2 (Fp) 0.364

0 VSPRY—FRS2 (F») 0.279
JSPRY—SHIP2 0.279

3JFGFR3 = FGFR3_stimulus A —GRB2 (F3) 0.529

SPRY=0 VYGRB2—FGFR3 (F4) 0.293
VFRS2 = FGFR_stimulus 0.293
VYSPRY—FRS2 (F») 0.855
SHIP2=0 VFRS2 = FGFR3 /\ SHIP2 (Fs) 0.735
3.FRS2 = FGFR3 A SHIP2 0.735

FGFR3 = —=GRB2 V FGFR3_stimul F 1.
FGFR3_stimulus=0 v stimulus (Fg) 1.000

3IFGFR3 = —GRB2 \/ FGFR3_stimulus 1.000
3SPRY—FRS2 (F 0.48
SPRY=1 (F1) 45
3IFRS2 = FGFR3 /\ —SPRY (F>) 0.437
VSHIP2—FRS2 (Fg) 0.562
3SPRY—FRS2 (Fp) 0.562
FGFR3=1
VSPRY—FRS2 (F») 0.442
3ISHIP2—FRS2 0.442

Before diving into the results of the interpretation split and model
behavior under differing perturbations we might first pose the ques-
tion: “Why a perturbation works for some particular set of interpre-
tations and not for others?” in order to better explain the observed
model behavior. To inquire that, we can look into a set of common
features of the labelled interpretations, where label is an assessment
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Table 16: Mutual information score of interpretation features. NMIS of the
three best performing features (four in case of equal scores) per
each labeling (assessment of phenotypes under perturbation). We
then consider only non-redundant features (e.g., an existential fea-
ture is redundant if its universal variant has an equal or higher
NMIS); these are assigned names Fy,...,Fg.

Pert. Feature NMIS
Fi  VSPRY—FRS2 0.364

1) F, 3SPRY—FRS2 0.279
VSPRY—SHIP2 0.279

F3 dFGFR3 = FGFR3_st. /A "GRB2 0.529

Q1 SPRY=0 F4 JGRB2—FGFR3 0.293
JFRS2 = FGFR3_st. 0.293

F,  JSPRY—FRS2 0.855

Q2 SHIP2=0 Fs VFRS2 = FGFR3 /\ SHIP2 0.735
3FRS2 = FGFR3 /A SHIP2 0.735

Fe¢ VFGFR3 = —GRB2 \ FGFR3_st. 1.000

Qs FGFR3_st.=0
3FGFR3 = —GRB2 \/ FGFR3_st. 1.000

0s SPRY=1 Fi  VSPRY—FRS2 0.485
F; 3FRS2 = FGFR3 /A ~SPRY 0.437

Fg JSHIP2—FRS2 0.562

05 FGFR3=1 Fi  VSPRY—FRS2 0.562
F» 3SPRY—FRS2 0.442

VSHIP2—FRS2 0.442

which phenotype (ERK avoidance, activation, or oscillation) is mani-
fested by a given interpretation.

FEATURE-BASED PERTURBATION SELECTION To select the most
relevant perturbations out of the 5 remaining, we consider which fea-
tures of the PSBN best explain the perturbation outcomes. First, the
candidate perturbations classify the 888 PSBN interpretations into
16 equivalence classes based on the phenotypes of the perturbed
model (i.e., ERK stabilisation, avoidance, or oscillation). We then as-
sign each class a collection of feature values, corresponding to con-
crete properties of the candidate BNs. Each such feature can be either
held universally by all members of the class (denoted V), or existen-
tially (denoted 3) by some members of the class (naturally, if a feature
is universally held in a class, it is by definition also held existentially).
Here, the specific set of features consists of (a) essentiality of the five
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Table 17: Behavior of the isolated FGFR3 pathway under perturbations. Each
row corresponds to a class of interpretations characterized by
their perturbation response. Here, # is the row index and |J| is
size of the interpretations class. Then, we describe ERK phenotypes
achieved under specific perturbations, as listed in Table 16 (phe-
notypes represent ERK stabilisation (1), avoidance (0), or oscilla-
tion (0)). The last two columns represent selected model features
(also listed in Table 16) representing guaranteed presence of regu-
lations, and guaranteed update function specification. Rows high-
lighted in gray allow non-trivial ERK activity even with FGFR3_st.=0,

violating our first assumption. The three green rows are the rows

which satisfy both of our control-guided assumptions.

ERK under perturbation JA—B VA = ex.
#1919 Qi Q2 Q3 Q4 Qs |F, Fq4 Fg|F5 Fg
11277 | O O O o O 1 1 1 1 o] o]
21259 | 1 1 1 o] 1 1 o o oo o]
31259 | 1 1 1 ¢ 1 1 o 1 oo 1
412 | O O ®) o ) O 1 1 oo o]
5|18 1 1 ¢ o] 1 1 1 0 1 o] o]
6 | 18 1 1 O O 1 1 1 1 1 o 1
719 o O ) o o] @) 1 1 0| o0 o]
8|9 o O ®) @) o O 1 1 0| O 1
9 | &4 (O O ) O O 1 o o | o o)
10 | 4 O 1 O O O O 1 1 0 (o} 1
1| 4 o O ©) ®) o O 1 1 0| O 1
12 |1 o O o) o ¢ 1 o 1 1 1 o)
13 |1 O 1 O O (o) O 1 1 0 (o] 1
1% |1 1 1 o] o] 1 1 o o 1 1 o]
15 | 1 1 1 o] ) 1 1 o 1 1 1 1
16 | 1 O 1 ) o] o] @) 1 0 OO o]

uncertain regulations; (b) individual interpretations of the network’s

partially unknown update functions.

For every perturbation-feature pair, we compute the NMIS between
the perturbation outcome and the feature. This score indicates which
features correctly predict phenotypes of the perturbed model. The re-
sults of this analysis are presented in Table 16. Here, the most promi-
nent perturbation is FGFR3_stimulus=0, where the phenotypes are
perfectly predicted by the choice of update function in FGFR3 (NMIS
is 1.0). The second most prominent feature is the regulation SPRY —
FRS2 when subject to perturbation SHIP2=0 (NMIS is 0.855). Both SHIP2
and SPRY are considered uncertain regulators of FRS2 in our PSBN,
which is the second variable with a partially specified update func-
tion in our model. Consequently, this indicates that the interplay of
these two regulators is the most important for determining the up-

date function of FRS2.
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MODEL REFINEMENT Based on our results in Table 16, we consider
FGFR3_stimulus=0 (Q3) and SHIP2=0 (Q;) to be the most relevant for
the identification of a concrete model refinement. We performed a
literature search to identify plausible experimental results for these
two most relevant perturbations, leading to the following assump-
tions: First, based on [FT+12], we expect FGFR3_stimulus to be neces-
sary to achieve ERK stabilisation or oscillation in this isolated model.
Second, based on [Faf+18], we observe that SHIP2=6 knock-out causes
down-regulation of ERK activity.

To put these assumptions into context, we prepared Table 17, which
partitions the PSBN interpretations into equivalence classes based
on the effects of our five chosen perturbations on its phenotypes.
Within this table, we can easily identify that only 9 equivalence classes
(namely 1,2,4,5,7,9,12,14,16) adhere to our first assumption, completely
eliminating ERK activity in response to FGFR3_stimulus=0 (Q3) pertur-
bation. Out of these nine options, the second assumption allows to
select rows 5, 12, and 14, as these are the only cases where the activ-
ity of ERK is plausibly down-regulated compared to the unperturbed
network in response to SHIP2=0 knock-out (Q5), resulting in 20/888
candidate networks.

To disambiguate between rows 5, 12, and 14, we would have to
quantify the effects observed by [Faf+18]. However, based on the fact
that [Faf+18] do not report ERK to be completely inactive, we can
safely eliminate rows 12 and 14 (where ERK phenotype drops to 0). Fur-
thermore, considering the fact that ERK is known to oscillate [Rai+22],
we prefer row 5 as the most likely option.

Interestingly, the 18 networks left in the class at row 5 are com-
pletely indistinguishable both in terms of their unperturbed pheno-
types and their phenotype response to single-variable perturbations.
More importantly, in these 18 networks, it universally holds that GRB2
does not regulate FGFR3, but SHIP2 always regulates FRS2 (other reg-
ulations remain undetermined).

7.4.2 Grieco MAPK

Another model we consider is the Grieco et al. version of MAPK model
as presented in [Gri+13]. This model represents a bladder cancer be-
havior using a combination of three pathways (FGFR3, EFGR, and TGFBR).
The model has four inputs (a stimulus for each pathway and a DNA
damage). We consider these inputs set to a constant false with an
exception to FGFR3 which set to true (as in the previous model).

The regulatory network of the model can be found in Figure 33. The
exact function definitions can be found in Appendix B.

Moreover, the MAPK model contains three outputs variables (apop-
tosis, growth arrest, proliferation). These outputs are then used to

17
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Figure 33: Regulatory network of the MAPK signalling pathway model. The model consists of 53
variables and 104 regulatory interactions. The model is directly taken from [Gri+13]

represent the four cardinal phenotypes of the model. These pheno-
types and their exact configuration is depicted in Table 18.

Table 18: MAPK phenotypes. The cardinal phenotypes of the Grieco MAPK model which will be
used throughout the experiments. The first two columns represent the full name and ab-
breviation of the phenotype. The last three columns represent the model output values
which are representing a given phenotype.

Phenotype Abbreviation | Apoptosis Growth arrest Proliferation
Apoptosis A 1 * o]
Growth arrest GA o] 1 o]
Proliferation P 0 o] 1
No decision ND o] o] o]

In the study [Gri+13], the full model version with 53 variables was
presented. However, the simulations of knockout and over-expression
experiments were performed on a reduced variant of the model (hav-
ing only 17 variables) to observe how they impact the model pheno-
types. Our novel approach allows us to consider the full model and
all possible perturbations of the model at once, which helps us to
obtain more comprehensive results. Table 19 shows the exhaustive
enumeration of one-size perturbations which lead to any phenotype
(as in Table 18), including all observed combinations of phenotype
oscillations.
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Table 19: MAPK perturbations. A list of perturbations of size up to 1 which drive the MAPK model
to a phenotype given in the first column. An () symbol stands for no perturbation while
perturbations contained in the square brackets are needed to be combined in order
to achieve the perturbation goal. The last column contains a count of unique smallest

perturbations achieving the given phenotype.

Phenotype Perturbations #
. ATM=1; CREB=0; DNA_damage=1; DUSP1=0; FR$2=1; GRB2=1; TAK1=1;
Apoptosis 10

TAOK=1; TGFBR=1; TGFBR_st.=1
Growth arrest  [AKT=p21=1]; [ATM=BCL2=1]; [ATM=ERK=1]; [ATM=1,FOX03=0]; ... 85
No decision FGFR3=0; FGFR3_st.=0; MAP3K1_3=0; MSK=0; MYC=0; PKC=1; RAS=0 7
Proliferation = ERK=1; MEK1_2=1; RAF=1 3
OA-GA p21=1, p38=1, p53=1 3
OA-ND [AP1=1,p21=0]; [ERK=p21=0]; [GRB2=p21=0]; [INK=1,p21=1]; ... 10
OA-P N/A o
OGA-ND [AP1=BCL2=1]; [AP1=1,FOX03=0]; [AP1=1=INK=0]; [BCL2=1,ERK=0]; ... 26
OGA-P N/A o
AKT=1; CREB=1; DUSP1=1; MDM2=1; MSK=1; PTEN=0; p14=0; p21=0;
OND-P 10
p38=0; p53=0
AP1=1; ERK=0; GRB2=0; JNK=1; MEK1_2=0; PDK1=0; PI3K=0; PPP2CA=1;
OA-GA-ND 9
p70=0
OA-GA-P N/A 0
OA-ND-P p21=0 1
OGA-ND-P BCL2=1; FOX03=0; JNK=0 3
OV ) 1

Stabilization in all phenotypes apart from growth arrest is possible
with perturbations of size one. The unperturbed model behavior is
an oscillation through all phenotypes. Moreover, disabling the only
input set to true, FGFR3_stimulus, causes the model to stabilize in
the no-decision phenotype.

The results also highlight the influence of ERK, which represented
the phenotype in the previous model. Since perturbing ERK leads to
proliferation, ERK appears to be a strong driver of the proliferation
phenotype. However, several previously observed drivers stabilizing
ERK (from Section 7.4.1) are not present among the perturbations of
the full model. This may be because the full model contains more
variables, making their influence on ERK more complex.



120

APPLICATIONS

7.4.3 Extended FGFR3 pathway MAPK

To demonstrate our method on a larger-scale model, we extend the
fully specified model [Gri+13] that puts FGFR3-MAPK signalling into a
broader context of protein interactions having the crucial impact on
cell growth. The model has originally targeted bladder tissue cells.
Our extension employs the PSBN framework allowing us to establish
a partially specified model that incorporates mechanisms which are
not yet understood well. In particular, based on Reactome [Mil+23]
and state-of-the-art knowledge [Faf+18; Faf+22] we compile an ex-
tended model bringing the updated FGFR3 activation mechanism to
the Grieco model.

Table 20: Changes done to model MAPK model. The table shows the changes done to the original
model [Gri+13] in order to obtain the extended model. The first column shows the vari-
able and a type of the change. The second column shows the original list of regulations
or functions. The third column shows the new list of regulations or functions with the
changes highlighted in blue font. The regulations marked with + are positives, - are neg-
atives and ? denotes that regulation might not be presentin an interpretation. Double ??
denotes that the regulation might be present in an interpretation as both positive and
negative. Functions are denoted with f and g are the functions which are not specified
in the model, but their instance must adhere to the listed regulations.

Original New
FGFR3 reg. FGFR3_stim+, GRB2-, PKC- FGFR3_stim+, GRB2-?, PKC-?
FGFR3 def. FGFR3_stim /A —(GRB2 \V PKC) FGFR3_stim /\ f(GRB2,PKC)
FRS2 reg.  FGFR3+, GRB2-, SPRY- ERK-?, FGFR3+, GRB2-?, SHIP2??, SPRY-?
FRS2 def.  FGFR3 /A —( GRB2 \/ SPRY) g(FGFR3,ERK,GRB2,SHIP2,SPRY)

This is done by embedding the isolated FGFR3-MAPK pathway stud-
ied in previous section. At the level of regulations, the embedding
brings in:

1. Addition of SHIP2 affecting the FRS2 adapter phoshorylation ca-
pabilities as discussed within the isolated model

2. Addition of the positive feedback from ERK to FRS2 (experimen-
tally studied mostly in the context of chondrocytes)

3. Addition of the positive feedback from ERK to GRB2 (experimen-
tally studied mostly in the context of chondrocytes)

At the level of logical rules, the update functions of FGFR3 and FRS2
are made unspecified with the only constraint that FGFR3_stimulus
is left as a necessary precursor of FGFR3 activation. The chosen level
of abstraction reflects the fact that biochemical mechanisms spec-
ifying how the respective regulations affecting FGFR3 and FRS2 are
combined are not currently known. Same as before, we consider the
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Table 21: Extended MAPK model performance. The table shows the performance of the extended
MAPK model. The first column shows the phenotype, the second column shows the rela-
tion to the perturbation (standard, avoid, oscillation), and the third column shows the
time of the computation. The computations were performed on a computer with AMD
Ryzen Threadripper 2990WX 32-Core Processor and 64GB of memory.

¢  relation time

GA standard 00:02:45
P standard 00:24:59
standard 00:35:59

A avoid 00:39:26
ND avoid 00:40:00
GA avoid 00:41:56

ND standard 01:13:09
GA oscillation 01:17:13

oscillation  02:42:08
P avoid 03:50:26
ND oscillation  04:05:15
P  oscillation  13:09:52

inputs to be fixed to o, with an exception to FGFR3 stimulus. The re-
sulting model contains 54 variables and four cardinal phenotypes as
described in [Gri+13] - apoptosis (A), growth arrest (GA), no decision
(ND), and proliferation (P). The exact overview of the model changes
is available in the Table 20.

The goal of the analysis is to apply control-guided refinement to
identify perturbations that can reduce the set of possible interpre-
tations of the extended PSBN. We consider the hypotheses on the
FGFR3 signalling mechanisms stated in previous section and the pior
knowledge based on [Gri+13; Vaq+14; Sta+12].

First, we compute control for all phenotypes including oscillations
among them. We restrict the results to perturbations of size up to 1.
The performance results are shown in Table 21. We can see, that our
method was able to compute perturbations for all cardinal pheno-
types in a reasonable time.

The results are shown in Table 22. We can see, that perturbations
can achieve all the four cardinal phenotypes as well as achievable os-
cillations among them. We can also observe the correlation between
the ERK activity and the proliferation phenotype - in particular, the
ERK stabilization is required for the proliferation phenotype, while
apoptosis phenotype drives ERK avoidance.

The results highlighted in blue correspond with the perturbations
computed on the original model [Gri+13] (see Table 19). Moreover, the
results include several perturbations that have not been observed



122

APPLICATIONS

Table 22: Phenotype control of extended MAPK model. The first column
shows the (stable) phenotype or multiple oscillating phenotypes
manifested by the model under perturbations listed in the sec-
ond column. Perturbations in blue font are working in the origi-
nal [Gri+13] model. Perturbations highlighted in green are the ref-
erence perturbations we used for the model refinement. The third
column displays the long-term ERK activity, and the last column
shows the robustness of respective perturbations. The symbol "*'
denotes that we observe amiguous ERK behavior under the given
perturbations.

¢ Perturbations ERK pforI pford
,  ATM=1,CREB=0,DNA_dmg=1,0USP1=0, o ] ]
TAK1=1,TAOK=1,TGFBR=1,TGFBR_st.=1
PLCG=0 o 0.80 1
FRS2=1,GRB2=1 o 0.64 1
AP1=1,ERK=0,GADD45=1,JNK=1,JUN=1,
MEK1_2=0,MTK1=1,PPP2CA=1,SMAD=1, o <06  <o0s
p38=1,p53=1,SHIP2=1,SHIP2=0,PKC=1,
@,SPRY,RSK=0,PKC=0,SPRY=1
GA BCL2=1,FOX03=0,JNK=0 o 0.61 o
ERK=1,MEK1_2=0,p21=1 1 <0.3 o}
ND  AKT=1,PTEN=0;p38=0 o} 0.61 o}
MAP3K1_3=0,MSK=0,MYC=0,RAS=0 * 0.50 1
AKT=0,FGFR3=0,GAB1=0,RSK=1,505=0,
FGFR3_stimulus=0,p53=0,p70=0, * <03 <02
PDK1=0,PI3K=0,PKC=1,PLCG=0,PTEN=1
P ERK=1, MEK1_2=1 1 0.3 1
RAF=1 1 0.19 1
GAB1=1,GADD45=0,MAX=0,MDM2=1, ; —on o
MTK1=0,p14=0,p53=0,PDK1=1,PI3K=1
A-GA p38=1,p53=1 o 0.25 1
p21=1 * 0.19 1
ND-P  p53=0 O 0.55 1
MDM2=1,p14=0,AKT=1,CREB=1,DUSP1=1, 9 03 ;
MSK=1,PTEN=0,p38=0
A-GA-ND  AP1=1,ERK=0,JNK=1,MEK1_2=0,PPP2CA=1 O 0.25 1
GRB2=0 O 0.2 0.6
PDK1=0, PI3K=0, p70=0 O <0.2 1
A-ND-P  p21=0 O 0.19 1
GA-ND-P  BCL2=1; FOX03=0; JNK=0 O 0.19 1
ov 0 O 0.28 1
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Figure 34: Upset plot for the FGFR3 extended model. The plot clearly shows,
that each perturbation achieves a unique interpretation partition-
ing. Moreover, it is not possible to achieve two different pheno-
types at once using the same perturbation. The perturbations are
not unique, since we consider all phenotypes and perturbations
at once.

before. Notably, there is the perturbation PLCG=0 which leads to apop-
tosis stabilization. This perturbation is not present in the original
model, however, it has been observed in [Vaqg+14; Sta+12] that PLCG
is a driver for cell proliferation while its inhibition can lead to apop-
tosis. This is a strong evidence that this perturbation is indeed valid,
and we can use it for our model refinement.

Based on the discussion above, the perturbations ERK=1 (achieving
proliferation) and PLCG=0 (leading to apoptosis) are strongly affecting
the long-term behavior of the model. To that end, we use this knowl-
edge to complete the first iteration of the control-guided refinement
procedure.

Analogously to the isolated model case study, we compute the new
control results shown in the last column of Table 22.

Next, we select perturbations achieving partitioning to distinct be-
havior patterns. Due to a big number of viable perturbations with
non-100% robustness, we first cross-compared all combinations of
perturbations and phenotypes they achieve, to obtain a set of pertur-
bation equivalence classes. Such equivalence classes were 10 having
1-3 members. Then, we selected one perturbation from each equiv-
alence class. To verify, that they are indeed unique, we show their
intersections in Figure 34. Since we consider all phenotypes and per-
turbations at once, the perturbations are not unique. Using the UpSet
diagram, we confirmed that all selected perturbations contribute to
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Table 23: Behavior of interpretations under perturbations of extended
MAPK model. The first column denotes the size of the interpre-
tation set, while the next five columns denote the behavior of the
interpretations under the selected perturbations. The | separates
possible bi-stability outcome while ¢ denotes oscillation between
all model phenotypes.

| J| | FGFR3=0 FRS2=0 PKC=1 SHIP2=0 SHIP2=1
10752 A O A A O
10612 @) O O O A
8192 O O O O O
3848 O AIND|P O ND|P A
3158 @) AIND|P O O A
2880 A AIND|P A A O
2430 O AIND|P O NDI|P O
2160 A AIND|P A AINDIP O
1980 O AIND|P O O O
1666 ND O ND O A
1666 O O ND O A
1280 ND O ND O O
1280 O O ND O O
624 ND AIND|P O NDI|P A
390 ND AIND|P O NDI|P O
288 ND AIND|P O O A
180 ND AIND|P O O O
43 ND AIND|P O AIND|P A
43 O AINDIP O AIND|P A
30 O AIND|P O AIND|P O
30 ND AIND|P O AIND|P O

a unique partitioning of the interpretation classes and that no per-
turbation achieves two different phenotypes at once, as expected for
the correctness of our method.

As a result we obtain only five distinct perturbations promising for
the model refinement. The perturbations are shown in Table 23. The
table displays the admissible perturbations that can be considered
for in vitro perturbation experiments design leading to potential ex-
clusion of non-complying interpretations of the PSBN. The wet lab
testing is necessary to complete the second iteration of the model
refinement process, as illustrated in Figure 29.
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In this chapter, we have demonstrated the applicability of our method
on two case studies. The primary application of control was to make
cell reprogramming perturbations. This type of application is com-
monly used for therapy design, where the goal is to find perturba-
tions that can drive the system from a diseased state to a healthy one.
We have shown the application on a myeloid differentiation model,
where we have found perturbations that can drive the system be-
tween different types of cell differentiations.

Next, we have shown a framework for the model refinement using
control. We have applied this framework on a MAPK model variants
where we demonstrated how to use the control results to refine the
model and reduce the set of possible interpretations either analyti-
cally or searching for perturbations that can be used for the wet lab
experiments design.
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CONCLUSIONS

In this thesis, we investigated control of partially specified Boolean
networks, a problem that had not been systematically explored be-
fore this work. Existing control methods for Boolean networks mostly
assume fully specified update functions. This thesis closes part of
this gap by bringing control to the partially specified setting and by
formulating control objectives that explicitly account for uncertainty
in the Boolean update functions.

The first contribution of this work is formalization of source-target
control for partially specified Boolean networks. In contrast to classi-
cal Boolean network control, where the result is typically a minimal
perturbation set, the partially specified setting requires a different
view of optimality. Since a perturbation may succeed only for some
interpretations of the unknown functions, the methods developed in
this thesis compute not only candidate perturbations, but also their
robustness with respect to model uncertainty. This provides a more
informative output: instead of a single optimal intervention, the user
obtains a set of possible interventions together with the subset of
interpretations for which they are guaranteed to work.

The second contribution is a suite of algorithms solving this prob-
lem. The initial semi-symbolic method addressed one-step source-
target control, while the latter fully symbolic method generalized
the approach to one-step, temporary, and permanent perturbations.
These methods improve the state of the art by avoiding the explicit
enumeration of all Boolean network instances, whose number can be
very large in partially specified models. Instead, they exploit symbolic
state-space representations to reason about states, interpretations,
and perturbations together. The experiments presented in this the-
sis show that temporary and permanent perturbations can provide
smaller and more robust control strategies than one-step interven-
tions, demonstrating that the richer perturbation models are not only
theoretically more general but also practically useful.

While developing source-target control, we identified an important
limitation of attractor-based objectives in the partially specified set-
ting. Different interpretations of the same partially specified model
may exhibit shifted or slightly different attractors. As a consequence,
requiring convergence to one predefined target attractor can be too
restrictive for biological applications, where the exact attractor may
be less important than the biological traits it represents. To address
this limitation, we introduced phenotype control, in which the target
is specified by a set of marker conditions rather than by an explicit
attractor. This formulation improves the usability of control in bio-
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logical case studies, because it allows the user to specify the desired
phenotype through characteristic traits, such as the activation or in-
hibition of selected genes, without having to know the precise target
attractor in advance.

The third contribution is the implementation of the developed al-
gorithms in the AEON ecosystem. This part involves the symbolic ma-
nipulation of both the state space and the space of interpretations,
as well as a compact encoding of perturbations. The implementation
builds on BDD-based symbolic representations and extends the ex-
isting AEON infrastructure with control-specific components. In par-
ticular, perturbations are encoded in a way that allows them to be
handled within the same symbolic framework as the original partially
specified model. The methods were implemented in performant Rust
libraries, exposed through a Python interface for programmatic use,
and integrated into a web-based interface for interactive phenotype
control. As a result, the thesis does not only provide theoretical al-
gorithms, but also makes them available to users through practical
software.

The fourth contribution is the application of the methods to bio-
logical systems. We demonstrated the applicability of the developed
control algorithms on real-world models, including case studies re-
lated to cell differentiation and MAPK/RTK signalling. These examples
show how control can be used not only as a tool for proposing repro-
gramming interventions, but also as a tool for model refinement. In
particular, control results can identify perturbations whose experi-
mental validation would be informative for distinguishing between
alternative interpretations of a partially specified model. This con-
nects the control problem back to the broader modelling workflow:
rather than treating model construction, analysis, control, and exper-
imental refinement as separate steps, the proposed framework uses
control to guide the refinement of the model itself.

At the same time, the work has several limitations. First, the meth-
ods focus on variable perturbations, corresponding to fixing some
variables to constant values. Other forms of interventions, such as
edge, function, or sequential perturbations, remain outside the scope
of this thesis. Second, phenotype control is currently developed only
for permanent perturbations, while temporary phenotype control re-
mains an open direction. Third, although symbolic methods avoid ex-
plicit enumeration of all interpretations, scalability is still limited by
the size and structure of the symbolic representation. Large models
or models with many unknown functions may still become compu-
tationally challenging. Fourth, the biological interpretation of com-
puted perturbations requires care: a perturbation that is valid in the
formal model may not always correspond to a feasible, safe, or ex-
perimentally realizable biological intervention. Finally, the proposed
refinement workflow depends on the availability of suitable experi-
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mental readouts that can discriminate between relevant model inter-
pretations.

Several directions for future research follow from these limitations.
Adirect extension is phenotype control with temporary perturbations,
which would combine the biological flexibility of phenotype-based
targets with less intrusive intervention strategies. Another promis-
ing direction is the combination of control-guided refinement with
model checking, so that control objectives and temporal specifica-
tions can be used together to select the most informative experi-
ments. Future work could also investigate richer classes of pertur-
bations, including edge or function level interventions, and their re-
lationship to biological mechanisms such as mutations, pathway in-
hibition, or context-dependent regulation.

Overall, this thesis lays the foundation for control of partially spec-
ified Boolean networks as a formal and computational framework for
reasoning about interventions under model uncertainty. By combin-
ing new problem formulations, symbolic algorithms, practical soft-
ware support, and biological case studies, it provides a basis for us-
ing control not only to guide system behavior, but also to support the
iterative refinement of uncertain biological models.
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Boolean algebra related symbols
Boolean value (true or false)
Set of Boolean values (true or false)
Undefined Boolean value (might be true or false)
A function
Set of Boolean values including the undefined value
A vector x with the i-th element replaced by b

Networks - common
Size of a network (number of its nodes - variables)
Regulatory network
Vertices of a network
Edges of a network
Subspace of a network
Boolean network instance
Asynchronous state transition graph
A run (trajectory) of a (partially specified) Boolean network
A font for variable names
Influence of v1 on v2 is observable in STG (also denoted as vl — v2)
An attractor of a (partially specified) Boolean network
Set of all attractors of a (partially specified) Boolean network
An observed character of a network
A trait of a network
A phenotype of a network

Partially specified Boolean networks
Partially specified Boolean network
A function symbol of a partially specified Boolean network
Set of all function symbols of a partially specified Boolean network
An expression of a partially specified Boolean network
An interpretation of a partially specified Boolean network
A set of interpretations
Set of all interpretations of a partially specified Boolean network
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NOTATION

Control
A perturbation of a network
A set of all admissible perturbations
Robustness of a perturbation
Maximal robustness of a given set of perturbations
Union robustness of a given set of perturbations



DIGITAL ATTACHMENTS

All of the digital attachments related to this thesis are attached in the
supplementary files. They are also available online in various repos-
itories. The list of the digital attachments is as follows:

ONE-STEP SEMI-SYMBOLIC SOURCE-TARGET CONTROL

The one-step semi-symbolic source-target control from Section 4.2 is
stored in the src_semisym_control.zip archive. It is a legacy imple-
mentation of biodivine-pbn-control library and can be also found
in the history of git repository’.

SOURCE-TARGET AND PHENOTYPE CONTROL

The implementation of methods with symbolic state space represen-
tation for source-target (Section 4.3) and phenotype control (Chap-
ter 5) is stored in the src_symbolic_control.zip archive. It is a cur-
rent implementation of biodivine-pbn-control library and can be
also found in the git repository?.

MYELOID CASE STUDY

The case study for control of the myeloid differentiation model from
Section 7.2 is stored in the myeloid_case_study.zip archive. It con-
tains a Jupyter notebook with the code and data for the case study.
It can be also found in the git repository3.

MAPK CASE STUDY

The case study for control of the MAPK model from Section 7.4 is
stored in the mapk case_study.zip archive. It contains four Jupyter
notebooks with the code and data for the case study and also with
a tutorial on how to use AEON.py. It can be also found in the Zenodo
archive®.

1 https://github.com/sybila/biodivine-pbn-control/tree/7d060b6

2 https://github.com/sybila/biodivine-pbn-control

3 https://github.com/sybila/biodivine-aeon-py/tree/main/example/case-
study/control

4 https://doi.org/10.5281/zenodo.16886813
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The implementation of AEON.py described in Section 6.4 can be found
in the git repository>.

The implementation of the frontend of AEON described in Section 6.3
can be found in the git repository®.

5 https://github.com/sybila/biodivine-aeon-py
6 https://github.com/sybila/biodivine-aeon-react
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