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ABSTRACT

We study stochastic turn based games played by two players (� and ♦) and envi-
ronment ©. The aim of the player � is to provide a strategy that ensures satisfying
of an objective no matter what strategy the player ♦ provides. Objectives are speci-
fied by the formulae of the logic PCTL (probabilistic extension of CTL) or PECTL∗

(logic similar to PCTL∗ with Büchi automata as temporal operators).
These games are not determined and the problem of synthesizing a winning

strategy is undecidable. We prove that if we restrict ourselves to memoryless strate-
gies, problems become decidable. For certain subclasses, we give completeness
results. Our main result is synthesizing finite memory winning strategies for 1 1

2 -
player games and PECTL∗ objectives. We show that this problem is decidable in
2-EXPTIME.
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CHAPTER 1

INTRODUCTION

In 1936 Alan Turing proved programs have properties that cannot be verified by
computers [19]. However, it is very useful to verify some properties. For example,
verification of programs could prevent some software or hardware bugs or even
very serious disasters (e.g. Ariane 5 Flight 501 [18]). For decades computer scien-
tists have studied various modelling methods of programs and their properties. The
aim is to prove decidability or undecidability of the verification problems and to
determine the complexity of decidable problems.

In this thesis we concentrate on the finite state stochastic games. This formalism
can be used for describing reactive systems or systems for which the exact behavior
is unknown.

In our case, a 2 1
2 -player game is a finite graph whose vertices are owned by

one of two players (namely � and ♦) or by environment ©. A play is initiated in
a distinguished vertex of a graph and players take their turns in the vertices they
own according to a chosen strategy. The aim of the player � is to synthesize a
strategy so that a given property is satisfied no matter what the player ♦ and the
ENVIRonment do. Properties studied in this thesis are given in the logic PCTL,
which is a probabilistic equivalent of CTL [7] or in the logic PECTL∗, which is the
variant of the logic PCTL∗ that uses Büchi automata instead of temporal operators.

Related work. Stochastic games have been widely studied in recent years. There
are other works dealing with the PCTL objectives (e.g. [8]). The properties ex-
pressed in linear time logics have also been studied (e.g. [5], [9]). Some works
study more general games such as incomplete information games ([10], [11]) and
concurrent games ([12], [3]). One can also consider games in which a state space is
not finite, but infinite (for example described by BPA or PDA [2], [13], [20], [21]).

Our contribution. We show that 2 1
2 -player games are not determined even for

some restricted fragment of PCTL. For general strategies and whole PCTL the
problem of synthesizing a winning strategy is undecidable. Undecidability holds

3



1. INTRODUCTION

even for finite memory strategies (the strategies that can be effectively imple-
mented on computer) [1]. This gives a motivation to study fragments of games
and logics. One of the possibilities are so-called memoryless strategies. These are
strategies which do not need the history of the play, but only the current state. We
show that the controller-synthesis problem for deterministic strategies is NPcoNP-
complete. With the NP-completeness result for 1 1

2 -player games [8], we obtain the
complete classification for memoryless deterministic strategies. The lower com-
plexity bound carries over to memoryless randomized strategies. Best known up-
per bound for 1 1

2 -player and 2 1
2 -player games is PSPACE and EXPTIME, respec-

tively [14]. We were not able to improve any lower and upper bounds. Instead, we
show that the lower bounds are likely to be outside both NP and NPcoNP classes.
This is done by the reduction from the square root sum problem, which is known
to be in PSPACE, but its exact complexity is long-standing open problem in com-
putational geometry.

The main result of this thesis is the decidability of synthesizing a winning finite
memory strategy for 1 1

2 -player games and the qualitative PECTL∗ objectives. Our
proof uses ideas of the proof for the PCTL given in [1]. Nevertheless, the proof
for PECTL∗ is much more technical and complicated. We also obtain a different
complexity: double exponential for PECTL∗ in contrast to single exponential for
PCTL. This corresponds to the fact that PECTL∗ is much stronger than PCTL.

Structure of this thesis. In Chapter 2 we introduce some notions and formalisms
used for describing systems and their properties. Chapter 3 contains undecidability
results and proof of non-determinacy. Chapter 4 contains results related to memory-
less strategies and Chapter 5 contains the result related to finite memory strategies.
In Chapter 6 we conclude our work and sketch some possible future work.
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CHAPTER 2

DEFINITIONS

In the first part of this chapter, we introduce basic notions of probability theory.
Then we continue by explaining some types of probabilistic transition systems. At
the end of this chapter, we show how to describe properties of such systems.

2.1 Probability
A probability distribution on a finite set A is a function f : A → [0,1] where the
condition Σa∈A f (a) = 1 holds. In this thesis, we mainly concentrate ourselves in
rational probability distributions, i.e. f (a) ∈Q for all a ∈ A. If we concern different
type of distributions, we mention it explicitly. A probability distribution is Dirac if
f (a) = 1 for some a ∈ A.

A σ-field over X is a set F ⊆ 2X that includes X and is closed under comple-
ment and finite union. A measurable space is a pair (X ,F) in which X is called
sample space and F is a σ-field over X. A probability measure over measurable
space (X ,F) is a function P : F → R≥0 where P (X) = 1 and for each countable
collection {Xi | i ∈ I} of pairwise elements of F we have P (

S

i∈I Xi) = ∑i∈I P (Xi).
A probabilistic space is a triple (X ,F,P ) where (X ,F) is a measurable space and
P is a probability measure over (X ,F).

2.2 Probabilistic transition systems
2.2.1 Markov chains
Formally, a Markov chain is a triple T = (S,→,Prob) such that

• S is a finite or countably infinite set of states. We say that T is finite if S is
finite.

• →⊆ S×S is a transition relation. Instead of (s, t) ∈→ we write s → t,
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2. DEFINITIONS

• Prob is a function which to each transition s → t assigns its probability
Prob(s→ t)∈ (0,1]. Moreover, for each s∈ S we have ∑s→t Prob(s→ t) = 1.
For convenience, we write s

x→ t instead of Prob(s → t) = x in the rest of
this thesis.

Runs and measuring their probability
A path in a Markov chain T is a finite or infinite sequence w = s0,s1, . . . of states
such that si → si+1 for every i. In this thesis we use w(i) to denote the state si of w.
We also use w/i to denote the prefix s0, . . . si and wi. to denote suffix si . . ..

A run is an infinite path. The set of all finite paths (resp. all runs) of T is denoted
FPath (resp. Run). The set of all finite paths (resp. runs) that start in a given s ∈ S
is denoted FPath(s) (resp. Run(s)).

Each w ∈ FPath uniquely determines a basic cylinder Run(w) which consists
of all runs that start with w. To every s ∈ S we associate the probabilistic space
(Run(s),F,P ) where

• F is the σ-field generated by all basic cylinders Run(w) where w(0) = s.

• P : F → [0,1] is the probability function in which for each w = s0, . . . ,sm we
have P (Run(w)) = ∏m−1

i=0 xi if si
xi→ si+1 for every 0 ≤ i < m. If the length of

w is 0, we put P (Run(w)) = 1.

Definition 2.2.1. Let T = (S,→,Prob) be a finite Markov chain. The set C ⊆ S is
called bottom strongly connected component (b.s.c.c.) if for all s, t ∈ C there is a
path from s to t and whenever there is a path from s ∈C to t ∈ S, then t ∈C.

If we restrict states of Markov chain to some b.s.c.c., we obtain Markov chain
that is strongly connected (in the graph theoretic sense).

Lemma 2.2.2. [22] Let T = (S,→,Prob) be a finite Markov chain. Let R(s) be the
set of all runs that are initiated in s ∈ S and enter some b.s.c.c.. Then P (R(s)) = 1.

Lemma 2.2.3. [22] Let T = (S,→,Prob) be a strongly connected finite Markov
chain. Let R(s) be the set of all runs that are initiated in s ∈ S and go through every
state t ∈ S infinitely often. Then P (R(s)) = 1.

Definition 2.2.4. Let T = (S,→,Prob) and T ′ = (S′,→,Prob′) be Markov chains
and let Θ : S → S′ be a surjective function. We say that Θ is a quotient of T onto T ′

if for every s∈ S and every s′ ∈ S′ such that Θ(s)
x→ s′ there is t ∈Θ−1(s′) satisfying

s
x→ t.

We can naturally extend Θ to Path of T so that for all v ∈ Path and 0 ≤ i ≤ |v|
we have Θ(v)(i) = Θ(v(i)).

6



2. DEFINITIONS

Lemma 2.2.5. [21] Let Θ be a quotient of M onto M ′ and let s ∈ S. Then Θ maps
Run(s) isomorphically onto Run(Θ(s)). Moreover, A⊆ Run(s) is measurable if and
only if Θ(A) ⊆ Run(Θ(s)) is measurable. In such case, P (A) = P (Θ(A))

2.2.2 21
2 -player games

This thesis in focused on 2 1
2 -player games. Informally, these games are transition

systems with three types of states. Each type of states is owned by one of three
players, namely �, ♦ and ©. Player � is “good”, ♦ is the “bad” and © simulates
random events in environment. In fact, player © never has a real choice (that’s
why he is sometimes called “half player”). Play of a game starts with a token in
some distinguished vertex. Token is then repeatedly moved to other vertices. Each
player controls the token only in his vertex. The aim of the player � is to provide
strategy such that a given objective is satisfied no matter what strategy the player ♦

provides.
Formally, 2 1

2 -player game G is a tuple (V,E,(V�,V♦,V©),Prob) where

• V is a finite set of states,

• E ⊆ V ×V is a set of transitions. We assume that each vertex has at least
one outgoing transition,

• (V�,V♦,V©) is a partition of V (where any of three components can be an
empty set),

• Prob assigns to each v ∈V© a rational probability over outgoing transitions
of v.

If we restrict V♦ to be /0, we obtain class of so called 1 1
2 -player games, some-

times called Markov decision processes. If we restrict both V� and V♦ to be /0 we
obtain class of all finite Markov chains.

When drawing graphs of a game, states of each player are depicted by appropri-
ate shape. Probabilities are not drawn when they are not important for the context.

2.2.3 Strategies
If we want to measure probabilities in 2 1

2 -player games, we have to resolve the
nondeterminism in the vertices of V� and V♦. This can be done using strategies.
Informally, a strategy advises a player which transitions should he use in which
state, depending on the “history” of the “play”.

Formally, having a 2 1
2 -player game G, a strategy for player � is a function σ

which to each ws ∈V ∗V� assigns a probability distribution over outgoing vertices
of s.
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2. DEFINITIONS

da

b

c

Figure 2.1: Example of 2 1
2 -player game

In many examples and proofs we consider only restricted classes of strategies.
Possible restrictions are:

Restriction of randomization Strategy that always advises Dirac distribution is
called deterministic (denoted D). Strategies that are not necessarily deter-
ministic are called randomized (denoted R).

Restriction of memory We can restrict the strategies so that σ(ws) = σ(w ′s) for
all w,w′ ∈ V ∗ and s ∈ V . We call this restricted strategies memoryless (de-
noted M). Strategies that are not necessarily memoryless are called history-
dependent (denoted H). Other possible restriction is finite memory (de-
noted F). Strategy has finite memory, if there is a deterministic finite automa-
ton A = (Q,V,δ,q0) such that if δ(q0,ws) = δ(q0,w′s), then σ(ws) = σ(w′s).

Having the above given notation, we use the abbreviations MD, MR, FD, FR,
HD and HR to denote memoryless deterministic, memoryless randomized, finite
memory deterministic, finite memory randomized, history-dependent deterministic
and history-dependent randomized strategies. Reader can easily verify that MD ⊆
MR ⊆ FR ⊆ HR, MD ⊆ FD ⊆ HD ⊆ HR and FD ⊆ FR, but others are incompa-
rable.

Strategies π for player ♦ are defined similarly.

From 2 1
2 -player games to Markov chains

Every tuple (σ,π) of strategies for player � and ♦ determines a Markov chain
G(σ,π) (abbreviated to G(σ) in 1 1

2 -player games) in which V + is a set of states

and ws
x→ wss′ if and only if (s,s′) ∈ E and one of the following conditions is

satisfied:

• s ∈V© and Prob(s,s′) = x,

• s ∈V� and σ(ws) assigns x to (s,s′),

8



2. DEFINITIONS

• s ∈V♦ and π(ws) assigns x to (s,s′).

We use last(ws) to denote s ∈ V for run ws. Sometimes we do not use last
and write only s instead of ws when the formal meaning is clear from the context.
As an example, consider the game from Figure 2.1 and MR strategy σ for player

� which (in state a) chooses transition a
1
3→ b and a

2
3→ c. Strategy π for player ♦

always chooses c
1→ b. Part of the resulting Markov chain G(σ,π) is depicted in

Figure 2.2. Note that G(σ,π) is a forest, but only a tree with the root a is depicted
here.

ab

acbab

acbac
acbac

abacb

ababaabab

abac

1
3

aba

2
3

1
3

1
3

acba

a

2
3

1
3

Figure 2.2: G(σ,π)

2.2.4 Finite automata on infinite words
Finite automata on infinite words are extension of finite automata. Instead of regu-
lar languages they accept ω-regular languages [15]. Formally, finite automaton on
infinite words is a tuple A = (Σ,S,δ,s0,F) where

• Σ an is input alphabet,

• S is a finite set of states,

• δ : S×Σ → 2S is a transition function,

• s0 ∈ S is an initial state,

• F is an accepting condition (which varies depending on the type of automa-
ton we use).

Given a word w ∈ Σ∗, run of A on w is a sequence s0s1 . . . such that si+1 ∈
δ(si,w(i)). Word w is accepted if there is an accepting run (notion of accepting

9



2. DEFINITIONS

run will be introduced later). By infi(s0s1 . . .) we denote set of all states that occur
infinitely often in s0s1 . . ..

We say that an automaton A is deterministic if |δ(s)| ≤ 1 for all s. Otherwise,
an automaton is nondeterministic. If automaton is deterministic, there is at most
one run s0,s1 . . . on w for each infinite word w. We write wA to denote such run.

Now we introduce several kinds of automata that differ in the accepting condi-
tion.

Büchi automata
Büchi automaton B is an automaton on infinite words for which accepting condition
F is a subset of S. A run w is accepting if and only if F ∩ infi(w) 6= /0.

It is known that the class of languages accepted by nondeterministic Büchi au-
tomata is not equivalent to the class of languages accepted by deterministic Büchi
automata [15].

Rabin automata
Rabin automaton is an automaton on infinite words for which an accepting con-
dition F is a set of tuples (A,B) where A,B ⊆ S. Run w is accepting if there is
(A,B) ∈ F such that we have A∩ infi(w) 6= /0 and B∩ infi(w) = /0.

In case of Rabin automata, the class of languages accepted by deterministic
ones is equal to the class of languages accepted by nondeterministic ones. More-
over, these classes are equivalent to the class of languages accepted by nondeter-
ministic Büchi automata [15].

Streett automata
Streett automaton is an automaton for which an accepting condition F is a set of
tuples (A,B) where A,B ⊆ S. Run w is accepting if for each (A,B) ∈ F we have
A∩ infi(w) 6= /0 or B∩ infi(w) = /0.

In case of Streett automata, the class of languages accepted by deterministic
ones is equal to the class of languages accepted by nondeterministic ones. More-
over, these classes are equivalent to the class of languages accepted by nondeter-
ministic Büchi automata [15].

Converting and complementation
In our proofs we often use a conversion between different types of automata. We
also complement them. Next lemmas reveal the complexities of these operations,
proofs can be found in [15].

Lemma 2.2.6. Given a Büchi automaton B , one can construct a Büchi automa-
ton B ′ such that L(B) = co − L(B′) Problem of constructing such automaton is

10



2. DEFINITIONS

EXPTIME-complete.

Lemma 2.2.7. Given a Büchi automaton B , one can construct a Rabin automaton
R such that L(B) = L(R ). This construction can be done in EXPTIME.

Lemma 2.2.8. Given a Rabin automaton R , one can construct a deterministic
Streett automaton R such that L(R ) = co−L(R ). This construction can be done
in polynomial time.

Proof. Let F be an accepting condition of R . Automaton R looks exactly as R ,
except that the accepting condition contains (B,A) for each (A,B) ∈ F .

Additional notation
To simplify our notation we will use States(A), δA , Init(A) and Final(A) to denote
the sets S, δ, q0 and F of automaton A = (Σ,S,δ,q0,F). We also suppose that there
is (arbitrary but fixed) ordering on F and we write F(i) to denote i-th element of F .
If these elements are tuples, we use 1 and 2 to denote first and second component,
respectively.

We also use A to denote (Streett or Rabin) automaton that is complement of
a given (Rabin or Streett) automaton A . By Aq we denote automaton that looks
exactly as A , except that initial state is changed to q. It is easy to see that if A
accepts w and δA(Init(A),w(0)) = q, then Aq accepts w1..

2.3 Winning objectives
In this section we introduce some methods of describing probabilistic properties.
These properties are called objectives. Formally, an objective for a 2 1

2 -player game
G is a pair (ν,O) where ν : Ap → 2V is a valuation and O is a winning condition ex-
pressed by any of the methods given further. Note that each valuation ν determines
a valuation ν̄ : Ap → 2V+

defined by ν̄ = {ws ∈V +|s ∈ ν(s)}.
A (ν,O)-winning strategy for player � in a vertex v∈V is a strategy σ such that

for every strategy π of player ♦ we have that v |=ν
G(σ,π). Similarly, a (ν,O)-winning

strategy for player ♦ in a vertex v ∈V is a strategy π such that for every strategy σ
of player � we have that v 6|=ν

G(σ,π) O.

2.3.1 Büchi winning condition
Büchi winning condition is a set B⊆ Ap. This winning condition is satisfied for run
w if and only if infi(w)∩B 6= /0 where infi(ρ) = {a ∈ Ap|∀k∃l > k.a ∈ ν(w(k))}.
Informally Büchi objective O is satisfied if and only if some propositions of B are
satisfied infinitely often along the run.

11



2. DEFINITIONS

In the non-probabilistic setting, we can ask whether the winning condition is
satisfied for every run. This winning condition is called sure Büchi winning con-
dition.

In the probabilistic setting, we can ask whether the measure of runs satisfying
the winning condition B is equal to (<, ≤ etc.) some rational number p. Winning
condition where the relation is equal to and p = 1 is called almost-sure Büchi
winning condition.

In [1], we introduced a notion of mixed Büchi winning condition. This win-
ning condition is defined as a tuple (BS,BAS) where BS is sure Büchi winning con-
dition and BAS is almost sure Büchi winning condition. Mixed Büchi winning con-
ditionobjective is satisfied if both its components are satisfied.

For example, in the state a of the Markov chain shown in Figure 2.2, Büchi
winning condition {a,b,d} is surely satisfied and Büchi winning condition {d} is
satisfied with probability equal to 0.

2.3.2 The logic PCTL
The logic PCTL, the probabilistic extension of CTL, was introduced by Hansson
& Jonsson in [16]. Let Ap = {p,q, . . .} be a countably infinite set of atomic propo-
sitions. The syntax of PCTL formulae is given by the following abstract syntax
equations:

Φ ::= p | ¬p | Φ1∨Φ2 | Φ1∧Φ2 | Xonρ Φ | Φ1Uonρ Φ2

Here p ∈ Ap, ρ ∈ [0,1], and on ∈ {≤,<,≥,>,=, 6=}.
Let T = (S,→,Prob) be a Markov chain, and let ν : Ap → 2S be a valuation.

The semantics of PCTL is defined below.

s |=ν p iff s ∈ ν(p)
s |=ν ¬p iff s 6∈ ν(p)
s |=ν Φ1 ∨Φ2 iff s |=ν Φ1 or s |=ν Φ2

s |=ν Φ1 ∧Φ2 iff s |=ν Φ1 and s |=ν Φ2

s |=ν XonρΦ iff P ({w ∈ Run(s) | w(1) |=ν Φ}) on ρ
s |=ν Φ1Uonρ Φ2 iff P ({w ∈ Run(s) | ∃ j ≥ 0 : w( j) |=ν Φ2

and w(i) |=ν Φ1 for all 0 ≤ i < j}) on ρ

Note that in our version of PCTL syntax, the negation can be applied only to atomic
propositions. This is no restriction because the syntax is closed under dual connec-
tives and relations: For every on ∈ {≤,<,≥,>,=, 6=}, let on be the complement of
on (for example, if on is ≤, then on is >). The negation of X onρΦ and Φ1Uonρ Φ2

then corresponds to XonρΦ and Φ1Uonρ Φ2, respectively. The Fonρ and Gonρ opera-
tors are defined in the standard way: FonρΦ stands for ttUonρ Φ, and GonρΦ stands
for ttUôn1−ρ¬Φ, where ôn is <, >, ≤, ≥, =, or 6=, depending on whether on is >,
<, ≥, ≤, =, or 6=, respectively.

12



2. DEFINITIONS

As an example, consider the Markov chain shown in 2.2 again. In the vertex
a of this Markov chain, the formula G>0.7F≥0.9a is satisfied, while the formula
F>0.1(b∧X>0a)∧G=0a is not.

Various natural fragments of PCTL can be obtained by restricting the PCTL
syntax to certain modal connectives and/or certain operator/number combinations.
For example, the qualitative fragment of PCTL is obtained by restricting the al-
lowed operator/number combinations to ‘on 0’ and ‘on 1’. Hence, aU<1b∨F>0c is
a qualitative PCTL formula. In this paper we also consider fragments with unary
reachability and safety connectives. Formally, for each tuple Y1, · · · ,Yn, where each
Yi is of the form Xonρ, Fonρ, or Gonρ, we define the L(Y1, · · · ,Yn) fragment of PCTL:

Φ ::= p | ¬p | Φ1∨Φ2 | Φ1∧Φ2 | Y1Φ | · · · | YnΦ

For example, F>0(b∨G≥0.4(¬c∧F<0.5d)) is a formula of L(F>0,G≥0.4,F<0.5).
Sometimes we also use formulae of the form p ⇒ Φ which stand for ¬p∨Φ.

As a remark we note here that there is also a different semantics for PCTL. It is
defined an used in [2] or [17], for example.

2.3.3 The logic PECTL∗

Now we introduce the logic PECTL∗ that differs from PCTL in the set of connec-
tives it uses. Connectives U and X are substituted with Büchi automata. With this
substitution PECTL∗ becomes strictly stronger than PCTL and PCTL* (probabilis-
tic equivalent of CTL*).

The formal syntax of PECTL∗ is following:

Φ ::= p | ¬Φ | Φ1∨Φ2 | Φ1∧Φ2 | Bonρ(φ1, . . . ,φn)

where B is a Büchi automaton over the alphabet 2{1...n}, on∈ {≤,<,=,>,≥
} and ρ is a rational number from the interval [0,1]. We can define qualitative
fragment of PECTL∗by restricting ρ to be 0 or 1.

Given a Markov chain T = (S,→,Prob) and valuation ν : Ap → 2S, the seman-
tics is following:

s |=ν p iff s ∈ ν(p)
s |=ν ¬Φ iff s 6|=ν Φ
s |=ν Φ1 ∨Φ2 iff s |=ν Φ1 or s |=ν Φ2

s |=ν Φ1 ∧Φ2 iff s |=ν Φ1 and s |=ν Φ2

s |=ν Bonρ(φ1, . . . ,φn) iff P ({w ∈ Run(s) | wB ∈ L(B)}) on ρ
where wB (i) = {k ∈ {1 . . .n} | w(i) |=ν Φk}

13



2. DEFINITIONS

Closer look at the semantics reveals that the connectives ∨ and ∧ are in fact
only a syntactic sugar, because they can be expressed using a product Büchi au-
tomaton. Moreover, we can define equivalent logic in which negations are pushed
to atomic propositions. Converting any PECTL∗ formula to this forms can be done
in polynomial time.

An example of the formula PECTL∗ that has not an equivalent PCTL* (and
thus PCTL) formula is the formula B>0

alter(a,b) with the automaton Balter from the
Figure 2.3. This formula says that the probability of runs in which a holds in odd
states and b holds in even states is greater than zero.

{2},{1,2}

{1},{1,2}

{1}{2}

Figure 2.3: Büchi automaton Balter

Qualitative Rabin-Streett-PECTL∗

Later in this thesis, we prove that given a qualitative PECTL∗ objective and 1 1
2 -

player game, it is decidable whether there is a finite-memory strategy that ensures
satisfying the objective.

In our proof we use a variant of qualitative PECTL∗ that uses deterministic
Rabin and Streett automata instead of Büchi automata. We call this logic qualitative
Rabin-Streett-PECTL∗. The syntax is following:

Φ ::= p | ¬p | | Aonρ(Φ1, . . . ,Φn)

where A(Φ1, . . . ,Φn) is a deterministic Rabin or Street automaton over the al-
phabet 2{1,...,n} and on ρ ∈ {= 1,> 0}. Semantics of the formula is straightforward.
In what follows, we will use wA to denote run of A on w{1...n}, where w is a run of
Markov chain T . We will also write > 0 (resp. = 1) to denote = 1 (resp. > 0).

Lemma 2.3.1. Every formula Φ of qualitative PECTL∗ can be transformed to qual-
itative Rabin-Streett-PECTL∗ formula in EXPTIME.

14



2. DEFINITIONS

Proof. First of all, we transform Φ so that it does not contain connectives ∨ and ∧
and that negations are pushed to atomic propositions. Next, we replace each Büchi
automaton with an equivalent Rabin automaton. This transformation can be done
in EXPTIME. It remains to remove < 1 and = 0 probabilities. This can be done by
substituting Rabin automaton R by Street automaton R and by altering the guarding
probabilities.

Let Φ be a Rabin-Streett-PECTL∗ formula, T = (S,→,Prob) a Markov chain
and let M be the smallest set that is closed under complement and contains all
automata Aq where A is (Rabin or Streett) automaton that occurs in Φ and q ∈
States(A). We define the function γ : M×S → 2M ×{= 1,> 0} by

γ(A ,u) = {(Ai,on ρ) | 1 ≤ i ≤ n,u |= Φi,Φi ≡ Aonρ
i }

∪{(Ai,on ρ) | 1 ≤ i ≤ n,u 6|= Φi,Φi ≡ Aonρ
i }

We also define the function β as the closure of γ. β(A ,u) is the smallest set such
that γ(A ,u) ⊆ β(A ,q,u) and for each (A ′,on ρ) ∈ β(A ,u) we have that γ(A ′,u) ⊆
β(A ,u).
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CHAPTER 3

NON-DETERMINACY AND

UNDECIDABILITY

We start by showing that the stochastic games with PCTL objectives are not deter-
mined even if these objectives are taken from the L(F=1,F>0) fragment of PCTL.
Consider the following game:

s

b c da

Let ν be a valuation which defines the validity of the propositions a,b,c,d as
indicated in the above figure, and let ϕ ≡ F=1(a∨ c)∨F=1(b∨d)∨

(
F>0c∧F>0d

)
.

Now it is easy to check that none of the two players has a (ν,ϕ)-winning strategy
in the vertex s, regardless whether we consider MD, MR, HD, or HR strategies.

Next important facts about stochastic games with PCTL objectives are stated in
next two theorems.

Theorem 3.0.2. [1] The problem whether there is a winning strategy for player �

in 1 1
2 -player game with a PCTL objectives is undecidable.

Theorem 3.0.3. [1] The problem whether there is a winning strategy with finite
memory for player � in 1 1

2 -player game with PCTL objectives is undecidable.

Note that all results from this chapter can be easily extended to PECTL∗ objec-
tives.
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CHAPTER 4

MEMORYLESS STRATEGIES AND PCTL

4.1 Deterministic strategies
In this chapter, we summarize some results about memoryless strategies. These
results were published in [1], but the proofs given here are more detailed.

Theorem 4.1.1. The problem of existence of a winning MR strategy in 2 1
2 -player

game with L(F>0,F=1) objective is NPcoNP-hard.

We give the proof by reduction from the following NPcoNP-complete problem
[4]: Determine whether a boolean formula Ψ of the form

∃x1, . . . ,xk∀xk+1, . . . ,xlφ

(where φ is propositional formula in which negations are pushed to atomic propo-
sitions) is true.

Given a formula Ψ we construct a game G(Ψ) = (V,E,(V�,V♦,V©),Prob) and
formula ϕ ∈ L(F>0,F=1). The set V consists of the vertices a, b(i), x(i) and nx(i)
where i ∈ {1, . . . , l}.

Vertices b(1), . . . ,b(k) form the set V� and vertices b(k + 1), . . . ,b(l) form the
set V♦. The structure of G(Ψ) is shown in Figure 4.1. Valuation ν assigns unique
proposition to each vertex. For simplicity we assume that the name of a proposition
is same as the name of corresponding vertex.

Now we construct formula ϕ such that the player � has a winning MR strategy
in a vertex a ∈V if and only if Ψ is true. Formula ϕ looks as follows:

ϕ ≡ (Satisfy∧NoRnd�)∨NoRnd♦

The Satisfy part ensures that player � can win the game if and only if formula Ψ is
true, the NoRnd parts prevent both players from selecting more than one transition
from each vertex.
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4. MEMORYLESS STRATEGIES AND PCTL

a

nx(1) x(k) x(l) nx(l)nx(k +1)nx(k) x(k +1)x(1)

b(1) b(l)b(k +1)b(k)

Figure 4.1: Structure of the game G(Ψ)

NoRnd� has the form

k̂

i=0

F>0(b(i)∧F=1x(i))∨F>0(b∧F=1nx(i))

. It says that player � must choose deterministic transitions to satisfy the formula.
NoRnd♦ has the form

l
_

i=k+1

F>0x(i)∧F>0nx(i)

Because player ♦ must avoid satisfying the formula ϕ, he has to prevent himself
from satisfying NoRnd♦ subformula. This can be done only by choosing determin-
istic transitions.

Satisfy has exactly the same structure as the formula φ (which is propositional
part of Ψ), except that each occurrence of the positive literal xi is replaced by
F>0x(i) and each occurrence of the negative literal ¬xi is replaced by F>0nx(i).
Observe that player � in fact chooses values for variables guarded by existential
quantifier and player ♦ chooses values for variables guarded by general quantifier.
Thus, the formula ϕ is satisfied in a if and only if Φ is satisfied.

Lemma 4.1.2. Formula Ψ is true if and only if player � has (ν,Φ)-winning MR
strategy in state a of G(Ψ).

Proof. ⇒: Let x1, . . . ,xk ∈ {0,1} be the values of x1, . . . ,xk such that for every val-
ues xk+1, . . . ,xl ∈ {0,1} of xk+1, . . . ,xl formula Ψ is satisfied. Now we construct a
strategy for player � such that ϕ is satisfied in a. For each i ∈ {1, . . . ,k} player �

chooses transition from b(i) to x(i) if xi = 1 and transition from b(i) to nx(i) other-
wise. Observe that xi = 1 if and only if the formula F>0x(i) is satisfied, and xi = 0
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4. MEMORYLESS STRATEGIES AND PCTL

if and only if formula F>0nx(i) is satisfied. Situation for player ♦ is similar. Fol-
lowing the way of constructing formula Satis f y, it is easy to see that player ♦ can’t
avoid satisfying of the formula Satisfy.

⇐: Assume there is a strategy for player � such that for every strategy of
player ♦ formula ϕ is satisfied. Obviously, this strategy is deterministic. If player �

chooses transition from b(i) to x(i), we set xi = 1, otherwise xi = 0. All possible
strategies of player ♦ correspond to all valuations of xk+1, . . . ,xl in Ψ, and thus
formula Ψ is true.

Theorem 4.1.1 follows directly from previous lemma.

Theorem 4.1.3. The existence of a winning MD strategy in 2 1
2 games with L(F>0)

objectives is NPcoNP-hard.

Proof. In case of MD strategy, we can remove NoRnd parts from previous proof.
Thus, there is no need of F=1 operator.

Lemma 4.1.4. Problem whether there is a winning MD strategy in 2 1
2 games with

PCTL objectives is NPcoNP-complete.

Proof. Hardness is shown in Theorem 4.1.3, here we show that the problem is in
NPcoNP. Problems from this class can be solved in polynomial time by a nondeter-
ministic Turing machine with coNP oracle. We show that problem of existence of
MD strategy can be solved by this automaton.

Let G(Ψ) = (V,E,(V�,V♦,V©),Prob) and ϕ ∈ PCTL. At first step, the Turing
machine nondeterministically guesses strategy of player � and then asks oracle
whether there is a strategy for player ♦ such that the formula φ is not satisfied. This
question is in coNP, because there is polynomially verifiable counter-example. If
answer from oracle is “yes”, the Turing machine answers “no” and vice versa.

4.2 Randomized strategies
As mentioned in introduction, we did not manage to prove exact complexity bound
for synthesizing MR strategies in 2 1

2 -player games. Best known approximations are
NP-hardness for 1 1

2 -player games [8] and NPcoNP-hardness for 2 1
2 -player games

(Theorem 4.1.1). In [14], upper bounds are set to PSPACE for 1 1
2 -player games

and to EXPTIME for 2 1
2 -player games.

Here we show that problem is likely to be harder than known lower bounds. We
show this by reduction from square root sum problem, whose lower bound is an
open problem in computational geometry. We start by showing that there are games
in which randomization can come up with irrational numbers.
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4. MEMORYLESS STRATEGIES AND PCTL

Lemma 4.2.1. There exists a 1 1
2 -player game such that the only winning MR strat-

egy for player � chooses irrational distribution.

Proof. We give the proof by example.

a

b

d

e

f ic

g

h

Figure 4.2: The structure of H

We construct a game H = (V,E,(V�,V©),Prob) and formula ϕ. All compo-
nents of H are given by Figure 4.2. Structure of the formula φ is following:

ϕ = FirstSecond ∧SecondT hird ∧ThirdFirst

where
FirstSecond = (a∨b∨d)U=1/2e

SecondT hird = F>0(d ∧ ((d∨ e∨g)U=1/2h))

ThirdFirst = F>0(g∧ ((g∨h∨a)U=1/2b))

It is obvious that player � has a winning strategy – it is sufficient to set probability
of a → b, d → e and g → h equal to

√
1/2. But this is the only existing solu-

tion: suppose there is another one and a → b has probability greater than
√

1/2.
To satisfy FirstSecond, d → e must have probability lower than

√
1/2. To sat-

isfy SecondT hird, g → h must have probability greater than
√

1/2. But to satisfy
ThirdFirst, a→ b must have probability lower than

√
1/2. And this is not possible,

as probability of a → b is already set to the value greater than
√

1/2.
Similar reasoning can be used for every modification of the strategy.

Definition 4.2.2. (Square root sum problem) Given the vector (x1, . . . ,xn,z) of
natural numbers, decide whether ∑n

i=1
√

xi ≤ z.

In the following text, we propose reduction from this problem to the problem
of existence of winning MR strategy in 1 1

2 games.
Let Y = (x1, . . . ,xn,z) be an instance of the square root sum problem. Dividing

both sides of ∑n
i=1

√
xi ≤ z by a natural number q = ∑n

i=1 xi, we obtain ∑n
i=1

√
xi/q≤
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z/q. Obviously, the second inequality holds if and only if the first inequality holds.
Moreover we have that ∑n

i=1
√

xi/q is lower than 1.

c(1)

c(n)

d(1)

d(n)

e(n)

e(1)

f (1)

f (n)

g(1)

g(n)

h(n)

h(1)

s
v

u

Figure 4.3: The structure of I(Y )

Now we can use the technique presented in previous lemma to create the game
I(Y ) = (V,E,(V�,V©),Prob). Schema of I(Y ) is shown in Figure 4.3, reader can
easily imagine the game for arbitrary n.

Now we construct formula ϕ such that player � has MR winning strategy in v
if and only if ∑n

i=1
√

xi ≤ z.

ϕ = Result ∧
n̂

j=1

ProbX j

Intended behavior is as follows: ProbX j forces player � to set probability of
v → c( j) to

√
x j/q. Transition h → i will then have probability p = 1−∑n

i=1
√

xi/q.
Using formula Result, we ask whether p < 1− z/q. Formally,

ProbX j = A∧B∧C

where
A = (v∨ c( j))U=re( j)
B = F>0(c( j)∧ ((c( j)∨ e( j)∨ f ( j))U=rh( j)))
C = F>0( f ( j)∧ (( f ( j)∨h( j)∨ s∨ v)U=rc( j)))

for r = x j/q2.

Result = X≥1−z/qu

Lemma 4.2.3. Player � has winning MR strategy for ϕ in I(Y ) if and only if Y is
true.
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Proof. ⇐: Let x1, . . . ,xn and z be the integers such that ∑n
i=1

√
xi ≤ z.

Winning strategy must set the probability of v → c(i) to
√

xi/q. This is possible
because both

√
xi/q and ∑n

i=1
√

xi/q are less than 1. Probability of v → u is then set
to 1−∑n

i=1
√

xi/q, because sum of probabilities of outgoing transition from each
vertex must be equal to 1. It is easy to see that formulas ProbX j are surely satisfied.

Now we analyze the the Result formula. It asks whether the probability of v →
u is high enough. Because Y is true, we know that ∑n

i=1
√

xi/q ≤ z/q and also
1−∑n

i=1
√

xi/q ≥ 1− z/q. Left side of this inequality is exactly the probability of
reaching u as the next state. That’s why the formula Result is satisfied.

⇒: Let there be the winning MR strategy for player �. Using same argument
as in Lemma 4.2.1, we know that transitions v → c(i) have probabilities equal to√

xi/q. Because sum of outgoing transitions from one vertex is 1, probability of
v → u is 1−∑n

i=1
√

xi/q. Because formula ϕ is satisfied, formula Result is satisfied
too. This means that 1−∑n

i=1
√

xi/q ≥ 1−z/q from which we obtain ∑n
i=1

√
xi/q ≤

z/q.

Corollary 4.2.4. There is a strong evidence for problem of determining whether
there is a winning MR strategy for player � in a 1 1

2 games to be outside both of
NP and coNP classes.
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CHAPTER 5

FINITE MEMORY AND QUALITATIVE

PECTL∗

In this chapter we show that the problem of deciding whether there is a Ψ-winning
finite-memory strategy for a 1 1

2 -player game and PECTL∗ formula Ψ is decidable
in 2-EXPTIME. Next, we show that the problem is EXPTIME-hard. The proof of
hardness given here is the proof of EXPTIME-hardness for PCTL taken from [1].
Proof for PECTL∗ follows directly.

5.1 Upper bound
In this section, we prove that given a 1 1

2 -player game G = (V,E,(V�, /0,V©),Prob),
sin ∈ V and qualitative PECTL∗ objective (ν,Ψ), the problem whether there is a
deterministic finite-memory strategy σ such that sin |=ν

G(σ) Ψ is decidable.
Let Ψ be a formula of qualitative PECTL∗. We transform Ψ to an equivalent

Rabin-Streett-PECTL∗ formula Φ. According to the Lemma 2.3.1, this can be done
in EXPTIME.

Our proof will proceed as follows: First of all, we prove some lemmas that
follow from the fact that G(σ) is necessarily a finite Markov chain. Then we use
these lemmas in a construction of 1 1

2 -player game G′ and mixed Büchi objective
(ν′,(P,Q)). We show that there is a (ν′,(P,Q))-winning strategy for G′ if and only
if there is a strategy σ such that s |=ν

G(σ) Φ. Proposed construction will be done in
EXPTIME and thus we yield 2-EXPTIME for the whole algorithm.

5.1.1 Accepting in finite Markov chains
For this subsection, let us fix a finite Markov chain T = (T,→,Prob), some state
t0 ∈ T , set of atomic propositions Ap, valuation ν : Ap → 2T , deterministic Rabin
automaton R = (2{1...|Ap|},R,δR ,r0,FR ) and deterministic Streett automaton S =

(2{1...|Ap|},S,δS ,s0,FS ).
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5. FINITE MEMORY AND QUALITATIVE PECTL∗

Next two lemmas reveal important fact that helps us to find runs accepted by
Rabin or Streett automaton. They state that after reaching some b.s.c.c., all runs are
(in some sense) similar.

Lemma 5.1.1. Following two statements are equivalent:

1. t0 |=ν
T R =1

2. For almost every run w of T there is k ∈ N and (A,B) ∈ FR such that

(a) for every run u with prefix w(0) . . .w(k) no state of B occurs in uk.
R and

(b) for almost every run u with prefix w(0) . . .w(k) some state of A occurs
infinitely often in u.

Proof. 1 ⇒ 2: We construct a Markov chain T ′ = (T × R, 7→,Prob′) in which
(t,r)

x7→ (t ′,r′) if and only if t
x→ t ′ and R goes from r to r′ after reading t. Val-

uation ν′ : Ap → 2(T×R) is given by ν′(a) = {(t,r) | t ∈ ν(a)}. Obviously, there is a
quotient Θ of T ′ onto T given by Θ((t,r)) = s.

Consider the part of T ′ that is reachable from t ′0 = (t0,r0). Obviously, t ′0 |=ν′

R =1 and w ∈ T ′ is accepted by R if and only if Θ(w) is accepted by R .
Now to each run w of T ′ that reaches some b.s.c.c. we assign k such that w(k)

is the first state on w that is in the b.s.c.c. There is a run w′ such that w(i) = w′(i)
for 0 ≤ i ≤ k which goes through all states of b.s.c.c. infinitely often. This run must
be accepted (because probability of such runs is greater than zero) and thus there is
(A,B)∈ F such that none of states from B occurs as second component of any state
of the b.s.c.c. Also there must be a state a ∈ A such that a is a second component of
some state of the b.s.c.c.

It is easy to see that (A,B) suffices as accepting condition for all runs that start
with w(0) . . .w(k) and go through all states of b.s.c.c. infinitely often. Also, no run
initiated in w(0) . . .w(k) can force R to go through B after k steps.

Finally we just use Θ to transform runs of T ′ to runs of T .
2 ⇒ 1 is obvious.

Lemma 5.1.2. Following two statements are equivalent:

1. t0 |=ν
T S=1.

2. For almost every run w of T and for all (A,B) ∈ FS there is k ∈ N such
that one of the following holds:

(a) For every run u with prefix w(0) . . .w(k) no state of B occurs in uk.
S

(b) For almost every run u with prefix w(0) . . .w(k) some state of A occurs
infinitely often in uS
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Proof. Proof is similar to the proof of Lemma 5.1.1

Following lemmas give a clue on how to transform “> 0” probability to “= 1”
probability using a properties of finite Markov chains.

Lemma 5.1.3. Following two statements are equivalent:

1. t0 |=ν
T R >0

2. There is a finite path u = t0, . . . , tk such that tk |=ν
T R ′=1 where R ′ is R

with initial state uR (k).

Proof. 1 ⇒ 2: As in Lemma 5.1.1 we construct a Markov chain T ′ = (T ×R, 7→
,Prob′) in which (t,r)

x7→ (t ′,r′) if and only if t
x→ t ′ and R goes from r to r′ after

reading t. Valuation ν′ : Ap → 2(T×R) is given by ν′(a) = {(t,r)|t ∈ ν(a)}. Again,
there is a quotient Θ of T ′ onto T given by Θ((t,r) = t.

Consider the part of T ′ that is reachable from t ′0 = (t0,r0). Obviously, t ′0 |=ν′

R >0 and w ∈ T ′ is accepted by R if and only if Θ(w) is accepted by R .
Surely there is a run w = t ′0, . . . , t

′
k, t

′
k+1 . . . and b.s.c.c. C of T ′ such that w enters

C in t ′k, visits every state of C infinitely often and wR is accepted by R . Obviously,
w′ = t ′k . . . is accepted by R ′ with initial state w′

R (k). Let (A,B) be the accepting
condition that accepts w′. This condition must also accept all runs w′′ initiated in t ′k
that visit each state of C infinitely often. And these runs have probability equal to
1.

2 ⇒ 1 is obvious.

Lemma 5.1.4. Following two statements are equivalent:

1. t0 |=ν
T S>0

2. There is a finite path u = t0, . . . , tk such that tk |=ν
T S ′=1 where S ′ is S with

initial state uS (k).

Proof. Proof is similar to the proof of Lemma 5.1.3.

Lemma 5.1.3 and Lemma 5.1.4 claim the existence of a path to some b.s.c.c.
Next definition defines a function that returns a length of the shortest of all such
paths.

Definition 5.1.5. Let A be (Rabin or Streett) automaton. Function αA : T → N0 is
defined by αA(t) = min({i | ∃t ′.t →i t ′, t ′ |= A=1}.
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5.1.2 The reduction
Suppose that we are given a 1 1

2 -player game G = (V,E,(V�, /0,V©),Prob) and a
Rabin-Streett-PECTL∗ winning condition Φ. We construct a 1 1

2 -player game G′ =
(V ′,E ′,(V ′

�, /0,V ′
©),Prob′) and a mixed Büchi objective (P,O) such that there is

Φ-winning strategy for G if and only there is (P,O)-winning strategy for G ′.
First of all we try to intuitively explain construction of G′, then we give formal

definition and proof.

Idea of the reduction
In G′, the aim of the player � is to propose a strategy for G and to show that this
strategy is winning. He shows this by simulating runs of Rabin and Streett automata
that represents the subformulae of Φ. For each vertex of G(σ), player � must guess
proper transition of each automaton. He proves the correctness of his guess by
showing that chosen subformulae are satisfied in the current vertex. For this, he
will keep a list of all ‘to-be-satisfied’ subformulae (represented by automata) along
each run and he will remember the states in which automata occur after reading
prefix of current run. To show that runs of all automata are accepting, the player �

will be required to satisfy (P,O) winning condition.
More formally, G′ contains 5 types of vertices: a-, b-, c-, d- and e-vertices.

Each vertex (except e-vertices) is a 5-tuple in which the first component represents
a vertex of G, second and third component hold a list of automata that are satisfied
(we say that automaton is satisfied if the formula it represents is satisfied) with
probability equal to one and fourth and fifth component hold a list of automata that
are satisfied with probability greater than zero in the vertex of G. Structure of e-
vertices is slightly more complicated, automata in fourth and fifth components are
divided among all possible successors of the current vertex.

The reason for having two components of the same purpose is following: We have an

event for each element of the list and we want to check that each event occurs infinitely
often (in our case, the elements are automata and event is ‘enters some state’). Moreover,

elements can be added to the list at any time. Unfortunately, B üchi winning condition al-

lows us to ‘check’ just one infinite occurrence of event. That’s why we use the following

trick: We keep two different lists of element and we add new elements only to the second

one. We check elements in the first list and wait until all elements fire an event. At that mo-

ment, we copy the second list to the first and wait again. B üchi winning condition checks

whether we move the second list to the first infinitely often.

Play starts in a a-vertex that represents initial vertex of G and has the only
automaton representing Φ in the ‘list’.

On a step from a to b, player � can use Lemma 5.1.3 and Lemma 5.1.4 and
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move some automata from fourth component to third component. For future use,
he can also add some automata to the lists.

On a step from b to c, player simulates a step of all automata in the list. For
each automaton, there is only one possible transition, but to find it, we need to
know all subformulae that are satisfied. Thus, if player � decides that a subformula
is satisfied, he must prove it, and if he decides that it is not, he must prove that
negation is satisfied. He can prove both by adding appropriate automata to the list
and by simulating their steps. In this step, player � can also use Lemma 5.1.1 and
Lemma 5.1.2 and assign some accepting tuple(s) to some automaton. From this
moment, this automaton cannot enter the state that should be visited finitely often.

Step from c to d is controlled by player ©. This fact is not important as there is
only one possible successor. On this step, fifth component is moved to fourth if the
fourth is empty (see the step a to b). Also, third component is moved to second if
all automata in second component have assigned an accepting condition and have
recently visited some state that should be visited infinitely often.

If the vertex of G specified by first component of current vertex is from V©,
player � can divide lists in fourth and fifth component on the step from d to e.
This division is then used to determine to which successor the automata should be
assigned (note that we do not assign all automata to all successors, because Lemma
5.1.1 and Lemma 5.1.2 state that we need to find one path).

On the step from e to a, step of G is simulated.
Mixed Büchi condition states that we surely move fifth component to fourth in-

finitely often and that we almost surely move third component to second infinitely
often. This corresponds to the fact that every automaton must be eventually re-
moved from fourth component, but there can be non-accepting runs for automata
in second component.

Formal definition
To V ′ we put following vertices:

• (s,X=1, X̄=1,X>0, X̄>0)a

• (s,X=1, X̄=1,X>0, X̄>0)b

• (s,X=1, X̄=1,X>0, X̄>0)c

• (s,X=1, X̄=1,X>0, X̄>0)d

• (s,X=1, X̄=1,(X>0
t1 , . . . ,X>0

tn ),(X̄>0
t1 , . . . , X̄>0

tn ))e where t1, . . . , tn are all suc-
cessors of s

in which elements of X=1 are some tuples (R ,q,r,flash) and (S ,q,Θ,Γ) where
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• R (resp. S ) is a Rabin (resp. Streett) automaton that occurs in Ψ or R (resp.
S ) is a Streett (resp. Rabin) automaton that occurs in Ψ or

• q is a state of the automaton

• r ∈ Final(R )∪ /0

• flash ∈ {FALSE,TRUE}

• Θ is /0 or a tuple (x1, . . . ,xm) where xi ∈ {1,2} and m = |Final(S)|

• Γ is a tuple (x1, . . . ,xm) where xi ∈ {TRUE,FALSE} and m = |Final(S)|. By
Γ0 we denote the tuple (FALSE, . . . ,FALSE).

Elements of X̄=1, X>0 and X̄>0 are tuples (A ,q) where A is Rabin or Streett au-
tomaton and q ∈ States(A).

To E ′ we put the following transitions:

• (s,X=1, X̄=1,X>0, X̄>0)a → (s,Y =1,Ȳ =1,Y >0,Ȳ >0)b if and only if all the fol-
lowing conditions hold

– X=1 = Y =1

– X>0 ⊆Y >0 ∪ Ȳ=1

– X̄=1 ⊆ Ȳ =1

– X̄>0 ⊆ Ȳ >0

• (s,X=1, X̄=1,X>0, X̄>0)b → (s,Y =1,Ȳ =1,Y >0,Ȳ >0)c if and only if

– for each (A ,q) in X̄=1 (resp. X>0 or X̄>0) there is (A ,q′) in Ȳ =1 (resp.
Y >0 or Ȳ>0) such that q′ = δ(q,g) for some g ∈ 2{1...n} and

∗ if i ∈ g and Φi ∈ Ap, then s ∈ ν(Φi)

∗ if i 6∈ g and Φi ∈ Ap, then s 6∈ ν(Φi)

∗ if i ∈ g and Φi is of the form A ′onρ, then (A ′, Init(A ′)) ∈ X̄onρ

∗ if i 6∈ g and Φi is of the form A ′onρ, then (A ′, Init(A ′)) ∈ X̄onρ

– for each (R ,q,r,flash) in X=1 there is (R ,q′,r′,flash
′) in Y =1 such that

∗ flash
′ = TRUE if and only if either flash = TRUE or r = (A,B) and

q ∈ A

∗ if r = (A,B), then r′ = (A,B)

∗ if r = (A,B), then q′ 6∈ B

∗ q′ = δ(q,g) for some g ∈ 2{1...n} and

· if i ∈ g and Φi ∈ Ap, then s ∈ ν(Φi)
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· if i 6∈ g and Φi ∈ Ap, then s 6∈ ν(Φi)

· if i ∈ g and Φi is of the form Aonρ, then (A , Init(A)) ∈ X̄onρ

· if i 6∈ g and Φi is of the form Aonρ, then (A , Init(A)) ∈ X̄onρ

– for each (S ,q,Θ,Γ) in X=1 there is (S ,q′,Θ′,Γ′) in Y =1 such that

∗ for all i we have Γ′(i) = TRUE if and only if Γ(i) = TRUE or Θ(i) =

2 and q ∈ A

∗ if Θ = (x1, . . . ,xn), then Θ = (x1, . . . ,xn)

∗ if Θ(i) = 2, then q′ 6∈ B

∗ q′ = δ(q,g) for some g ∈ 21...n and

· if i ∈ g and Φi ∈ Ap, then s ∈ ν(Φi)

· if i 6∈ g and Φi ∈ Ap, then s 6∈ ν(Φi)

· if i ∈ g and Φi is of the form Aonρ, then (A , Init(A)) ∈ X̄onρ

· if i 6∈ g and Φi is of the form Aonρ, then (A , Init(A)) ∈ X̄onρ

• (s,X=1, X̄=1,X>0, X̄>0)c → (s,Y =1,Ȳ =1,Y >0,Ȳ >0)d if and only if

– if X>0 = /0, then Ȳ >0 = /0 and to Y >0 we put (R ,q, /0,FALSE) for each
(R ,q) ∈ X̄>0 and (S ,q, /0,Γ0) for each (S ,q) ∈ X̄=1.

– if for each (R ,q,r,flash) ∈ X=1 we have flash = TRUE and for each
(S ,q,Θ,Γ)∈X=1 and i we have Θ(i) = 2 or Γ(i) = TRUE, then Ȳ=1 = /0
and to Y =1 we put

∗ all elements of X=1,

∗ (R ,q, /0,FALSE) for each (R ,q) ∈ X̄=1 and

∗ (S ,q, /0,Γ0) for each (S ,q) ∈ X̄=1.

• (s,X=1, X̄=1,X>0, X̄>0)d →(s,X=1, X̄=1,(Y >0
t1 , . . . ,Y >0

tn ),(Ȳ >0
t1 , . . . ,Ȳ >0

t1 ))e if
and only if

–
Sn

i=1 Y>0
ti = X>0

–
Sn

i=1 Ȳ>0
ti = X̄>0

– if s ∈V�, then Y >0
ti = X>0 and Ȳ >0

ti = X̄>0 for all 1 ≤ i ≤ n

• (s,X=1, X̄=1,(X>0
t1 , . . . ,X>0

tn ),(X̄>0
t1 , . . . , X̄>0

tn ))e → (ti,X=1, X̄=1,X>0
ti , X̄>0

ti )a

if and only if (s, ti) ∈ E

To V ′
© we put all c vertices and those e vertices that have first component from

V©. All other vertices are from V�. Prob′ preserves probabilities given by Prob.
As an initial vertexs′in we choose
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• (sin,{(R , Init(R ), /0,FALSE)}, /0, /0, /0) if Ψ ≡ R =1(1, . . . ,n) and R is Rabin
automaton,

• (sin,{(S , Init(S), /0,Γ0)}, /0, /0, /0) if Ψ ≡ S=1(1, . . . ,n) and S is Street au-
tomaton,

• (sin, /0, /0,{(A , Init(A))}, /0) if Ψ ≡ A>0(1, . . . ,n).

Valuation ν′ assigns atomic proposition o to all states (s,X =1, X̄=1,X>0, X̄>0)c

in which for each tuple (R ,q,r,flash) ∈ X =1 we have flash = TRUE and for each
tuple (S ,q,Θ,Γ) ∈ X=1 we have Θ(i)) = 2 or Γ(i) = TRUE. Atomic proposition p
is assigned to all states (s,X =1, X̄=1, /0, X̄>0)c.

The mixed Büchi winning condition (P,O) states that every run visits p in-
finitely often and almost every run visits o infinitely often.

Transferring winning strategies from G′ to G

Let σ′ be a strategy such that s′in |=ν′
G′(σ′) (P,O). We construct a strategy σ such that

sin |=ν
G(σ) Φ.

Definition 5.1.6. Let R be a set of a states reachable from s′in. Function Λ : R →V ∗

is defined as follows:

• Λ(s′in) = sin

• Λ(wvbvcvdve(t,X=1, X̄=1,X>0, X̄>0)a) = Λ(w).t

It is easy to verify that Λ is injective.
We construct strategy σ : V ∗V�→V as follows: for a given w ∈Λ(R) such that

σ′(Λ−1(w)vbvcvdve) = (t,X=1, X̄=1,X>0, X̄>0)a we put σ(w) = w.t.

Lemma 5.1.7. Λ(R) is precisely the set of states that are reachable from s in. More-
over, if there is a path from v to v′, then P (v →∗ v′) = P (Λ(v) →∗Λ(v′))

Proof. Let v ∈ Λ(R). We show that v
x→ v′ if and only if v′ ∈ Λ(R) and Λ−1(v)

1→
ub

1→ uc
1→ ud

1→ ue
x→ Λ−1(v′).

Assume that last(v) = s and last(Λ−1(v)) = (s,X=1, X̄=1,X>0, X̄>0)a. There
are two possibilities:

• If s∈V©, then we have v
x→ v′ if and only if v′ = v.t for some t ∈V such that

s
x→ t if and only if Λ−1(v)

1→Λ−1(v).ub
1→Λ−1(v)ubuc

1→ Λ−1(v)ubucud
1→

Λ−1(v)ubucudue
x→ Λ−1(v′)
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• If s ∈V�, then we have that v
1→ v′ if and only if v′ = v.t for t = σ(v) and

σ′(Λ−1(v))= (t,X=1, X̄=1,X>0, X̄>0)a if and only if Λ−1(v)
1→Λ−1(v).ub

1→
Λ−1(v)ubuc

1→ Λ−1(v)ubucud
1→ Λ−1(v)ubucudue

1→ Λ−1(v′)

It follows that there is a (unique) path v = v0, . . . ,vn = v′ from v to v′ if and only
if there is a (unique) path w from Λ−1(v) to Λ−1(v′). Moreover we have that w =

Λ−1(v0), . . . ,Λ−1(v1), . . . ,Λ(vn) and hence we obtain P (v →∗ v′) = P (Λ−1(v) →∗

Λ−1(v′)).

Lemma 5.1.8. Let s′0,a = v(s0,X=1
0 , X̄=1

0 ,X>0
0 , X̄>0

0 )a be a state reachable from sin.
For each (A ,q0,M,N) ∈ X=1

0 and (A ,q0) ∈ X̄=1 we have s0 |=ν
G(σ) A=1

q0
and for

each (A ,q0) ∈ X>0 and (A ,q0) ∈ X̄>0 we have and s0 |=ν
G(σ) A>0

q0
.

Proof. By induction to the structure of the formula Φ.
As an induction hypothesis, suppose that the statement holds for all subau-

tomata of A .
Let w be run of G(σ′) that is initiated in s′0 and satisfies the almost sure Büchi

condition. Let (R ,q0,r,flash) be an element of X=1
0 . Run w is of the form

v(s0,X
=1
0 , X̄=1

0 ,X>0
0 , X̄>0

0 )a, . . . ,vs′0,as′0,bs′0,cs′0,cs′0,ds′0,e(s1,X
=1
1 , X̄=1

1 ,X>0
1 , X̄>0

1 )a, . . .

and for all i there is (A ,qi) ∈ X=1
i such that qi+1 = δ(qi,g) where g ∈ 2{1,...,n}

and formulas identified by g are exactly those that are satisfied in si (here we
use the induction hypothesis). It follows that there is a run w′ = s0s1 . . . in G(σ)

and that w′
R = q0q1 . . .. From the fact that w satisfies the almost sure winning

condition, we have that in w′ there is a state (si,X=1
i , X̄=1

i ,X>0
i , X̄>0

i )a for which
(R ,qi,(A,B),flash) ∈ X=1

i . Thus, in the sequence qiqi+1 . . . no state from B occurs
(this is ensured by structure of E ′) and some state from A occurs infinitely often
(w satisfies the almost sure Büchi objective, which means flash is TRUE infinitely
often for the run of R ). The probability of runs initiated in s′ satisfying the almost
sure Büchi condition is 1. From Lemma 5.1.7, we have s |=ν

G(σ) A=1
q . Proof for a

Streett automaton is similar.
To prove the lemma for X̄=1, it suffices to see that each element from X̄=1 will

almost surely “move” to X=1.
Now let (A ,q0) be an element of X>0

0 . We show that (A ,q) will be “removed”
from X>0 eventually. Let k = α(A ,s0)−1. There is a finite sequence

v(s0,X
=1
0 , X̄=1

0 ,X>0
0 , X̄>0

0 )a, . . . ,v
′(sk,X

=1
k+1, X̄

=1
k+1,X

>0
k+1, X̄

>0
k+1)a

in which for all i ≤ k we have (A ,qi) ∈ X>0
i and (A ,qk+1) ∈ X̄=1 and for j ≤

k we have q j+1 = δA(q j,g j) for some g j ∈ 2{1,...,|AP|}. In this, g j represents all
subformulae valid in s j. From previous we have that in sk+1 |=ν A=1

qk+1
. Moreover,
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there is a finite path w = s0, . . . ,sk+1 in G(σ) such that automaton Aq0 ends in qk+1

after reading w. From Lemma 5.1.3 and Lemma 5.1.4 we have that s0 |=ν A>0
q0

.
To prove the lemma for X̄>0, note that each element from X̄>0 will surely

“move” to X>0.

As a simple corollary of Lemma 5.1.8 we have the following theorem.

Theorem 5.1.9. sin |=ν
G(σ) Φ.

Transferring winning strategies from G to G′

Suppose that there is a Phi-winning strategy σ for G. We construct a strategy σ ′

and show it is (P,Q)-winning for G′. Let R denote states of G(σ) that are reachable
from sin.

Definition 5.1.10. Let A be a Rabin or Streett automaton. We define a function
ΞA : R×States(A) → R×States(A)∪{TRUE} to be

• ΞA(u,q) = TRUE if u |= A=1
q

• ΞA(u,q) = (ws,q′) if u → us, Aq goes to q′ after reading u and α(Aq,u) >

α(Aq′ ,us). If there are more possibilities, we choose the value arbitrarily.

• ΞA(u,q) = ⊥ otherwise

Definition 5.1.11. Let R be a Rabin automaton. We define a function ∆R : R×
States(R ) → Final(R )∪{ /0} by

• ∆R (u,q) = (A,B) if both following conditions hold

– for every run w initiated in u we have that no state from B occurs in
wRq ,

– for almost every run w initiated in u, some state from A occurs infinitely
often in wRq and

– ∆R (u′,q) = (A,B), then ∆R (u,q) = (A,B) for each prefix u′ of u (i.e. if
the value is set once, it is preserved forever),

• ∆R (u,q) = /0 otherwise.

Definition 5.1.12. Let S be a Streett automaton. We define a function ∆S : R×
States(S) → {(x1, . . . ,xn) | n = |Final(S)|,xi ∈ {1,2}}∪{ /0} by

• ∆S (u,q) = (x1, . . . ,xn) if for each 1 ≤ i ≤ n following conditions hold:

– if xi = 2, then for every run w initiated in u we have that no state from
B occurs in uSq , where (A,B) = Final(S)(i),
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– if xi = 1, then for almost every run w initiated in u we have that some
state from A occurs in uSq infinitely often, where (A,B) = Final(S)(i),

– if ∆R (u′,q) = (x1, . . . ,xn), then ∆R (u,q) = (x1, . . . ,xn) for each prefix
u′ of u (i.e. if the value is set once, it is preserved forever),

• ∆S (u,q) = /0 otherwise.

We use ŵ to denote the finite sequence s0,s1, . . . ,sk for each finite sequence w
of the form

(s0,X
=1
0 , X̄=1

0 ,X>0
0 , X̄>0

0 )a, . . . ,(s1,X
=1
1 , X̄=1

1 ,X>0
1 , X̄>0

1 )a, . . . ,(sk,X
=1
k , X̄=1

k ,X>0
k , X̄>0

k )a

We define the strategy σ′ inductively as follows:

• For each w(s,X=1, X̄=1,X>0, X̄>0)a we choose the transition to the vertex
(s,Y =1,Ȳ =1,Y >0,Ȳ >0)b in which

– Y =1 = X=1

– Ȳ =1 = X̄=1 ∪
{(A , Init(A)) | (A ,= 1) ∈ β(A ′,s),((A ′,q,M,N) ∈ X=1

∨(A ′,q) ∈ X̄=1 ∪X>0∪ X̄>0)} ∪
{(A ,q) | (A ,q) ∈ X>0,ΞA(s,q) = TRUE}

– Y >0 = X>0 \ {(A ,q) | (A ,q) ∈ X>0,ΞA(s,q) = TRUE}
– Ȳ >0 = X̄>0 ∪

{(A , Init(A)) | (A ,> 0) ∈ β(A ′,s),((A ′,q,M,N) ∈ X=1

∨(A ′,q) ∈ X̄=1 ∪X>0∪ X̄>0)}

• For each w(s,X=1, X̄=1,X>0, X̄>0)b we choose the transition to the vertex
(s,Y =1,Ȳ =1,Y >0,Ȳ >0)c where

– X=1 = {(R ,q′,r′,flash
′) | (R ,q,r,flash) ∈ X=1,δR (q,g) = q′,

r′ = ∆R (s,q′),flash
′ = flash∨

(r = (A,B)∧q ∈ A),g ∈ 2{1,...,n}}
∪
{S ,q′,Θ′,Γ′) | (S ,q,Θ,Γ) ∈ X=1,δS (q,g) = q′,Θ′ = ∆S (s,q′),

Γ′(i) = Γ(i)∨ (Θ(i) = 1∧q ∈ Final(S)(i)(1)),

g ∈ 2{1,...,n}}
– Ȳ =1 = {(A ,q′) | (A ,q) ∈ X̄=1,δA(q,g) = q′,g ∈ 2{1,...,n}}
– Y >0 = {(A ,q′) | (A ,q) ∈ X>0,δA(q,g) = q′,g ∈ 2{1,...,n}}
– Ȳ >0 = {(A ,q′) | (A ,q) ∈ X̄>0,δA(q,g) = q′,g ∈ 2{1,...,n}}
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In every above given set, i ∈ g if and only if s |= Φi.

• For each w(s,X=1, X̄=1,X>0, X̄>0)d we choose the transition to the vertex
(s,X=1, X̄=1,(Y >0

t1 , . . . ,(Y >0
tn ),(Ȳ >0

t1 , . . . ,Ȳ >0
tn ))e such that

– if s ∈V�, then Y >0
ti = X>0 and Ȳ >0

t1 = X̄>0.

– if s ∈V©, then for each (A ,q) ∈ X>0 (resp. X̄>0) we put (A ,q) to Y >0
ti

(resp. Ȳ >0
ti ) where α(A , ŵti) is minimal for 1 ≤ i ≤ n. If there are more

possibilities, we choose i arbitrarily.

• For each w(s,X=1, X̄=1,(X>0
t1 , . . . ,X>0

tn ),(X̄>0
t1 , . . . , X̄>0

tn ))e ∈ V ′
� we choose

the transition to (ti,X=1, X̄=1,X>0
ti , X̄>0

ti )a such that σ(ŵ) = ti.

To complete our proof, we need to show that

1. σ′ is indeed a strategy and

2. σ′ is (P,O)-winning for G′.

Lemma 5.1.13. For each us ∈V ′∗V ′
� we have (s,σ(us)) ∈ E ′.

Proof. We analyze lemma only for b vertices here. Verifying other types of vertices
is simple.

Let v = w(s,X=1, X̄=1,X>0, X̄>0)b and σ′(v) = (s,Y =1,Ȳ =1,Y >0,Ȳ >0)c

• Let us fix (A ,q) from X̄=1 (resp. X>0, X̄>0). From definition of σ′ we have
that there is (A ,q′) ∈ Ȳ=1 (resp. Y >0, Ȳ>0) such that q′ = δA(q,g) where
i ∈ g iff s |= Φi.

– If i ∈ g and Φi ∈ Ap then s ∈ ν(Φi)

– If i 6∈ g and Φi ∈ Ap then s 6∈ ν(Φi)

– If i∈ g and Φi is of the form A ′onρ, then (A ′,on ρ)∈ β(Aq, ŵs) and thus
(A ′, Init(A ′)) ∈ X̄onρ

– If i 6∈ g and Φi is of the form A ′onρ, then (A ′,on ρ)∈ β(Aq, ŵs) and thus
(A ′, Init(A ′)) ∈ X̄onρ

• Let us fix (R ,q,r,flash) ∈ X=1. From definition of σ′ we have that there is
(R ,q′,r′,flash) ∈Y =1 such that

– flash
′ = flash∨ (r = (A,B)∧q ∈ A)

– r′ = ∆R (s,q′) and from definition of ∆R we have that if r = (A,B),
then r′ = (A,B).
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– if r′ = (A,B), then ∆R (s,q′) = (A,B) and thus no run initiated in s
forces R to go through B. In particular, q 6∈ B

– q′ = δR (q,g) where i ∈ g iff s |= Φi

∗ If i ∈ g and Φi ∈ Ap then s ∈ ν(Φi)

∗ If i 6∈ g and Φi ∈ Ap then s 6∈ ν(Φi)

∗ If i ∈ g and Φi is of the form A ′onρ, then (A ′,on ρ) ∈ β(R ,q, ŵs)
and thus (A ′, Init(A ′)) ∈ X̄onρ

∗ If i 6∈ g and Φi is of the form A ′onρ, then (A ′,on ρ) ∈ β(R ,q, ŵs)
and thus (A ′, Init(A ′)) ∈ X̄onρ

• Let us fix (S ,q,Θ,Γ) ∈ X=1. From definition of σ′ we have that there is
(S ,q′,Θ′,Γ′) ∈Y =1 such that

– Γ′(i) = Γ(i)∨ (Θ(i) = 1∧q ∈ Final(S)(i)(1)),

– if Θ =(x1, . . . ,xn), then from definition of ∆S we have Θ′=(x1, . . . ,xn),

– if Θ(i) = 2 and B = Final(S)(i)(2), then no run can force S to go
through B. In particular, q 6∈ B,

– q′ = δS (q,g) where i ∈ g iff s |= Φi

∗ If i ∈ g and Φi ∈ Ap then s ∈ ν(Φi)

∗ If i 6∈ g and Φi ∈ Ap then s 6∈ ν(Φi)

∗ If i ∈ g and Φi is of the form A ′onρ, then (A ′,on ρ) ∈ β(S ,q, ŵs)
and thus (A ′, Init(A ′)) ∈ X̄onρ

∗ If i 6∈ g and Φi is of the form A ′onρ, then (A ′,on ρ) ∈ β(S ,q, ŵs)
and thus (A ′, Init(A ′)) ∈ X̄onρ

Theorem 5.1.14. s′in |=ν′
G′(σ′) (P,O)

Proof. The proof consists of two parts. First, we show that P is satisfied.
We show that for each run w = s′0s′1 . . . ∈ Run(s′in) and for every i ≥ 0 we have

that there is k > i such that last(s′k) = (sk,X=1
k , X̄=1

k , /0, X̄>0
k )c. In G′(σ′), elements

are added to fourth component of every state only if the fourth component is /0.
Thus, it suffices to show that number of elements in the fourth component is low-
ering along each run.

Without loss of generality, suppose that last(s′i) = (s,X=1, X̄=1,X>0, X̄>0)c. For
each (A ,q) ∈ X>0 we have ΞA(s,q) defined. Let (A ,q) be a tuple for which the
value α(Aq,s) is minimal. It can be seen that for all (sY ,Y =1,Ȳ =1,Y >0,Ȳ >0)c that
are descendants of s′i we have either |Y >0| < |X>0| or α(A ′

q′ ,sY ) < α(Aq,s) for
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(A ′,q′) which is minimal wrt α. Now it only suffices to see that if α(A ′
q′ ,s) = 0,

then (A ′,q′) is definitely removed.
Second part is to prove that O is satisfied. We do this by showing that from each

state s′ reachable from s′in, state satisfying the atomic proposition p is almost surely
reached.

Without loss of generality, suppose that last(s) = (s,X =1, X̄=1,X>0, X̄>0)c. Ob-
serve that before reaching p, number of elements in second component will not rise.
Let n > 0 be the number of elements of X =1 that are of the form (R ,q, /0,FALSE).
Definition 5.1.11 together with Lemma 5.1.1 states that we almost surely reach a
state in which the number of tuples of the form (R ,q, /0,FALSE) will be strictly
lower than n. From Definition 5.1.11 and Lemma 5.1.2 we get a similar argu-
ment for all tuples of the form (S ,q,(0, . . . ,0),(FALSE, . . . ,FALSE)). If we use both
these arguments inductively, we obtain that from s′ state s′i is reached such that
last(s′i) = (si,X=1

i , X̄=1
i ,X>0

i , X̄>0
i )c and X=1

i does not contain any tuple of the form
(R ,q, /0,flash) or (S ,q, /0,Γ).

As a consequence of Definition 5.1.11 and Definition 5.1.12 we have that from
s′i we almost surely reach a state s′k such that last(s′k) = (sk,X=1

k , X̄=1
k ,X>0

k , X̄>0
k )c

and X=1
k contains only tuples that have the form (S ,q,(x1, . . . ,xm),(y1, . . . ,ym)) or

(R ,q,(A,B),TRUE) where yi is FALSE only if xi = 1 and thus we reach p also.

Theorem 5.1.15. [1] Given a 1 1
2 -player game, valuation ν, vertex s and mixed

Büchi objective (P,Q), the problem whether there is a (ν,(P,Q))-winning strategy
in s is decidable in polynomial time.

Corollary 5.1.16. Given a 1 1
2 -player game, valuation ν, vertex s and PECTL∗

formula Φ, the problem whether there is a (ν,Φ)-winning strategy in s is in 2-
EXPTIME.

5.2 Lower bound
In this section we show that problem of deciding whether there is a winning strategy
that uses only finite memory for a 1 1

2 -player game and qualitative PCTL objectives
is EXPTIME-hard.

We reduce the acceptance problem for alternating LBA (which is known to be
EXPTIME-complete [4]). An alternating LBA is a tuple M = (Q,A ,Γ,q0,`,a
,δ,P) where Q is a finite set of control states, A is a finite input alphabet, Γ ⊇ A
is a finite tape alphabet, q0 ∈ Q is the initial control state, `,a ∈ Γ are the left-end
and the right-end markers, δ : Q×Γ → 2Q×Γ×{L,R} is a transition function, and
P = (Q∀,Q∃,Qacc,Qrej) is a partition of Q into universal, existential, accepting,
and rejecting states, respectively. We can safely assume that Q∩Γ = /0, q0 ∈ Q∃,
δ(q,A) = /0 for all q∈Qacc∪Qrej, and δ(q,A) has exactly two elements (q1,A1,D1),
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(q2,A2,D2), where q1 6= q2, for all q ∈ Q∀∪Q∃. A computational tree for M on
a word u ∈ A∗ is a tree T satisfying the following: the root of T is (labeled by) the
initial configuration for u, and if N is a node of T labeled by a configuration with a
control state q, then the following holds:

• if q is accepting or rejecting, then N is a leaf;

• if q is existential, then N has one successor labeled by a configuration reach-
able from the configuration of N in one step.

• if q is universal, then the successors of N are the two configurations reach-
able from the configuration of N in one step.

M accepts u if and only if there is a finite computational tree T such that all leafs of
T are accepting configurations. We can safely assume that all computational trees
for M are finite.

Let M = (Q,A ,Γ,q0,`,a,δ,P) be an alternating LBA and u ∈ A ∗ an input
word. We construt a 1 1

2 game G(M ,u) = (V,E,(V�,V©),Prob) and an objective
(ν,ϕ) where ϕ ∈ L(F=1,G=1) such that player � has a (ν,ϕ)-winning HD (or
HR) strategy in a distinguished vertex g(1,1) ∈ V if and only if M accepts u.
Our construction is done in polynomial time. Configurations of M are written as

c(2,1,Ym)

c(2,1,Y1)

g(2,3)g(2,2)g(2,1) g(2,n+1)

c(2,2,Ym)

c(2,2,Y1)

s(2, [r,B])

s(2, [q,A]) x(2, r)

x(2, p)

c(1,1,Ym)

c(1,1,Y1)

g(1,3)g(1,2) g(1,n+1)

c(1,2,Ym)

c(1,2,Y1)

s(1, [r,B])

s(1, [q,A]) x(1, r)

x(1, p)

`(1) a(1)

`(2) a(2)

g(1,1)

Figure 5.1: The structure of G(M ,w)

words over the alphabet Ξ = Q∪Γ in the standard way; for example, the initial
configuration for u is written as q0`ua. Another standard result is that one can
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efficiently compute the set Comp(M ) ⊆ Ξ6 of all compatible 6-tuples such that
for each configuration c (written as a word over Ξ) we have that c′ ∈ Ξ∗ is a one-
step successor of c iff c′ has the same length as c and for all 1 ≤ i ≤ |c|−2 we have
that (c(i),c(i+1),c(i+2),c′(i),c′(i+1),c′(i+2)) ∈ Comp(M ).

Let n = |u|+ 3. The structure of G(M ,u) is shown in Figure 5.1. The set V
consists of the following vertices:

• g( j, i), where j ∈ {1,2} and 1 ≤ i ≤ n+1;

• c( j, i,Y ), where j ∈ {1,2}, 1 ≤ i ≤ n+1, and Y ∈ Ξ;

• s( j, [q,A]), where j ∈ {1,2}, q ∈ Q, and A ∈ Γ;

• x( j,q), where j ∈ {1,2} and q ∈ Q;

• `(1), `(2), a(1), a(2).

The set E contains the following transitions:

• g( j, i) → c( j, i,Y ) and c( j, i,Y )→ g( j, i+1) for all j ∈ {1,2}, i ∈ {1, · · · ,n},
and Y ∈ Ξ;

• g( j,n+1) → s( j, [q,A]) for all j ∈ {1,2}, q ∈ Q, and A ∈ Γ;

• s( j, [q,A]) → s( j, [q,A]) for all j ∈ {1,2}, A ∈ Γ, and q ∈ Q where q is ac-
cepting or rejecting;

• s( j, [q,A]) → x( j,q′) for all j ∈ {1,2}, A ∈ Γ, and q,q′ ∈ Q where q is exis-
tential or universal and δ(q,A) contains a triple of the form (q′,B,D);

• x( j,q) → `( j) for all j ∈ {1,2} and q ∈ Q;

• `(1)→g(2,1), `(1)→a(1), `(2)→g(1,1), `(2)→a(2);

• a(1) → a(1), a(2) → a(2).

The set V© consists of `(1), `(2) and all s( j, [q,A]) where q ∈ Q∀. The other vertices
belong to V�. The function Prob always assigns the uniform probability distribution
over the set of outgoing transitions.

A play starts in g(1,1). The intended scenario is the following: Player � suc-
cessively “guesses” the configurations of M by choosing appropriate moves in
the vertices g(1,1), · · · ,g(1,n) and g(2,1), · · · ,g(2,n). In the states g(1,n+1) and
g(2,n+1), player � chooses the successor s(1, [q,A]) and s(2, [q,A]) where q is the
control state and A the scanned tape symbol in the configuration just guessed. If q
is accepting or rejecting, there is a loop on the corresponding vertex (we call these
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vertices accepting/rejecting). If q is existential, in the next move player � chooses
one of the two control states which can be entered by M after performing one
computational step in the configuration just guessed. If q is universal, this choice is
random. In the next guessing phase, player � will use the chosen control state and
hence he “guesses” the configuration chosen in the previous round. This goes on
until a loop is reached, which can happen either in a accepting/rejecting vertex, or
in the vertices a(1),a(2). The formula ϕ constructed below ensures that player �

cannot violate this scenario, cannot use randomized moves, and has to enter a(1),
a(2), or an accepting vertex with probability one. It turns out that M accepts w if
player � has a HD (or HR) strategy such that ϕ is satisfied in g(1,1).

Now we describe the formula ϕ in detail. For each v ∈V we fix a fresh atomic
proposition pv which is valid only in v. Slightly abusing notation, we write v instead
of pv. We put

ϕ ≡ Init∧Succ∧Ctrl∧Choice∧Accept∧NoRnd

The subformula Init says that the initial configuration w = q0`ua is guessed from
g(1,1) at the beginning of a play. Hence, Init ≡ Vn

i=1 F=1c(1, i,w(i)). Note that if
player � selects, e.g., c(1,1,`) instead of c(1,1,q0), the formula F=1c(1,1,q0) is
not satisfied in g(1,1); this is because the vertex c(1,1,q0) can then be visited only
after passing through the vertex `(1), which enters the a(1)-loop with probabil-
ity 1/2.

The subformula Succ is of the form Succ1 ∧ Succ2. Succ1 says that whenever
the vertex g(1,1) is entered, one of the following conditions holds:

• the control state of the configuration which is to be guessed from g(1,1) is
accepting;

• for every 1 ≤ i ≤ n−2, the symbols chosen in g(1, i), g(1, i+1), g(1, i+2)

and in g(2, i), g(2, i+1), g(2, i+2) form a compatible 6-tuple.

For all X1,X2,X3 ∈ Ξ, let C (X1,X2,X3) be the set of all triples Y1,Y2,Y3 such that
(X1,X2,X3,Y1,Y2,Y3) ∈ Comp(M ). The formula Succ1 looks as follows:

G=1
(

g(1,1)⇒
(
Acc ∨

n−2̂

i=1

_

~X∈Ξ3

Pos(1, i,~X)
))

where Acc ≡ W

q∈QAcc,A∈Γ F=1s(1, [q,A]) and Pos(1, i, ~X) stands for

F=1c(1, i,~X1)∧F=1c(1, i+1,~X2)∧F=1c(1, i+2,~X3)∧F=1ψ

where ψ is the formula

a(1)∨
_

~Y∈C (~X)

c(2, i,~Y1)∧F=1(c(2, i+1,~Y2)∧F=1c(2, i+2,~Y3)
)
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The formula Succ2 says analogous conditions about the vertex g(2,1) and is imple-
mented similarly as Succ1.

The subformula Ctrl is of the form Ctrl1 ∧Ctrl2. Ctrl1 says that the vertex cho-
sen from g(1,n+1) corresponds to the control state and the scanned tape symbol in
the configuration just guessed. This can be written as follows:

^

1≤i<n
q∈Q

G=1
(

c(1, i,q) ⇒
_

A∈Γ

(
F=1c(1, i+1,A)∧F=1s(1, [q,A])

))

Ctrl2 encodes an analogous property for the vertex chosen from g(2,n+1).
The subformula Choice ≡Choice1∧Choice2 says that whenever a vertex of the

form x(1,q) (or x(2,q)) is visited, then the configuration guessed next will have q
as its control state. We write just Choice1 (Choice2 is constructed analogously):

^

q∈Q

G=1
(

x(1,q) ⇒ F=1(a(1)∨
_

A∈Γ
s(2, [q,A])

))

The subformula Accept says that the probability of visiting a(1), a(2), or one
of the accepting vertices, is equal to one:

F=1
(

a(1)∨a(2)∨
_

j∈{1,2},q∈Qacc,A∈Γ
s( j, [q,A])

)

Note that due to the assumption that every computational tree of M is finite, the pre-
vious formulae already guarantee that player � surely (i.e., in the non-probabilistic
sense) enters a(1), a(2), or an accepting/rejecting vertex after finitely many rounds.
Hence, there is no infinite path in the computational tree constructed by the play,
and the subformula Accept guarantees that all leafs in this tree are accepting.

Finally, the subformula NoRnd says that player � does not use randomized
moves. This subformula is actually needed only if player � uses a HR strategy
(NoRnd is redundant for HD strategies). This is implemented simply by saying
that whenever a vertex of V� with more than one successor is visited, then one of
its successors is visited with probability one in the next move. For example, for
g(1,1) the formula looks as follows:

G=1
(

g(1,1)⇒
_

α∈Ξ
F=1c(1,2,α)

)

The formulae for the other vertices of V� look similarly.
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CHAPTER 6

CONCLUSION AND FUTURE WORK

In this thesis, we have given almost complete classification of 2 1
2 -player games,

memoryless strategies and PCTL logic. We have also proved that the problem of
determining whether there is a finite state winning strategy for 1 1

2 -player game,
qualitative PECTL∗ objective is in 2-EXPTIME. We did not manage to improve
the lower bound for this problem. The best known result is EXPTIME-hardness.
Future work is to prove matching lower bound for this problem. Let us note that we
have not studied these problems for 2 1

2 -player games. Other open problem is exact
complexity of determining the existence of MR winning strategy for 1 1

2 -player and
2 1

2 -player games and PCTL objective.
One can also study different variants of games, as mentioned in introduction.

Possible extensions are concurrent games or incomplete information games, for
example.
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