
MASARYK UNIVERSITY
Faculty of Science

Department of Mathematics and Statistics

Statistical inference for stochastic point
processes with application on neuronal data

Ph.D. Dissertation

Kamil Rajdl

Supervisor: doc. RNDr. Petr Lánský, DrSc. Brno 2017
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Abstract

This thesis consists of two main parts. In the first part, we briefly present
the mathematical theory and tools used in the text and an introduction to
neural modeling. The second part consists of four papers devoted to study
of variability and randomness in neural models. One of the most often used
measures of variability of neural spike trains, Fano factor, is studied and two
new measures are created. Some new properties of Fano factor are derived
and an optimization procedure of its estimator with respect to the length of
the observation window is proposed. The new measures focus on generaliza-
tion of Fano factor and on application of Shannon entropy as a measure of
randomness. The influence of the variability of neural input on its output
is also explored. For this purpose, the Stein’s neural model is generalized
assuming pooled renewal input.

Abstrakt

Tato dizertačńı práce se skládá ze dvou hlavńıch část́ı. V prvńı části
stručně uvád́ıme v textu dále použ́ıvané matematické prostředky a úvod
do neuronového modelováńı. Druhá část se pak skládá se čtyř odborných
článk̊u věnuj́ıćıch se předevš́ım studiu variability a náhodnosti v neuronových
modelech. Je zde studována jedna z nejčastěji použ́ıvaných měr variabil-
ity posloupnost́ı neuronových impuls̊u, Fano factor, a vytvořeny dvě mı́ry
nové. Pro Fano factor jsou odvozeny nové vlastnosti a navržena metoda
optimalizace jeho odhadu vzhledem k délce pozorovaćıho okna. Nové mı́ry
se zaměřuj́ı na zobecněńı Fano factoru a využit́ı Shannonovy entropie jako
mı́ry náhodnosti. Zkoumán je také vliv variability vstupu neuronu na jeho
výstup. K tomuto účelu je zobecněn Stein̊uv model tak, že je jeho vstup
popsán pomoćı součtu proces̊u obnovy.
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Petr Lánský, DrSc. for his helpful advices, patience and all the support and
encouragement I received during my doctoral studies.

Brno, March 2017



c© Kamil Rajdl, Masaryk University, 2017



CONTENTS 7

Contents

Introduction 8

Mathematical notations 10

List of publications 11

1 Mathematical background 12

1.1 Introduction to stochastic processes . . . . . . . . . . . . . . . 12

1.2 Renewal processes . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.2.1 Poisson process . . . . . . . . . . . . . . . . . . . . . . 18
1.2.2 Gamma process . . . . . . . . . . . . . . . . . . . . . . 19
1.2.3 Inverse Gaussian process . . . . . . . . . . . . . . . . . 20

1.3 Sum of renewal processes . . . . . . . . . . . . . . . . . . . . . 20

1.4 Shot noise process . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.5 Diffusion processes . . . . . . . . . . . . . . . . . . . . . . . . 23

2 Mathematical models in neurobiology 26

2.1 Structure and functions of neurons . . . . . . . . . . . . . . . 26

2.2 Basic neuronal models . . . . . . . . . . . . . . . . . . . . . . 27
2.2.1 Models of neuronal input . . . . . . . . . . . . . . . . . 29
2.2.2 Perfect-integrator models . . . . . . . . . . . . . . . . . 29
2.2.3 Leaky-integrator models . . . . . . . . . . . . . . . . . 30

3 Overview of the published results 32

References 36

Publications 43

Publication I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

Publication II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

Publication III . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

Publication IV . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84



INTRODUCTION 8

Introduction

The mathematical and statistical aim of this theses is analysis of stochastic
point processes. These processes describe sequences of times, which mostly
represent occurrence of certain identical events. The range of applications
of point processes is thus very wide, there are many fields where such data
emerges (e.g. description of accidents, natural disasters, creation of particles
in chemical reactions, passage of vehicles, transmission of some messages in
human communication, etc. [2, 39, 45, 77]). Nevertheless, in this theses, we
focus mainly on their utilization to study data arising in neuroscience, where
the role of point processes is prominent.

One of the most important questions in neuroscience is how is information
transferred and processed in the nervous system. It is widely accepted that
information is transferred using the sequences of impulses (spike trains) which
are transmitted among neurons. As the spikes are very similar from the point
of view of size shape and duration, information has to be coded only using
the times of their occurrence and the spike trains can be suitably modeled as
point processes. Nevertheless, the specific details of the mechanism, mainly
the method of coding, is still not completely clear [24, 30, 64]. The most
basic concept of coding is rate coding, it assumes that information is coded
by the spike rate (defined for example as the number of spikes fired in a time
unit) [24, 35]. It is very likely that the rate contains a lot of the transferred
information, however, probably not all of it. That comes from the fact that
even with a fixed rate spike trains can be very various. Codes which reflect
also some rate-independent behavior, given by specific positions of the spikes,
are called temporal codes. It is hardly possible that information is coded by
the exact positions of all the individual spikes, but the response of a neuron
can be surely influenced by some rate-independent characteristics.

Probably the most simple concept of temporal coding is variability coding
[54, 56]. It unites all the rate-independent behavior into one term – variabil-
ity, described by a variability measure. Variability measures and their esti-
mation from experimental data create an important part of analysis of neural
spike trains. Even if the variability does not directly transfer information,
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its characterization is important for spike trains classification, to distinguish
various neurons or firing regimes. To measure the variability, various quanti-
ties have been proposed and used [27, 34, 49, 50, 51, 58, 68, 71], nevertheless,
there is not a universal measure suitable in all possible situations. Often,
there might not be even any suitable, as their estimation is problematic,
mainly with limited data [17, 54]. Another important area concerning neural
variability is its influence on behavior of neurons, as to transfer information
using variability neurons have to be able to register and reflect it.

In this thesis we focus on the mentioned issues – variability measures
of points processes (with focus on neural spike trains), their estimation and
study of variability processing in neurons. The aim is to create results which
can help in analysis of variability of neural spike trains and improve un-
derstanding of influence of variability in the nervous system. Our results
are presented in four papers which create the main part of this thesis. A
more detailed overview of these papers and contained results can be found
in Chapter 3. We present also an introduction to theory of point processes,
necessary mathematical concepts and methods (Chapter 1) and introduction
to neural models (Chapter 2).



Mathematical notations

Ω
A
P
N,Z,R
Y (t)
N(t)
Xi

Ti
E(X)
Var(X)
λ(t)
dh(t)/dt
f(t)
fk(t)
F (t)

Ne(t), No(t)
λe(t), λo(t)
L{g}, g̃(s)
CV
FF(t)
Γ(x)
S(t)
w(x)
WN(t)
W (t)
bxc
dxe

sample space
event space
probability function
natural numbers, integers, real numbers
random process
counting process
time of the i-th event
length of the i-th inter-event interval
mean of random variable X
variance of random variable X
intensity of a counting process
derivative of h(t) with respect to t
probability density of inter-event intervals
probability density of time up to the k-th event
cumulative distribution function of inter-event inter-
vals
equilibrium and ordinary counting renewal process
intensity of equilibrium and ordinary renewal process
Laplace transform of a function g
coefficient of variation
Fano factor
gamma function
shot noise process
shot noise response function
white noise with unit variance
standard Wiener process
floor function
ceiling function
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Chapter 1

Mathematical background

The mathematical framework used in this thesis for description and analysis
of neural models is presented in this chapter. We focus mainly on stochastic
processes, which form the basis of neuronal modeling. The theory of stochas-
tic processes can be found in more detail for example in [11, 12, 13, 31, 53,
59, 82]. Not all the mathematical and statistical background is described,
mainly the fundamentals of the probability theory and related terms and
methods are assumed to be known, e.g. the definition and meaning of a ran-
dom variable, probability density function, statistical moments of a random
variable, probability space, convolution, Laplace transform and its inversion,
etc. A description of these terms can be found in standard mathematical
textbooks.

1.1 Introduction to stochastic processes

Definition 1.1. Let (Ω,A, P ) be a probability space, I ⊆ R. A set of random
variables {Y (t), t ∈ I} defined on (Ω,A, P ) is called a random process.

Remark 1. Two main variants of random processes can be distinguished
according to the character of the set I – random process with discrete time
(I ⊆ Z) and random process with continuous time (I = [a, b], −∞ ≤ a <
b ≤ ∞). If it is not necessary to specify the set I, we denote the random
process only as Y (t). A random process can be seen as a function of two
variables t ∈ I and ω ∈ Ω. For a fixed ω, Y (t) is a real-valued function of t
called a trajectory.

Definition 1.2. Let us have identical events occurring at random times
Xk ≥ 0, k ∈ N, which create a strictly increasing sequence. Next, let N(t)
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Fig. 1.1: The trajectory of a counting process with events occurred at times X1,
X2, X3 and X4.

be the number of events occurred in (0, t]. Then {N(t), t ≥ 0} is a random
process with continuous time called a counting process.

Remark 2. It is not necessary to define the values Xk, k ∈ N, as times of
certain events, but it is the most natural possibility.

Remark 3. The trajectory of a counting process is a piecewise constant func-
tion with unit jumps at times of the single events. For an illustration of such
a trajectory see Fig. 1.1.

Remark 4. The full description of a counting process is given by both the
sequence of times Xk or the sequence of (inter-event) intervals Tk = Xk+1 −
Xk, k = 0, 1, . . . , X0 = 0. These two approaches are connected by relation-
ships

N(t) < k ⇐⇒ Xk > t, k = 1, 2, . . . , (1.1)

and
Xk = T0 + T1 + . . .+ Tk−1, k = 1, 2, . . . (1.2)

Remark 5. The counting process is also called a point process, mainly if it
is understood as the sequence of times Xk, k = 1, 2, . . . , instead of as the
process N(t).

Definition 1.3. Let N(t) be a counting process, function λ : R→ R defined
as

λ(t) =
dE(N(t))

dt
, t ≥ 0, (1.3)

is called an intensity of N(t).
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Remark 6. The probability of occurrence of an event in an interval [t, t+∆t)
is approximately λ(t)∆t, for a small ∆t > 0. Function (1.3) thus represents
the intensity of the process even in the intuitive sense of the word – the larger
the intensity is at a time t, the more probable is the occurrence of an event
near t.

Definition 1.4. Let X(t), t ≥ 0, X(0) = x0, be a random process and
θ > x0. Random variable

Tθ = inf{t,X(t) ≥ θ}, (1.4)

is then called a first passage time (of threshold θ).

Remark 7. The first passage time (FPT) represents the time when a random
process X(t) reaches a threshold θ for the first time. It has an important
significance in neural modeling.

1.2 Renewal processes

Definition 1.5. Let N(t) be a counting process, Xk ≥ 0, k ∈ N, the times of
the single events and X0 = 0. If the random variables Tk = Xk+1 −Xk, k =
0, 1, 2, . . . , are independent and identically distributed (i.i.d.), N(t) is called
a renewal process.

A renewal process is a model of occurrence of discrete events which as-
sumes that the time of the occurrence of every event depends only on the time
that passed since the last event, not on the previous run of the process. The
time intervals between the successive events have equal probability distribu-
tion, they correspond to the same random variable. We denote this random
variable as T , its cumulative distribution function as F (t) and probability
density as f(t).

According to Definition 1.5 the random variable T describes also the
length of the interval from time zero (e.g. start of the observation) to the
first event. It can be assumed if the time zero corresponds also to an event
(not counted by the process N(t)). Nevertheless, sometimes it is not suitable
to use this assumption. Often, in an experiment, the start of the observation
of some events is unrelated to the sequence of the events – it can be seen as
“fully random”. A renewal process with this property is called an equilibrium
renewal process. The time up to the first event has in this case generally a
different probability distribution from T . Let us denote the corresponding
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random variable as T0, the cumulative distribution function as F0(t) and the
probability density as f0(t). It holds [11]

f0(t) =
1− F (t)

E(T )
. (1.5)

Remark 8. To distinguish between various types of renewal processes, the
process from Definition 1.5 is usually called an ordinary renewal process.
Except from the ordinary and equilibrium renewal processes, modified re-
newal process is also defined. It is a renewal process where the probability
distribution of the time up to the first event, F0(t), is defined arbitrarily,
according to the modeled situation. Notation No(t) and λo(t) is used for
the counting process and the intensity corresponding to an ordinary renewal
process and analogously notation Ne(t) and λe(t) is used for an equilibrium
renewal process.

Remark 9. It is possible to derive relationship (1.5) based on an ordinary
renewal process whose true origin is located in “infinite distance” before the
time zero. This way the necessary independence of the sequence of events
and the time zero is achieved [29].

One of the most important goals in study of renewal processes is to reveal
the relationship of T and N(t) and their properties. A common situation is
such that the process is defined by a probability distribution of T and the
distribution of N(t), thus the functions

pn(t) = P (N(t) = n), t ≥ 0, n = 0, 1, . . . ,

are of interest. Despite the relative simplicity of renewal processes, the distri-
bution of N(t) is mostly impossible to express analytically in a closed form,
numerical calculations have to be often used to obtain some specific values.

The first step from T to N(t) is derivation of the probability distribution
of Xk, the time of occurrence of the k-th event. Let us denote its probability
density by fk(t) and cumulative distribution function by Fk(t). As Xk is
a sum of independent random variables, fk(t) can be expresses as gradual
convolution of the single densities (f0(t) and (k − 1) times f(t)). Working
directly with the convolution is difficult, however, the corresponding rela-
tionships can be more suitably expressed using the Laplace transform, which
is for a continuous function g : [0, ∞)→ R given by equation

L{g}(s) =

∫ ∞

0

e−stg(t)dt. (1.6)

Sometimes we use notation g̃(s) instead of L{g}(s). The Laplace transform
of fk(t) is then [29]

f̃k(s) = f̃0(s)(f̃(s))k−1 (1.7)
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for an equilibrium renewal process and

f̃k(s) = (f̃(s))k (1.8)

for an ordinary renewal process. The function fk(t) can be thus calculated
by the inverse Laplace transform, L−1, of relationships (1.7) and (1.8). Nev-
ertheless, for most of the standard probability distributions of T , it cannot
be transformed into a closed form and have to be calculated numerically.

The connection between Xk and N(t) follows from obvious relationships

P (N(t) ≥ k) = P (Xk ≤ t) = Fk(t), t ≥ 0, k = 1, 2, . . . (1.9)

and

P (N(t) = k) = P (N(t) ≥ k)− P (N(t) ≥ k + 1)

= Fk(t)− Fk+1(t), t ≥ 0, k = 1, 2, . . . (1.10)

Considering moreover equations (1.7) and (1.8), a link from T to N(t) arises.
These relationships can be further transformed into some specific more tractable
formulas for properties of N(t) based on f(t), e.g. [29]

P (Ne(t) = 0) = L−1
{

1

s
− 1− f̃(s)

E(T )s2

}
(t), (1.11)

P (Ne(t) = n) = L−1
{

(1− f̃(s))2(f̃(s))n−1

s2E(T )

}
(t), n ∈ N, (1.12)

P (No(t) = 0) = L−1
{

1− f̃(s)

s

}
(t), (1.13)

P (No(t) = n) = L−1
{

(1− f̃(s))(f̃(s))n

s

}
(t), n ∈ N, (1.14)

E(Ne(t)) =
t

E(T )
, (1.15)

L{E(No)}(s) =
f̃(s)

s(1− f̃(s))
, (1.16)

λe(t) =
1

E(T )
, (1.17)

L{λo}(s) =
f̃(s)

1− f̃(s)
, (1.18)

lim
t→∞

λo(t) = λe(t) =
1

E(T )
. (1.19)
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Even with a known probability density function of T , these formulas have to
be mostly solved numerically, especially the Laplace transform of f(t) and
the potential inverse Laplace transforms. For some probability distributions
of T , e.g. gamma or inverse Gaussian, the Laplace transforms of f(t) exist
in closed forms, simplifying the calculations. There is also one important
distribution of T , exponential, for which the formulas transform to closed
forms. The mentioned distributions are described in more detail later.

Except for formulas of the previous type, some asymptotic approxima-
tions of properties of N(t) are useful, e.g. [11]

Var(Ne(t)) ≈
Var(T )

E3(T )
t+

1

2

(
1 +

Var(T )

E2(T )

)2

− 1

3

E(T 3)

E3(T )
, for t→∞. (1.20)

From equation (1.15) we can see that for an equilibrium renewal process
the mean number of events occurred in an interval of a length t is directionally
proportional to t. The proportionality constant is

λ =
1

E(T )
. (1.21)

This value is also directly the intensity of an equilibrium renewal process
at an arbitrary time t > 0. The intensity is a basic characteristic of a
renewal process. Other important characteristics of renewal processes are
characteristics describing their variability. Two of the most often used are
coefficient of variation,

CV =

√
Var(T )

E(T )
, (1.22)

and Fano factor,

FF(t) =
Var(N(t))

E(N(t))
, t > 0. (1.23)

Coefficient of variation represents the variability of the lengths of inter-event
intervals, on the other hand, Fano factor describes the variability of numbers
of events in time window of a certain length. Thus, while CV is a constant
for a given process, Fano factor is a function of t. Because of this fact, the
value

FF = lim
t→∞

FF(t) (1.24)

is often used as a simpler variability characteristic based on numbers of
events. It is sometimes directly denoted as Fano factor, instead of function
(1.23). The values CV and FF are connected by relationship [11]

FF = CV2, (1.25)
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Fig. 1.2: The probability density of gamma (a) and inverse Gaussian (b) distribu-
tions with E(T ) = 1 and for various values of CV. The gamma density for CV = 1
is also the probability density of exponential distribution.

which holds for any renewal process (however, it does not hold for a general
counting process).

Next we describe some examples of renewal processes (distributions of
T ) which are useful to model some real phenomena. We focus mainly on
distributions often used in neuroscience to describe sequences of neural spikes.

1.2.1 Poisson process

Poisson process is probably the most important and most often used point
process. It is a renewal process with exponential distribution of T . Its density
is

f(t) = λe−λt, t ≥ 0, λ > 0, (1.26)

where parameter λ corresponds directly to relationship (1.21). Probability
density (1.26) is illustrated in Fig. 1.2(a) (line for CV = 1).

A specific property of the Poisson process is memorylessness. The future
course of the process is independent even from the time that passed since the
last event (not only from the course of the process up to the previous event),
thus it is independent from the complete history of the process. It yields the
fact that the ordinary and equilibrium variants of this process are equal, e.g.

λo(t) = λe(t) =
1

E(T )
. (1.27)
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Poisson process is the only renewal process fulfilling this relationship. As
mentioned earlier the corresponding distribution of N(t) can be expressed in
a closed form, it is the well know Poisson distribution,

P (N(t) = n) =
(λt)ne−λt

n!
, t ≥ 0, n = 0, 1, . . . (1.28)

The importance of Poisson process comes also from the fact that it emerges
as a limit in some asymptotic theorems, stating convergence of sum (super-
position) of some ”‘sparse”‘ processes (events). It makes Poisson process
important among point processes similarly as normal distribution is impor-
tant among random variables. An important example of such a theorem is
presented in Section 1.3.

It can be easily obtained that CV = 1 and FF(t) = 1, t > 0, the variabil-
ity of this process is thus independent from λ, from the point of view of both
of the characteristics. Next, using some direct calculations, it is possible to
express the density of the time up to the k-th event explicitly,

fk(t, λ) =
λktk−1e−λt

(k − 1)!
, t ≥ 0, λ > 0, k ∈ N. (1.29)

This probability distribution is called an Erlang distribution. Let us note
that parameter λ does not equal to the reciprocal value of the mean of this
distribution.

1.2.2 Gamma process

A gamma process is a renewal process where T has a gamma probability
distribution. Its density,

f(t;α, k) =
αktk−1e−αt

Γ(k)
, t ≥ 0, α > 0, k > 0, (1.30)

is illustrated in Fig. 1.2:(a). Gamma distribution is a generalization of Erlang
distribution (1.29) for non-integer k (k > 0). It can be also understood as
a generalization of Poisson distribution, since density (1.30) with k = 1 is
density of an exponential distribution. It holds

λ =
α

k
, CV2 = FF =

1

k
, (1.31)

however, FF(t) cannot be expressed in a closed form.
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1.2.3 Inverse Gaussian process

An inverse Gaussian (IG) process is a renewal process where T has inverse
Gaussian (IG) distribution. Its density is

f(t;µ, ν) =

√
ν

2πt3
exp

{
−ν(t− µ)2

2µ2t

}
, t ≥ 0, µ > 0, ν > 0, (1.32)

which is illustrated in Fig. 1.2(b). It holds

λ =
1

µ
, CV2 = FF =

µ

ν
, (1.33)

while, as well as for a gamma process, FF(t) cannot be expressed in a closed
form.

1.3 Sum of renewal processes

A very important process in neuronal modeling is a counting process cre-
ated as a sum of independent renewal processes. Its description and some
properties are presented here.

Let us have n generally various independent renewal processes Ni(t), i =
1, . . . , n, and define their sum

N(t) =
n∑

i=1

Ni(t), t > 0. (1.34)

This process describes the total number of events occurred up to a time
t ≥ 0 in all the renewal processes, its trajectory is thus a simple sum of the
trajectories of the single processes. From the point of view of the sequences
of times, the final sequence contains all the times of all the events from all
the processes (see Fig. 1.3). In this sense the term superposition of processes
is often used instead of sum of processes. Let us note, that is not necessary to
restrict the sum to renewal processes. The same way, it is possible to define
a sum of arbitrary counting processes.

In a general case, determination of the type or properties of process (1.34)
is not easy. The sum is not a renewal process, not even when all the renewal
processes are same (with the exception of sum of Poisson processes, which
creates also a Poisson process). Mainly, the independence of the lengths
of the inter-event intervals between the single events is violated. It is pos-
sible to obtain easily at least the moment characteristics of process (1.34)
(e.g. the mean or variance). They equal to the sum of the corresponding
characteristics of the single processes.
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A)

B)

Fig. 1.3: Sum (superposition) of sequences of events.

Theorem 1.1. Let f(t) be the a probability density function of a positive,
continuous random variable T and λ = 1/E(T ). For every n ∈ N, let us de-
fine independent and identical equilibrium renewal processes N1(t), N2(t), . . . ,
Nn(t) with probability density of inter-event intervals

fn(t) =
1

n
f

(
t

n

)
. (1.35)

Next, let N(t, n) be the sum of processes N1(t), N2(t), . . . , Nn(t) and g(t), t ≥
0, its probability density function. Then

lim
n→∞

g(t) = λe−λt, t ≥ 0. (1.36)

Theorem 1.1 describes the behavior of a sum of renewal processes with
increasing number of summed processes. Specifically, it states that the sum
of equal renewal processes converges to a Poisson process. A key part of this
theorem is condition (1.35), which ensures a scaling of time such that the
intensity of the sum remains constant, equal to λ. Without this scaling the
convergence to Poisson process is not fulfilled [41]. For proof of Theorem 1.1
(even in a more general version) see [31].

1.4 Shot noise process

Another important random process used in neural modeling is process called
shot noise. Its brief description is presented here. More details can be found
for example in [53].

Definition 1.6. Let Xk ≥ 0, k ∈ N, be a strictly increasing sequence of
random times, {N(t), t ≥ 0} the corresponding counting process and w(x)
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S
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)

Fig. 1.4: An example of trajectory of a shot noise process with response function
of type (1.38) for events occurred at times X1, X2, X3, X4 and X5.

a real-valued function defined on [0, ∞). A random process defined by rela-
tionship

S(t) =

{∑N(t)
k=1 w(t−Xk), N(t) ≥ 1,

0, otherwise,
(1.37)

is called a shot noise.

Shot noise process can be understood as a generalization of a counting
process. In case of a counting process, every event causes permanent increase
of the value of the process by one. On the other hand, the course of a
shot noise process is given by the function w(x) (response function), which
determines the influence of every event on the trajectory. The most often
used response function is the decreasing exponential,

w(x) = e−x/τ , x ≥ 0, (1.38)

where τ > 0 (time constant) influences the rate of decrease. In Fig 1.4, there
is an illustration of a shot noise process (1.37) with response function (1.38).
This process can be interpreted as a counting process where the events are
being forgotten in time. Some other types of the response functions are
sometimes studied, e.g. power-law functions [57]. Note that for w(x) =
1, x ≥ 0, shot noise process equals to the corresponding counting process.

Beside others, the properties of S(t) are influenced by the character of
the underlying sequence of time. Of course, any point process can be used
to model this sequence, however, most commonly a Poisson process is con-
sidered. Poisson distributed times are even often directly part of definition
of shot noise process. In connection with response function (1.38) we obtain
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the most important type of shot noise process,

SP (t) =

{∑N(t)
k=1 e

− t−Xk
τ , N(t) ≥ 1,

0, otherwise,
(1.39)

where Xk, k ∈ N, correspond to a Poisson process with intensity λ. Some
properties can be derived for this process in closed forms, e.g. [72],

E(SP (t)) = λτ(1− e−t/τ ), (1.40)

Var(SP (t)) =
λτ

2
(1− e−2t/τ ), (1.41)

however, properties of some more complex variants of shot noise process are
mostly complicated to analytically explore. We study some more general
variants of this process in Publication III.

1.5 Diffusion processes

Among the random processes important in neuroscience belong also the diffu-
sion processes. Contrary to the previously mentioned processes, they are not
used to describe discrete events, but a continuous quantity, which stochastic
part is influenced by a random process called white noise.

Definition 1.7. A random process {X(t), t ≥ 0} is called a (Gaussian)
white noise, if for any t1 ≥ 0, t2 ≥ 0, t1 6= t2, the random variables X(t1)
and X(t2) are uncorrelated and for any t ≥ 0 the random variable X(t) has
normal distribution with zero mean and variance σ2 > 0. White noise with
unit variance is denoted WN(t).

Definition 1.8. A random process {W (t), t ≥ 0} is called a standard Wiener
process, if it holds

(a) W (0) = 0,

(b) for any 0 ≤ t1 < t2 < t3 < t4 the random variables W (t2)−W (t1) and
W (t4)−W (t3) are independent,

(c) for any 0 ≤ t1 < t2 the random variable W (t2) − W (t1) has normal
distribution with zero mean and variance t2 − t1.

Definition 1.9. Let {W (t), t ≥ 0} be a standard Wiener process, σ > 0,
x0 ∈ R, λ ∈ R. Then random process

X(t) = x0 + λt+ σW (t), t ≥ 0, (1.42)

is called a Wiener process with drift.
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Fig. 1.5: Several examples of trajectories of Wiener process with drift with pa-
rameters x0 = 0, λ = 1, σ = 1.

Wiener process (with drift) is a basic diffusion process, it is a process
with continuous time and continuous trajectories (for illustration of its tra-
jectories see Fig. 1.5). White noise and Wiener process are closely related.
Wiener process can be understood as the integral of a white noise and con-
versely white noise as the derivative of a Wiener process. However, this idea
is not rigorously correct, as the trajectories of a Wiener process are not dif-
ferentiable with unit probability. This mechanism creates the core of the
stochastic differential equations, which solutions are diffusion processes.

One of the reasons of importance of diffusion processes is that they can
be used to approximate some other processes with discontinuous trajectories,
which is called a diffusion approximation. For example, let us assume two
Poisson processes, N1(t) and N2(t), and define a random process

Y (t) = aN1(t)− bN2(t), a > 0, b > 0.

The trajectory of process Y (t) is thus a piecewise constant function with up
and down jumps of size a and b. It can be shown that with decreasing values
of a and b and increasing intensity of the Poisson processes Y (t), converges
in distribution to a Wiener process with drift [83]. Similarly, diffusion ap-
proximations can be constructed for other processes, e.g. for a combination
of shot noise processes, which leads to another well-known and important
diffusion process called Ornstein–Uhlenbeck process [72].

For a Wiener process with drift, it is possible to derive the distribution
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of FPT in an explicit form. Specifically, the first passage time of a threshold
θ > x0 has IG distribution with parameters [10]

µ =
θ − x0
λ

, ν =
(θ − x0)2

σ2
, (1.43)

under the condition that the threshold is reached in a finite time. On the
other hand, e.g. for the Ornstein–Uhlenbeck process there is no a closed form
of the FPT.
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Chapter 2

Mathematical models in
neurobiology

An introduction to mathematical models in neurobiology is presented in this
chapter, more details can be found for example in [24, 30, 82].

2.1 Structure and functions of neurons

Neurons are the basic units of the nervous system, they are connected into a
very dense network (in an adult human brain there are approximately 86 · 109

neurons connected by 1014 − 1015 junctions [24]) and their main function is
transmission and preservation of information. There are various types of
neurons, but a typical one consists of three parts – dendrites, a body and
an axon (see Fig. 2.1). Simply put, these parts represent input, processing
and output devices. Using the dendrites neuron receives signals from other
neurons, they are “processed” in the body and based on the processing output
signals are generated and sent to other neurons through the axon. The
place where two neurons are connected is called a synapse. Accordingly, the
sender is called a presynaptic neuron and the receiver is called a postsynaptic
neuron. The neuronal signals are short electric impulses with amplitude
approximately 100 mV and duration 1–2 ms, there are almost no differences
between two impulses and they are also called action potentials or spikes [24].

The inside of a neuron is separated from the outside by a cytoplasmic
membrane, this membrane creates a border of two environments with dif-
ferent concentration of ions, there is thus a difference between the potential
inside and outside. This difference is called the membrane potential. When
there are no impulses being received by the neuron (for a sufficiently long
time), the value of the membrane potential is approximately −65 mV (resting



CHAPTER 2. MATHEMATICAL MODELS IN NEUROBIOLOGY 27

Fig. 2.1: The basic structure of a neuron.

value). However, it is being changed by the incoming spikes, these changes
can be both positive (excitation pulses) or negative (inhibition pulses). These
changes are not permanent, the membrane potential spontaneously returns
to the resting value. If the potential reaches a certain value (threshold) the
neuron generates an output spike and the potential decreases under the rest-
ing values, to which it subsequently returns. If there are other pulses being
received by the neuron, this mechanism is repeated and a sequence of output
spikes (spike train) is generated.

Even if the intensity of the input is high, the time intervals between
successive spikes cannot be arbitrarily short. The spikes are always separated
by a time interval of a certain minimal length, which is called a refractory
period. The term relative refractory period is also established, to denote the
time interval in which generation of a spike is unlikely (but possible).

2.2 Basic neuronal models

The presented description of neurons and their behavior can be summed up
so that a neuron works as an input–output device which transforms an input
spike train into an output spike train. A formal mathematical model of a
single neuron can be thus separated into two parts, a model of the input and
a model of the transformation mechanism. The aim of the models is mostly
description of the character of the corresponding output.
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Fig. 2.2: A neural input to output transformation scheme.

The basis of the most of the neuronal models is the transformation of the
given input to membrane potential until the threshold is reached, after which
a spike is generated. Some of these models are described in this chapter, while
the following notation is used (see a schematic illustration in Fig. 2.2). A
function I(t) represents the input received by a neuron at a time t ≥ 0, it
can describe both a continuous or discrete signal. In the second case, the
pulses can be formally defined as a sum of Dirac δ-functions. Next, V (t)
denotes the value of the membrane potential at a time t ≥ 0, θ ∈ R denotes
the threshold, vR ∈ R the resting value and v0 ≤ θ an initial value of the
potential at the time zero. As it was mentioned, as soon as V (t) reaches θ
a spike is generated. The time interval (Tθ) from the time zero up to this
moment corresponds to the FPT from Definition 1.4, thus

Tθ = inf{t ≥ 0; V (t) ≥ θ}. (2.1)

Neuronal models focus often directly on description of the FPT (e.g. in
dependence on the character of the input, parameters of the model, etc.), in
that case it is not necessary to define the behavior of the model for time t >
Tθ. However, the model can continue and generate a sequence of impulses.
Then we will assume that immediately after Tθ the value of V (t) is returned
to v0, after which there is a time interval of length r ≥ 0 (representing the
refractory period) where any input is ignored. This mechanism continues
and an output sequence is generated. The character of the ISIs can be both
constant (the intervals have equal length or, in the case of stochastic models,
the same probability distribution) or variable. The specific situation depends
on the assumed model, mostly on its input.
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2.2.1 Models of neuronal input

The models of neuronal input can be approximately divided into two groups,
models of a discrete input and models of a continuous input. From the
point of view of the true behavior of neurons, the discrete models, describing
discrete times of the input spikes, are more realistic. However, even a con-
tinuous signal can be in certain situations a suitable description of the input
[38, 61, 62]. The first example of such situations are controlled experiments
in which the input (continuous) voltage is artificially supplied. The second
example of such a case is input of a relatively large intensity, when the dis-
crete character fades and a continuous signal can be a sufficiently precise
approximation.

The most basic model of a continuous input is a constant voltage λ > 0,
thus I(t) = λ. Such a model is often extended by a random component rep-
resented by the white noise, I(t) = λ+WN(t). As I(t), it is possible to use,
according to the modeled situation, an arbitrary function or random pro-
cess. For a discrete description of the neural input, there is also a wide range
of possibilities, from simple deterministic sequences to complex stochastic
processes. The most often used model of spike trains is clearly a Poisson
process. One of the reasons is its relative simplicity, allowing derivation of
many explicit results. Nevertheless, the more important reason is the fact
that a Poisson process can be often considered to well approximate the real
input. This assumption is based on Theorem 1.1, stating convergence of a
sum of renewal process to a Poisson process, as neuronal input can be seen
as a sum of many spike trains, coming from many neurons.

2.2.2 Perfect-integrator models

A basic type of models of the mechanism which transforms the input to
output spike trains are the perfect-integrator models. They suppose that the
input is transformed by a simple integration of the function I(t). The value
of V (t) at a time 0 ≤ t ≤ Tθ is thus given by relationship

V (t) = v0 +

∫ t

0

I(s)ds. (2.2)

Due to the simplicity of this relationship, it is often possible to explicitly
derive the value or probability distribution of Tθ. Let us present several
examples.

a) A constant continuous input signal, I(t) = λ, λ > 0.

In this case, it is possible to simply obtain the (deterministic) value of
FPT, Tθ = (θ − v0)/λ.
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b) A continuous input signal with constant deterministic component com-
bined with white noise, I(t) = λ+ σWN(t), λ > 0, σ > 0.

For 0 ≤ t ≤ Tθ we obtain V (t) = v0 + λt + σW (t), thus a Wiener
process with a drift. According to Section 1.5, the random variable Tθ
has an inverse Gaussian distribution.

c) A Poisson process.

Let us suppose that the input corresponds to a Poisson process repre-
senting times of spikes with a constant amplitude a > 0, thus a sequence
of impulses with independent and exponentially distributed ISIs. The
amplitudes of the pulses are summed up to reaching the value θ, for
which k = d(θ − v0)/ae spikes are necessary. The value Tθ thus cor-
responds to the waiting time for the k-th event in a Poisson process,
which has an Erlang distribution, thus also a gamma distribution.

2.2.3 Leaky-integrator models

The leaky-integrator models eliminate probably the largest drawback of the
perfect-integrator models – neglecting of the spontaneous return of the mem-
brane potential to the resting value. In the leaky-integrator models, this
effect is embedded to the model using an assumption that the rate of the
return to the resting potential is directly proportional to difference V (t)− vr
with the proportionality constant 1/τ , where τ > 0 is called a time constant.
This assumption yields a differential equation for V (t), 0 ≤ t ≤ Tθ,

dV

dt
= −V (t)− vR

τ
+ I(t), V (0) = v0. (2.3)

Let us present several specific variants of this model in dependence on I(t).

a) A constant continuous input signal, I(t) = λ, λ > 0.

It is possible to find an explicit solution of equation (2.3)

V (t) = v0e
− t
τ + (vR + λτ)(1− e− t

τ ), t ≥ 0. (2.4)

The solution is an increasing function converging to vR + λτ , reaching
the threshold is thus possible only if θ < vR + λτ , then

Tθ = τ ln
vR + λτ − v0
vR + λτ − θ .

Let us note that model given by equation (2.3) with a general determin-
istic function I(t) is called a Lapicque model, model given by equation
(2.4) is thus its basic variant.
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b) A continuous input signal with a constant deterministic component
combined with white noise, I(t) = λ+ σWN(t), λ > 0, σ > 0.

Combination of the leaky-integrator mechanism and this input yields
membrane potential corresponding to an Ornstein-Uhlenbeck process.
It is a very often used model of the membrane potential [14, 60], how-
ever, both the probability density and the cumulative distribution func-
tions of the random variable Tθ are not known in an explicit form. They
are mostly studied using some numerical simulations.

c) A point process.

In the case of input described by discrete pulses (mostly a Poisson
process), the trajectory of the membrane potential has a shape of a
function with jumps of a certain value, between which it returns to the
resting value vR by an exponential rate. The membrane potential thus
corresponds to a shot noise process. An important extension of this
model is situation when we consider also negative jumps (inhibition
pulses). Such a model is called Stein’s model [74].
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Chapter 3

Overview of the published
results

Publication I: Fano Factor Estimation

In this paper, we study one of the most often used measures of variability of
neural spike trains – Fano factor. It is a quantity which was firstly proposed
to measure the fluctuations of the produced number of ion pairs in a volume
of gas [21]. Nevertheless, it is now often used to measure (among others)
variability of neural spike trains [20, 22, 27]. Fano factor is defined as the
variance to mean ratio of numbers of spikes in an observation window of a
certain length, t. Such a characteristic is easy to use, which is clearly one of
the reasons of its popularity, however, it has to be interpreted carefully as
its value generally strongly depends on the length of the observation window
[49]. When estimating Fano factor, the aim is mostly to obtain the limit value
for infinitely long observation window, to remove the dependence on t. That
yields a need to use as large t as possible. On the other hand, there are also
some reasons to use a short window, e.g. a lack of data or an effort to capture
the instantaneous variability on a short scale. To be able to optimally balance
between these two contradictory requirements, it is necessary to know some
theoretical properties of Fano factor for some suitable models of spike trains.

A very often used model of sequences of spikes is a renewal process, which
assumes that the ISIs are independent and identically distributed positive
continuous random variables. Among the most useful distributions of ISIs
belong gamma and inverse Gaussian distributions [23, 37, 40, 50, 51, 52, 69].
Nevertheless, note that a renewal process is not always a suitable model of
the neural spike trains [3, 8, 66]. It is well known that for renewal processes
the value of Fano factor starts in unit value (for t→ 0) and converges to CV2
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(for t → ∞), where CV, coefficient of variation, is another very often used
variability measure, defined as the standard deviation to mean of interspike
intervals (ISIs) ratio [11]. However, the specific dependence on t and thus
even the choice of the optimal window is not fully clear.

To clarify these issues, we study estimation of Fano factor for renewal
processes. In the first part of the paper, we derive some its new properties
and in the second part we propose a procedure of selecting of the length of
the observation window with the aim on minimizing the mean square error
of standard Fano factor estimator when estimating from a segmented single
spike train. Estimation from repeated trials is also explored, focusing on de-
termination of the accuracy of the standard estimators of CV and Fano factor
in various situations. From the derived properties, let us mention the effect
of a refractory period. We show that both a relative and absolute refractory
periods cause an initial decrease of the value of Fano factor, independently
of the true variability of the spike trains, which has to be strongly taken into
account while using a very short window. This effect was earlier observed
in experimental data in [78], but according to our knowledge it has not yet
been explained analytically.

Publication II: Stein’s neuronal model with

pooled renewal input

In this paper, we explore the influence of variability of input of a neuron
on character of its output. Neural input is mostly described by a Poisson
process, the reason comes from the fact that sum (superposition) of suit-
ably scaled renewal processes converges to a Poisson process with increasing
number of the processes. As a renewal process is a standard model of a sin-
gle spike train and input of a neuron is created by many spike trains, it is
reasonable to assume that the input can be well approximated by a Poisson
process. However, such an assumption rejects the possibility of variability
coding, as all the rate-independent variability is neglected in the Poissonian
approximation. Therefore, we explore the precision of this approximation
with the aim to determine whether the variability of the input spike trains
can influence behavior of a neuron.

For this study we use a famous and often used neuronal model – Stein’s
model [6, 26, 72, 73, 74, 82]. Note that there are also some its more com-
plex modifications [5, 16, 28, 48, 63, 81]. Standardly, it is studied with a
Poissonian input and in that case the rate and variability coding cannot be
separated [35, 36, 70]. The insufficiency of this approach was observed in
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in-vivo data in [15] and some more general variants of the input were studied
e.g. in [7, 18, 25, 42, 44, 65]. Firstly, we thus generalize this model by assum-
ing input described by pooled independent and identical renewal processes.
Secondly, we compare the behavior of this model in dependence on CV of
the single inputs, representing their variability, and on number of the inputs
with behavior of Stein’s model with a Poissonian input. We use two criteria
– character of the neuronal membrane potential and character of the neu-
ronal output. Both of the criteria show that the Poissonian approximation
can be insufficient. Even for a realistic number of inputs (e.g. 10000) there
are some significant differences in behavior of the models. It is thus possible
that the input variability influences the response of neuron and variability
coding cannot be rejected.

Publication III: Shot-noise Fano factor

Fano factor is a useful measure of variability of neural spike trains, however,
it might be considered to be too simple. Mainly, it probably does not measure
the variability the way neurons can register it (if they can register it). The
problem is in the used window, which assumes that every spike is reflected
either fully or not at all – in dependence on whether the spike is inside or
outside of the window. A more realistic approach, corresponding to the leaky-
integrator mechanism, could be that the influence of spikes decreases with
increasing time that passed since their arrival. Based on this idea, we have
proposed a new variability measure in this paper. This measure can be seen as
a generalization of Fano factor where the spikes are weighted using a smooth
(response) function. From a mathematical point of view, it is the variance to
mean ratio of a linearly filtered point process, often called shot noise [12, 53].
We study the measure under the standard assumption that the spike trains
follow a renewal process, derive some of its properties and compare them with
the properties of Fano factor. Specifically, we focus on the measure with the
response function in form of a decreasing exponential, which seems to be the
most important case, as an exponential spontaneous decrease of membrane
potential is often assumed [24]. As the proposed measure can be used in any
situation when dealing with data in form of a sequence of discrete points, we
do not restrict the publication only to the neuronal point of view. Analogous
data arise e.g. when studding natural disasters (earthquakes, fires) [77, 79,
80], chemical reactions [4, 9], or many other phenomena [1, 32, 55, 86].

Even if the measure is more complex than Fano factor, some of the derived
formulas describing its behavior are simpler than the Fano factor alternatives
and they can be used to make inferences about the local character of exper-
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imental data. There is also another application of the theoretical results.
They can be used when processing data that we assume to be directly re-
alizations of a shot-noise process. Such data arise in many situations, e.g.
in study of traffic noise [45, 85], river flows [39] or (for our purpose most
importantly) the neural membrane potential [72]. For such situations we use
our results to propose a CV estimator of the underlying renewal process.

Publication IV: Entropy factor for randomness

quantification in neuronal data

The term variability is usually used as a general term to denote the intensity
independent behavior of the spike trains (or other phenomena). However,
there is a similar but not equivalent term which should be distinguished
– randomness. The difference between the variability and randomness can
be well seen from the fact that even a deterministic (non-random) process
can be variable. To measure the randomness there is a suitable quantity –
Shannon entropy [67], which is very often used in neuroscience [46, 47, 75, 76,
84]. Based on it, some randomness measures were proposed and thoroughly
studied [33, 34, 35], however, the focus is given only to randomness of ISIs.
As neurons more likely register the numbers of spikes than the actual lengths
of the interspike intervals, it is natural to extend the randomness measures
even to the numbers. In this paper we therefore propose such a measure,
entropy factor. It is defined as the ratio of Shannon entropy of numbers of
spikes in an observation window to Shannon entropy of a counting Poisson
process with the same rate. This way we obtain a measure which is a close
analogy to Fano factor, with the difference that is uses the Shannon entropy
instead of the variance.

We derive some properties of the proposed measure for renewal processes
and compare them with the properties of Fano factor. We show that there
are some significant differences between these measures and thus it cannot
be assumed that they both provide the same information about the rate-
independent behavior of spike trains. Mainly, Fano factor better reflects the
variability for long observation windows, while entropy factor provides most
information about the randomness for relatively short observation windows
(which could correspond to windows used by neurons). There is also highly
non-monotonic dependence of the entropy factor on CV, creating another
difference from Fano factor. Finally, we compared the theoretical properties
of the new measure with the behavior deduced from experimental data –
records of spontaneous firing of olfactory receptor neurons in rats [19].
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Abstract. Fano factor is one of the most widely used measures of variability

of spike trains. Its standard estimator is the ratio of sample variance to sample
mean of spike counts observed in a time window and the quality of the estimator

strongly depends on the length of the window. We investigate this dependence

under the assumption that the spike train behaves as an equilibrium renewal
process. It is shown what characteristics of the spike train have large effect

on the estimator bias. Namely, the effect of refractory period is analytically

evaluated. Next, we create an approximate asymptotic formula for the mean
square error of the estimator, which can also be used to find minimum of the

error in estimation from single spike trains. The accuracy of the Fano factor

estimator is compared with the accuracy of the estimator based on the squared
coefficient of variation. All the results are illustrated for spike trains with

gamma and inverse Gaussian probability distributions of interspike intervals.

Finally, we discuss possibilities of how to select a suitable observation window
for the Fano factor estimation.

1. Introduction. One of the most important open questions in neuroscience is
how neurons code transfered information into spike trains. The basic and frequently
considered concept is rate coding [11]. It assumes that the information is coded by
the spike rate, which is mostly calculated as a spike count average. The spike rate,
however, does not fully depend on exact spike times, different spike sequences can
yield the same spike rate. So there is the possibility that there is more information
in a spike train than what can be coded using the spike rate. A natural extension
of the rate coding, which better reflects the specific spike timing, is variability
coding [20]. In that case, it is assumed that the variability in spike trains also
carries information. The question whether the variability coding is used in real
neurons or the variability is caused just by a noise without useful information is
still unanswered. However, this issue increases the importance of suitable variance
measurement and estimation.

2010 Mathematics Subject Classification. Primary: 60K05, 62-07; Secondary: 62P10.
Key words and phrases. Fano factor, estimation, renewal process, mean square error, refractory

period.
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The spike train variability is usually examined based on one of two following
neuronal data types - a single (long) spike train or multiple (short) spike trains.
By a single spike train we understand a relatively long record of spike activity,
often spontaneous, of one neuron. On the other hand, multiple spike trains often
arise from repeated measurements (repeated trials) of the immediate reaction to
a stimulus. The reaction is usually of limited duration therefore there is the demand
on a short observation window.

There are many possibilities how to measure the variability in spike trains. Often
it is assumed that the spike trains satisfy the definition of renewal process and so
a measure of variability of continuous positive random variables, which represent
the length of interspike intervals (ISIs), can be used [14]. Such a typical and basic
measure is coefficient of variation (CV), which is the ratio of the square root of the
variance of the length of the ISIs to their mean. Alternatively, the variability of
numbers of spikes occurred in an observation window is measured. In that case,
mainly the Fano factor (FF), the ratio of the variance of the number of spikes to
the mean, is used. Although CV and FF, as defined, represent different types of
variability, they are closely related for renewal processes - with increasing length of
the observation window FF converges to CV2 [18]. Thus to measure their common
value it is possible to use CV as well as FF.

Modeling of spike trains using renewal processes assumes independent and iden-
tically distributed lengths of ISIs which certainly not always apply to real spike
trains, often the spike rate changes in time or the ISIs are correlated [10]. How-
ever, there are situations when such a description of ISIs can be appropriate. For
instance, when we observe the spike train in a short time window then, even if the
character of the spike train changes in time, the observed part can be approximately
stationary. The second situation where the spike train often seems to be well de-
scribed by a renewal process is during spontaneous activity. Moreover, it is possible
to eliminate rate changes before variability estimation using a time transformation
[18]. Let us notice that also some local measures [22, 24], which are less sensitive to
spike rate changes, and methods for extracting the firing variability and the firing
rate simultaneously [15, 23] were proposed.

Estimation of both CV and FF is not always trivial. For short spike trains
(short observation window) the probability of observation of large ISIs is reduced
and therefore the standard estimator of CV (square root of sample variance of ISIs
divided by sample mean) is biased. In this case, there is a bias also in the standard
estimator of the limit value of FF (sample variance of spike counts divided by sample
mean). It is caused by the fact that we estimate FF for infinite intervals based on
finite, short observation window. In estimation from single spike train, these issues
are usually minor, but there is another complication in FF estimation. To be able
to use the estimator, we need data in form of spike counts. They are naturally
obtained by segmentation of the spike train into intervals of the same length and
the accuracy of the estimator surely depends on this length. However, it is not clear
how to choose the most suitable one.

In this article, we explore some problematic aspects of estimation of the limit
value of FF from repeated trials and from a single spike train and show that there
are situations when the estimator of FF is more suitable for estimation of CV
(squared) than its commonly used estimator. Firstly, we describe and illustrate
the dependency of FF on the length of the observation window and investigate the
effect of refractory period on this dependence. In [25], a decrease of FF for short
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observation window caused by refractory period is shown, in [7] it is analytically
explained for a Poisson process with absolute refractory period. We show this
effect analytically also for equilibrium renewal processes with absolute or relative
refractory period. Next, an approximate asymptotic formula for the mean square
error (MSE) of the estimator is derived and its accuracy verified using simulated
spike trains. This formula can be used, among others, to approximate the MSE in
estimation from single spike trains and thus also to choose the suitable length of
intervals into which the spike train is segmented. Finally, we compare the accuracy
of CV and FF estimators based on simulated spike trains and discuss the suitable
choice of the observation window for the FF estimator. For numerical illustrations,
we use gamma and inverse Gaussian probability distributions of ISIs.

2. Theory. Neural spike trains are often described as a renewal process, where
it is assumed that the lengths of ISIs are independent and identically distributed
continuous positive random variables. We denote this random variable by T , its
probability density function (pdf) by f(t) and cumulative distribution function
(cdf) by F (t). The process can also be described as a counting process {Nt, t ≥ 0},
which represents the number of spikes occurred from time zero to a time t. For
the complete description of a spike train, it is also necessary to specify the position
of time zero. Commonly, the observation begins either at the moment of a spike
(ordinary renewal process) or in a random moment, unrelated to the spike train
(equilibrium renewal process).

The coefficient of variation (CV) and the Fano Factor (FF) are defined as

CV =

√
Var(T )

E(T )
, (1)

FF = lim
t→∞

FFt, (2)

where

FFt =
Var(Nt)

E(Nt)
, (3)

E(T ) and E(Nt) denote means of random variables T , and Nt and Var(T ) and
Var(Nt) denote their variances. While CV describes directly the variability of the
random variable T , FF aims at the variability of Nt. Since T represents only ISIs,
not the time up to the first spike, in formula (1), and since t tends to infinity in
definition (2), it is not necessary to specify the condition for selection of time zero (in
other words, the values of CV and FF do not depend on whether the corresponding
renewal process is ordinary or equilibrium).

The estimation of CV is straightforward, its standard estimator is the ratio of
the square root of the sample variance to the sample mean of ISIs, thus

ĈV =

√
s2T
T

=

√
1

n−1
∑n
i=1(Ti − 1

n

∑n
i=1 Ti)

2

1
n

∑n
i=1 Ti

, (4)

where T1, T2, . . . , Tn denote the lengths of ISIs. This estimator is biased, however,
the problem has been dealt with in [8, 14].

Estimate of FF is commonly calculated based on numbers of spikes occurred in
time intervals (in an observation window) of length t. We denote these numbers by
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N1
t , N

2
t , . . . , N

n
t . Then the usual estimator of FF is

F̂F =
s2Nt

N t

=
1

n−1
∑n
i=1(N i

t − 1
n

∑n
i=1N

i
t )

2

1
n

∑n
i=1N

i
t

. (5)

The counts N i
t , i = 1, . . . , n, are mostly obtained from n trials, but also, not so

frequently, by segmentation of a single spike train (of a length τ) into n parts (see
Figure 1). However, even if we assume that both the trials and the single spike
train correspond to the same equilibrium renewal process, these situations are not
completely equivalent from the point of view of properties of N i

t . Later, this issue
will be discussed in more detail.

Nt
1 NtNt Nt

2 3 n

t 2 3 10 (n- )tt t τ 

0 t

0 t

0 t

Nt
1

Nt
2

Nt
n

Figure 1. Two types of neuronal data for FF estimation, n trials
(left) and segmented single spike train of length τ (right).

There is a clear discrepancy between definition (2) and estimator (5). The value
of t tends to infinity in the definition of FF, but it is finite and often relatively short
in a specific data set. Therefore, formula (5) is more likely an estimator of FFt.

The difference between FFt and FF causes, for short t, relatively strong bias of F̂F

[17]. Thus the behavior of FFt, as a function of t, highly affects the quality of F̂F.
Above all, the rate of convergence to its limit is important. Basic and well known,
[5, 13, 17, 19], properties of FFt which hold for renewal processes are

lim
t→0+

FFt = 1, (6)

lim
t→∞

FFt =
Var(T )

E(T )2
= CV2, (7)

the latter also yields the relationship

FF = CV2. (8)

Formula (6) can be understood using the fact that the probability distribution of
Nt converges, independently of the probability distribution of T , to a Bernoulli
distribution as t→ 0 (just zero or one spike can occur in [0, t]). On the other hand,
the probability distribution of Nt is normal for t → ∞ [5], which can be used to
justify formula (7).

It follows from relationships (6) and (7) that FFt goes from one to CV2 (= FF) as
t goes from zero to infinity, but the behavior of FFt between these two values is not
obvious. The simplest situation is for the exponential distribution of T (Nt is the
Poisson process), in this case FFt = 1 for all t > 0. For more complex probability
distributions of T (e.g., gamma, inverse Gaussian or log-normal) it is possible to
approximate FFt for large t, [5],

FFt ≈ CV2 +
1

t

[
E(T )

2

(
1 +

Var(T )

E2(T )

)2

− 1

3

E(T 3)

E2(T )

]
, for t→∞, (9)
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however, FFt itself cannot be exactly expressed in a closed form.
Relationship (8) is an important property of renewal processes, which may be

used in various ways. One possibility is estimation of CV2 instead of FF. However, it
is not obvious which estimator is more accurate. Later, we examine this issue using
simulated spike trains. Another way how to apply equation (8) is joint analysis
of CV2 and FF estimates, as in [18]. Using this method we can for example test
whether the spike train corresponds to a renewal process.

Let us notice that the function FFt can behave significantly different for non-
renewal processes. Mainly, it can diverge for t → ∞. In [25] there is shown a sit-
uation when FFt increases as a power-law function. One of the reasons which
can cause such a behavior is ISIs correlation. For example, for equilibrium point
processes with correlated ISIs it holds, [17],

lim
t→∞

FFt = CV2

(
1 + 2

∞∑

i=1

ξi

)
, (10)

where ξi is the linear correlation coefficient of ith order of the ISIs. Thus FF is
not in general equal to CV2, however, these situations are out of the scope of this
article.

3. Results. In this section, we present some new properties of FFt and F̂F under
the condition that Nt is an equilibrium renewal process.

3.1. Properties of FFt. Firstly, we derive a formula which can be used for nu-
merical calculation of FFt. Let us rewrite definition (3), using the formula, [5],

E(Nt) =
t

E(T )
, (11)

into the form

FFt =
E(T )

t
E(N2

t )− t

E(T )
. (12)

There is not a formula similar to equation (11) for E(N2
t ) so we use its Laplace

transform, [13],

L{E(N2
t )}(s) =

1 + f̃(s)

E(T )s2[1− f̃(s)]
, (13)

where f̃(s) is the Laplace transform of pdf f(t). Then from equations (12) and (13)
we get

FFt =
1

t
L−1

{
1 + f̃(s)

s2[1− f̃(s)]

}
(t)− t

E(T )
, (14)

where L−1 denotes the inverse Laplace transform. Formula (14) allows us to calcu-
late FFt for any t and any probability distribution of T .

Next, we will specify the behavior of FFt near zero for a certain situation.
Namely, if for pdf f(t) it holds that

f(t) ≈ at, a ≥ 0, for t→ 0+, (15)

then (see Appendix A)

lim
t→0+

dFFt
dt

= − 1

E(T )
. (16)



110 KAMIL RAJDL AND PETR LANSKY

Condition (15) corresponds to the concept of relative refractory period (very low
probability of short ISIs), thus this result can be formulated so that the relative
refractory period causes an initial decrease of FFt independently of the value of FF.

The presence of an absolute refractory period leads to a similar effect. Instead
of ISIs of length T we now assume ISIs of length T + r, where r > 0 represents the
length of the absolute refractory period. Then (see Appendix A)

FFt = 1− t

E(T ) + r
, for 0 < t ≤ r. (17)

Thus FFt is just a line with slope −1/(E(T ) + r) in (0, r]. Further, it follows from
equation (7) that

FF =
Var(T )

(E(T ) + r)2
, (18)

so the value of FF is lower than in the situation without a refractory period (because
the mean of ISIs is now larger and the variance does not change).

3.2. Mean square error of F̂F. A suitable and often used measure of accuracy of
an estimator is the mean square error (MSE). It includes both bias and variance so it
is useful in situations when we deal with bias-variance tradeoff. Here we present an

approximate asymptotic formula for the MSE of F̂F under the assumption that the
random variables N i

t , i = 1, . . . , n, describe independent and identical equilibrium
renewal processes.

MSE of F̂F is defined as

MSE(F̂F) = E(F̂F− FF)2 (19)

and it can be rewritten into the form

MSE(F̂F) = [E(F̂F)− FF]2 + E[F̂F− E(F̂F)]2

= Bias2(F̂F) + Var(F̂F). (20)

For large t and n it is possible to approximate MSE(F̂F) using formula (see Appen-
dix B)

MSE(F̂F) ≈
[

1

t
E(T )G(T )

]2

+
E2(T )

t2

[
2

n− 1
+

E2(T )

nt2

(
G(T ) +

FF

E(T )
t

)]

·
[
G(T ) +

FF

E(T )
t

]2
, for t→∞, n→∞, (21)

where

G(T ) =
1

2
(1 + FF)2 − 1

3

E(T 3)

E3(T )
. (22)

The first summand in formula (21) represents the squared bias and the second one

corresponds to the variance of MSE(F̂F).
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4. Examples. In this section we aim to illustrate properties of FFt and F̂F in some
specific situations by using numerical calculations and simulations. As probability
distributions of T , we use gamma and inverse Gaussian (IG) distributions. They
are probably the most widely used distributions for modeling of lengths of ISIs
[8, 17, 19].

The pdf of the gamma distribution is

fG(t;λ, k) =
λktk−1e−λt

Γ(k)
, t ≥ 0, λ > 0, k > 0, (23)

where Γ denotes the Gamma function, and the pdf of the IG distribution is

fI(t;µ, ν) =

√
ν

2πt3
exp

{
−ν(t− µ)2

2µ2t

}
, t ≥ 0, µ > 0, ν > 0. (24)

An advantage of these pdfs is that it is possible to calculate analytically their Laplace
transforms, which are necessary for application of formula (14). Note that the pdf
(23) with k = 1 is the exponential distribution and the corresponding counting
process Nt is a Poisson process.

Both of these probability distributions (gamma and IG) have two parameters,
and their values can be uniquely related to E(T ) and FF. It holds that

λ =
1

E(T )FF
, k =

1

FF
(25)

for the gamma distribution and

µ = E(T ), ν =
E(T )

FF
(26)

for the IG distribution.

4.1. Behavior of FFt. Here we illustrate the dependency of FFt on t, calculating
(approximating) their values using formula (14).

In Fig. 2, there are displayed the graphs of FFt and corresponding probability
densities for various values of FF. We see that FFt goes from one to CV2 and also its
initial behavior corresponds to relationship (16), FFt starts with a decrease at zero
if pdf of T satisfies condition (15). This causes relatively large difference between
FFt curves for gamma and IG probability distributions even with the same FF and
E(T ) - for IG probability distribution, they can be nonmonotonic and, for FF > 1,
the convergence to FF is evidently slower than for gamma distribution. It is caused
by the presence of relative refractory period for all values of FF. On the other hand,
there is no refractory period for gamma distribution with FF > 1 so FFt is, in this
case, always monotonic.

Next, we illustrate the effect of the absolute refractory period. We calculate FFt
for the same situations as in Fig. 2 with the difference that we add a refractory
period of length r = 0.1 to T (see Fig. 3). The graph of FFt is now initially a line,
which slope does not depend on the value of FF. Evident consequence is also slower
convergence of FFt to its limit value for FF > 1.

Finally, in Fig. 4, there is shown the accuracy of the approximation (9). We see
that it is always better for low values of FF and, if FF > 1, it is also substantially
better for gamma probability distribution of T than for IG distribution.



112 KAMIL RAJDL AND PETR LANSKY

0 1 2 3 4 5 6

1

0.5

0.25

2

4

FFt, Gamma

t

F
F
t

0 0.5 1 1.5
0

0.5

1

1.5

2

2.5

3
Gamma pdf

t

f
(t
)

0 1 2 3 4 5 6

1

0.25

0.5

2

4

FFt, IG

t

F
F
t

0 0.5 1 1.5
0

0.5

1

1.5

2

2.5

3
IG pdf

t

f
(t
)

FF = 4

FF = 2

FF = 1 FF = 0.5
FF = 0.25

FF = 4

FF = 2

FF = 1
FF = 0.5 FF = 0.25

Figure 2. Left: Graphs of FFt for gamma and IG probability
distributions of T . Mean of T is always one, values of FF are
0.25, 0.5, 1, 2, 4 (from bottom to top). FFt-axis is logarithmically
scaled. Values of FFt are calculated numerically using formula (14).
Right: Probability density functions of gamma and IG distributions
corresponding to the curves on the left.

4.2. Numerical experiments. There are some questions we are not able to an-
swer using the analytical results. For example, we do not know the accuracy of
asymptotic the approximation (21) or which estimator, (4) or (5), is more suitable
to estimate FF. Therefore, these and some other issues are examined here using
simulated spike trains.

For measuring the error of the estimators we use sample mean square error which
is given by

M̂SE(θ̂) =
1

m

m∑

i=1

(θ̂i − θ)2, (27)

where θ̂ is an estimator of θ and θ̂1, θ̂2, . . . , θ̂m are calculated realizations of θ̂.
Definition (27) is a sample analogy (estimator) of formula (19), if it is not confusing
we refer to both as MSE only. Their relative square roots in percents are shown in
figures.

4.2.1. MSE(F̂F) in estimation from independent trials. Here we wish to clarify the
question for what t and n it is possible to use relationship (21) as a reliable approx-

imation of MSE(F̂F) in estimation from repeated trials. To that end, we calculate
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ability distributions of T with absolute refractory period. Mean
of T is always 1.1 (of which 0.1 is the absolute refractory period),
values of FF are 0.25, 0.5, 1, 2, 4 (from bottom to top). FFt-axis
is logarithmically scaled. Values of FFt are calculated numerically
using formula (14).
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tions calculated using formula (9) (solid line) for gamma (left) and
IG (right) probability distributions of T . Mean of T is always one,
values of FF are 0.25, 0.5, 1, 2, 4 (from bottom to top). FFt-axis
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MSE based on estimates from simulated spike trains and compare it with values of
MSE obtained using approximation (21). This comparison is shown in Fig. 5. We
see that the differences between approximated and simulated values of MSE are in
considered situations relatively small. It seems that if FF < 2 then formula (21) is
a sufficiently accurate approximation of MSE for t about four means of ISIs and n
about 25. Moreover, the accuracy quickly improves with decreasing value of FF.

4.2.2. MSE(F̂F) in estimation from single spike train. In FF estimation from a sin-
gle spike train it is necessary to segment the spike train into n parts (intervals) of
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Figure 5. Relative
√

MSE of F̂F in percents obtained using simu-
lations (solid line) and using formula (21) (dashed line). ISIs have
gamma (upper panels) and IG (lower panels) probability distri-
butions with mean one and FF = 0.5, 1, 2. Simulated values are
calculated based on 1000 estimates of FF.

a length t to obtain the spike counts for application of F̂F and it is not obvious what
t to use. For short intervals, the estimator is strongly biased, but with increasing t
the number of intervals decreases (because of fixed length of the spike train) and that

leads to an increase of variance of F̂F. Therefore, here we examine the dependency

of MSE(F̂F) on t and try to applicate formula (21) to its approximation. However,
this formula was derived under the assumption that the spike counts are obtained
from independent identical equilibrium renewal processes, which is different situa-
tion from one equilibrium renewal process segmented into n parts. For example,
the spike counts are not completely independent (except for the Poisson process).
However, following simulations indicate that violation of these assumptions does
not play any role.

We obtain every estimate of FF based on one simulated spike train, which is
segmented into intervals of length t. The length of the whole spike train is always
τ = 1000 (mean of ISIs is one), thus n = [1000/t] (integer part of 1000/t). In

this way, we obtain the dependency of MSE of F̂F on t and compare it with values
obtained using approximation (21) (see Fig. 6). We can conclude that there is
a minimum of MSE for a certain value of t. However, if FF = 1, this minimum
occurs for t = 0 (more precisely, MSE → 0 for t → 0). This is obvious because
FFt → 1 for t → 0. Moreover, for the IG distribution with FF = 1, there is
another (local) minimum, which is caused by the nonmonocity of FFt. We also see
that the values of MSE and especially their minima are in all situations relatively
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Figure 6. Relative
√

MSE of F̂F in percents in dependence on
window size t calculated using formula (21) (dash-dotted line) and
using simulations (solid line) in estimation from single spike train.
ISIs follow gamma (upper panels) and IG (lower panels) distribu-
tions with mean one and FF = 0.5, 1, 2. The length of the spike
trains is always τ = 1000. Simulated values are calculated based
on 1000 estimates of FF, corresponding curves are smoothed using
moving average method.

well approximated by formula (21). One exception is the situation with for the IG
distribution with FF = 1, where only the local minimum is approximated.

4.2.3. Comparison of F̂F and ĈV
2
. Due to relationship (8), there is the possibility

of estimating FF using estimator of CV and vice versa, therefore, the question
which of them is more precise arises. To clarify this issue we calculate and compare
their MSE based on simulated spike trains in various situations, short repeated
trials and single spike train are distinguished. In the first case, estimation using

both estimators is problematic. Mainly, ĈV is, as well as F̂F, strongly biased. We
cannot observe ISIs longer than the length of the observation window and thus the
variability in ISIs seems to be lower than it is. This problem almost vanishes in
estimation from a single spike train, but on the other hand, there is the problem

with the spike train segmentation for F̂F. As was shown, its MSE depends on used
length of intervals t and therefore, to obtain “the best possible estimate”, we use
t which minimizes formula (21). However, it is necessary to avoid situations when
this minimum is very low for FF near one (see Fig. 6), thus the minimal t we use is
3 (in mean ISI units). The results of these simulations are in Fig. 7.

Although there are some exceptions, it can be concluded the FF estimator is more
suitable for estimation from short repeated trials and CV estimator for estimation
from single spike trains. The exception in the first case is for spike trains with low
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Figure 7. Relative
√

MSE of F̂F (solid line) and of ĈV
2

(dash-
dotted line) in percents in estimating from repeated trials (upper
panels) and in estimating from single spike train (lower panels).
ISIs follow gamma (left) and IG (right) distributions with mean
one and with various values of FF. In estimation from repeated
trials, every error is calculated based on 1000 estimates, obtained
from 1000 trials. In estimation from a single spike train, the values
of the errors are calculated based on 1000 estimates.

variability (approximately for FF < 0.25), when ĈV
2

seems to be more accurate

than F̂F. In the second case, MSE of F̂F is rarely lower than MSE of ĈV
2
. However,

this occurs mainly for small τ and FF around one, when the used lower limit for t
(3 means of ISIs, which in practice is still too low) is applied.

4.2.4. Influence of refractory period on F̂F. We have shown that both relative and
absolute refractory periods have strong influence on the behavior of the function
FFt. Here we explore the practical consequence in FF estimation. We compare

MSE of F̂F for gamma distribution of T and for IG distribution of T with added
absolute refractory period in dependence on the length of the observation window t.
These probability distributions are very different from the point of view of refractory
period - the first one has no absolute refractory period and, for FF > 1, also no
relative refractory period and the second one has always both types of refractory
periods. However, their mean and FF (including the refractory period in the case
of IG distribution) are set to be the same. The MSE comparison is in Fig. 8. The
error is lower for T with “larger” refractory period for FF = 0.5 and vice versa
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Figure 8. Relative
√

MSE of F̂F in percents for gamma distribu-
tion of T without absolute refractory period (dashed) and for IG
distribution of T with absolute refractory period (dash-dotted) in
dependence on the length of the observation window t. Mean of
T is always one and the value of FF is 0.5 (left) and 2 (right) (all
including the refractory period of length 0.1 in the case of IG dis-

tribution). The errors are calculated based on 1000 values of F̂F,
each estimated from 1000 generated spike trains of relevant length.

for FF = 2. Moreover, in the latter situation, the difference in error is very large.
This can be easily understood, refractory period causes an initial decrease of FFt,
thus the convergence to FF is accelerated if FF < 1 (approximately, for FF slightly
below one the decrease may be too large) and reduced if FF > 1.

5. Choice of the observation window.

5.1. Estimation from independent trials. Repeated trials are used mainly in
measuring the response to a stimulus. The stimulus causes a change of the character
of the spike train, including its variability, which we want to measure. However,
this change lasts only for a short time so there is the demand of short observation
windows. It of course contradicts with the demand of sufficiently large observation
window which is important from the point of view of the accuracy of the FF es-
timator. Thus, we aim mainly to answer the question how short the observation
window can be so that the estimator is still sufficiently accurate.

In this situation, the problem of the estimator is its strong bias for short window
length t. It may be approximately expressed as the difference FFt − FF, therefore
the behavior of the function FFt is crucial. A theoretical possibility how to measure
the bias and select a suitable t is to use the bias approximation from formula (21).
However, in practice we do not have the necessary information about the spike
trains (e.g., E(T 3) and of course FF) and thus the observation window must be
chosen only heuristically based on general knowledge of FFt.

From presented illustrations of FFt, it is obvious that very short trials (e.g.,
shorter than the mean of the ISIs) are clearly almost always inappropriate. However,
this problem complicates in the presence of a refractory period. As was shown, both
relative and absolute refractory periods causes the FFt to be initially lower than one
independently of FF. Moreover, if FF > 1 then, even for relatively large observation
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Figure 9. Values of t which minimize formula (21) in dependence
on FF and length of the spike train τ . ISIs follow gamma (left)
and IG (right) distributions with mean one. The FF-axis is loga-
rithmically scaled.

windows, presence of the refractory period, while preserving the value of FF, causes

a very large increase of the error of F̂F (see Fig. 8). Thus, in selection of window
size, absence or presence of the refractory period should be taken into account.

The second characteristic of the spike trains which has large influence on FFt
is the value of FF itself. For FF ≤ 1, the length of the observation window about
5 − 10 means of ISIs, as suggested in [18], can be mostly appropriate. The same
value of t seems to be sufficient for FF > 1, if there is no refractory period (as for
the gamma distribution, see Fig. 2). The most problematic situation is for FF > 1
in presence of a refractory period. The observation window should be larger than
in the previous cases. However, its length cannot be specified more precisely.

5.2. Estimation from single spike train. In this situation, the selection of
a suitable t for spike train segmentation is the compromise between larger bias

and larger variance of F̂F. We have shown that there is some t which minimizes

MSE(F̂F) (we denote it by to) and this minimum can be approximated using for-
mula (21). For illustration, we approximate to for spike trains with various length
τ and various values of FF (see Fig. 9).

Again, we see that some values of to are too small for practical use. It is caused
by the fact that MSE is minimized just for a specific value of FF. In practice,
we do not know, of course, the value of FF and thus it is not possible to use
direct minimization of relationship (21). However, we can find such a window

that MSE(F̂F) is acceptable for a range of possible values of FF. This range may
be deduced from a preliminary estimate of FF obtained using estimator (5) with
a heuristically chosen value of t. We also do not know the values of E(T ) and E(T 3)
for formula (21), but it is now possible to estimate them.

Let us illustrate the described procedure on an example. Suppose that we have

a spike train with the following estimates: Ê(T ) = 1, Ê(T 3) = 6 and F̂F = 1 and
we want to find t which would provide more precise estimate of FF (more precise

estimator). It should hold that MSE(F̂F) is low for FF = 1 and also for sufficiently
wide range of values around one (e.g. for interval [0.5, 2]). We plot this situation
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Figure 10. Relative
√

MSE of F̂F in percents in dependence on
FF in estimation from single spike train with fixed length τ for
various window length t, calculated using (21) (E(T ) = 1, E(T 3) =
6, τ = 500 (left) and 3000 (right)). Every curve corresponds to
a value of t, these values are displayed in the figures. FF-axis is
logarithmically scaled.

for two values of τ , and various values of t (see Fig. 10). The choice of a suitable t

now depends on what properties of the estimator F̂F we expect. For example, for
τ = 500 and t < 5, MSE is for many values of FF too large. On the other hand,
MSE is unnecessarily large for most likely values of FF (around one) when t > 10.
Thus, t about 7.5 seems to be a suitable compromise. Analogously, a good choice
for τ = 3000 could be t = 15.

6. Conclusions. We have focused on Fano factor estimation using the standard
estimator under the assumption that the spike train satisfies the definition of equi-
librium renewal process. Two usual types of neuronal data, repeated trials and
single spike train, were considered. In both situations, the accuracy of the esti-
mator strongly depends on the length of the observation window t and so its right
choice is important.

In estimating from independent trials, the main problem is the bias of the es-
timator for short t. We have shown that, beside the value of FF, also refractory
period has crucial effect on its value. To be able to avoid the bias, it is important
to know the behavior of the function FFt. However, this information is in practice
limited, so it is necessary at least to assume a range of possible values of FF and
whether or not the refractory period plays a role. In estimating from a single spike
train, we have to take into account also the variance, thus there is a window size t
which is optimal from the point of view of the mean square error. This optimal t
can be approximated using derived MSE formula.

Because of the property CV2 = FF, which holds for renewal processes, we have
also compared the accuracy of the estimator of FF with the standard estimator
of CV2. There is no systematic preference, however, in estimation from repeated

trials, F̂F is mostly more precise than ĈV
2

and vice versa in estimation from single
spike trains.
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There is still a possibility to extend this work using different models of spike
train, more general or realistic than a renewal process. For example, correlation of
ISIs, which is not included in renewal processes, is often observed in experiments
[10] and, as was shown in [1, 2], it has a large effect on the dependency of the FF
estimate on the length of the observation window.

Appendix A. Proof of properties (16) and (17).

Proof. Here we prove properties (16) and (17). To that end, we modify formula
(12), using (11), into the form

FFt = 1 +
E(T )

t
E[Nt(Nt − 1)]− t

E(T )

= 1 +
E(T )

t

∞∑

n=2

n(n− 1)Pn(t)− t

E(T )
, (28)

where Pn(t) denotes the probability that n spikes occur in an interval of length t.
Then

dFFt
dt

= −E(T )

t2

∞∑

n=2

n(n− 1)Pn(t)

+
E(T )

t

∞∑

n=2

n(n− 1)
dPn(t)

dt
− 1

E(T )
(29)

=
E(T )

t

∞∑

n=2

n(n− 1)

(
dPn(t)

dt
− Pn(t)

t

)
− 1

E(T )
. (30)

Next we use the Laplace transform. It holds, [13],

L{Pn}(s) =
(1− f̃(s))2(f̃(s))n−1

s2E(T )
(31)

and

L
{

dPn(t)

dt

}
(s) = sL{Pn}(s), (32)

where equation (32) can be directly derived from the definition of the Laplace
transform.

From relationships (15), (31), (32) and using one of Abel and Tauber theorems,
which expresses the similarity of behavior of

h(t)

tm
, for t→ 0+

and
sm+1L{h}(s)

m!
, for s→∞, m ∈ N0,

[13, 21], where as the function h(t) we use Pn(t) and f(t), we further obtain

lim
t→0+

E(T )

t

∞∑

n=2

n(n− 1)

(
dPn(t)

dt
− Pn(t)

t

)
= 0,

which with formula (30) yields (16).
Finally, in presence of a refractory period of length r > 0, it holds Pn(t) = 0 for

t ≤ r, n ≥ 2, thus using (28) we get (17).
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Appendix B. Proof of relationship (21).

Proof. In this appendix we derive relationship (21). We use formula (20) and de-
rive firstly formulas for the bias and the variance. We start with bias, thus we

need a formula for E(F̂F). Estimators s2Nt
and N t in definition (5) are unbiased

estimators of Var(Nt) and E(Nt), thus

E(s2Nt
) = Var(Nt), E(N t) = E(Nt) (33)

and using the law of large numbers

s2Nt
→ Var(Nt), N t → E(Nt), for n→∞. (34)

That implies

E(F̂F) ≈ FFt, for n→∞. (35)

Then from formulas (9) and (35) we get

Bias(F̂F) ≈ 1

t

[
E(T )

2

(
1 +

Var(T )

E2(T )

)2

− 1

3

E(T 3)

E2(T )

]
, for t→∞, n→∞. (36)

Formula for the variance of F̂F we find assuming normality of Nt, which holds
for t→∞. Then, [16],

n− 1

Var(Nt)
s2Nt
∼ χ2(n− 1), N t ∼ N

(
E(Nt),

Var(Nt)

n

)
,

where N(E(Nt),Var(Nt)/n) denotes the Gaussian (normal) distribution with mean
E(Nt) and variance Var(Nt)/n and χ2(n− 1) denotes the Chi-squared distribution
with n− 1 degrees of freedom. Therefore

Var(N t) =
Var(Nt)

n
, Var(s2Nt

) =
2Var2(Nt)

n− 1
. (37)

Next, from relationships (33), (37) and from independence of s2Nt
and Nt (from

normality of Nt) we get

Var(F̂F) = Var

(
s2Nt

N t

)
≈ E2(s2Nt

)

E2(Nt)

[
Var(s2Nt

)

E2(s2Nt
)

+
Var(N t)

E2(N t)

]
=

=
Var2(Nt)

E2(Nt)

[
2

n− 1
+

Var(Nt)

nE2(Nt)

]
, for t→∞, n→∞, (38)

where we used approximation (first order Taylor expansion)

Var

(
R

S

)
≈ E2(R)

E2(S)

[
Var(R)

E2(R)
− 2(Cov(R,S))

E(R)E(S)
+

Var(S)

E2(S)

]
, (39)

where S and R are arbitrary positive continuous random variables.
Now we have formulas for both bias (36) and variance (38) and thus we can put

them into relationship (20),

MSE(F̂F) ≈ 1

t2

[
E(T )

2

(
1 +

Var(T )

E2(T )

)2

− 1

3

E(T 3)

E2(T )

]2

+
Var2(Nt)

E2(Nt)

[
2

n− 1
+

Var(Nt)

nE2(Nt)

]
, for t→∞, n→∞. (40)
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Further, E(Nt) we replace with (11) and for Var(Nt) we use another asymptotic
relationship, [5],

Var(Nt) ≈
Var(T )

E3(T )
t+

1

2

(
1 +

Var(T )

E2(T )

)2

− 1

3

E(T 3)

E3(T )
, for t→∞. (41)

So we obtain the final formula (instead of Var(T )/E2(T ) = CV2 we write FF)

MSE(F̂F) ≈
[

1

t
E(T )G(T )

]2

+
E2(T )

t2

[
2

n− 1
+

E2(T )

nt2

(
G(T ) +

FF

E(T )
t

)]

·
[
G(T ) +

FF

E(T )
t

]2
, for t→∞, n→∞, (42)

where

G(T ) =
1

2
(1 + FF)2 − 1

3

E(T 3)

E3(T )
. (43)
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Abstract The input of Stein’s model of a single neuron
is usually described by using a Poisson process, which is
assumed to represent the behaviour of spikes pooled from
a large number of presynaptic spike trains. However, such a
description of the input is not always appropriate as the vari-
ability cannot be separated from the intensity. Therefore, we
create and study Stein’s model with a more general input, a
sum of equilibrium renewal processes. The mean and vari-
ance of the membrane potential are derived for this model.
Using these formulas and numerical simulations, the model
is analyzed to study the influence of the input variability on
the properties of themembrane potential and the output spike
trains. The generalized Stein’s model is compared with the
original Stein’s model with Poissonian input using the rela-
tive difference of variances of membrane potential at steady
state and the integral square error of output interspike inter-
vals. Both of the criteria show large differences between the
models for input with high variability.

Keywords Stein’s model ·Neural input · Poisson process ·
Pooled renewal processes · First-passage time

1 Introduction

Stein’s model is a well-known and often-used tool for the
description of neuronal membrane potential and spike gen-

B Kamil Rajdl
xrajdl@math.muni.cz

1 Department of Mathematics and Statistics, Faculty
of Science, Masaryk University, Kotlarska 2, 611 37 Brno,
Czech Republic

2 Institute of Physiology, Academy of Sciences of the Czech
Republic, Videnska 1083, 142 20 Prague 4, Czech Republic

eration (Stein 1965; Smith and Smith 1984; Tuckwell 1988;
Hohn and Burkitt 2001; Burkitt 2006a; Smith 2010). It
belongs to the wide group of leaky integrator models that
have two main common features—they transform the input
signal into the membrane potential by its integration and
assume that the potential spontaneously returns to a rest-
ing value, usually by rate of an exponential decay. The
leaky integrator mechanism is consistent with current injec-
tion experiments (Gerstner and Kistler 2002). In Stein’s
model, the input is directly formed by discrete spikes (their
arrival times), so the corresponding amplitudes of excita-
tory or inhibitory postsynaptic potentials (EPSPs, IPSPs)
are integrated. The membrane potential trajectory is thus
a piecewise exponential curve with discontinuities (jumps)
at times at which the input spikes arrive. The primary aim
of Stein’s model is not the direct description of the mem-
brane potential, but the description of the output sequence
of spikes. This sequence consists of spikes which are gen-
erated as soon as the potential reaches a given threshold.
At these first-passage times (FPTs), the membrane poten-
tial is instantaneously reset to the resting (reset) level and
the integration of input starts over again, sometimes after
a refractory period. In this form, the model was introduced
in Stein (1965); however, since then various modifications
have been proposed. For example, random amplitudes of
PSPs are sometimes considered (Musila and Lansky 1991;
Richardson and Swarbrick 2010; Smith 2010). Well-known
and often-studied modification in the direction of closer bio-
logical relevance is Stein’s model with reversal potentials
(Tuckwell 1979; Burkitt 2001; Di Crescenzo and Martinucci
2007; Jahn et al. 2011). The frequently employed diffusion
approximations of the Stein’s model, in which the character
of stochasticity changes to the Gaussian white noise (Ric-
ciardi and Sacerdote 1979; Lansky 1984; Richardson and
Gerstner 2005, 2006; Benedetto and Sacerdote 2013; Cupera
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2014; Giorno and Spina 2014), stem out from the Poissonian
character of the input.

Although there are numerous variants of Stein’s model,
one feature mostly prevails—the input spikes are described
using a Poisson process (Gaussian white noise in the case
of the diffusion approximations), more complex models of
neuronal input are less frequent (Salinas andSejnowski 2000;
Gomez et al. 2005; Lindner et al. 2005; Burkitt 2006b; Ly
and Tranchina 2009; Droste and Lindner 2014). One reason
for this choice is surely simplicity; a lot of properties can
be easily derived and analyzed. However, the more impor-
tant reason is that a Poisson process can often be a suitable
approximation of the real neuronal input. This is because the
incoming spikes originate from many presynaptic neurons,
and thus they can be viewed as pooled from multiple par-
allel spike trains (see Fig. 1). This causes their behaviour to
appear to be near to a Poisson process even if the behaviour
of the individual spike trains is not. This assumption is based
on the well-known property of renewal processes, such that
their sum converges to a Poisson process (Cox 1962). This
convergence is important as the output of Stein’s model with
Poissonian input is generally a renewal process. Thus, in a
homogeneous network of such neurons, the pooled input of
every neuron can be theoretically approximated by a Pois-
son process. Let us stress that the proof of the convergence
theorem requires scaling of time which fixes total intensity
with increasing number of pooled processes. Otherwise, it
was shown that without the scaling, the sum preserves some
non-Poissonian characteristics (Lindner 2006).

Despite the above reasons, restriction to a Poisson process
might not always be appropriate. Even if the pooled input
converges to a Poisson process, it is not clear what the rate
of the convergence is and, consequently, whether the stan-
dard (Poissonian) Stein’s model is sufficiently accurate for a
given number of inputs.Moreover, with the Poissonian input,
we cannot explore the influence of changing variability on
Stein’s model. In such a case the variability and frequency
coding cannot be separated (Kostal et al. 2007a,b; Shinomoto
and Koyama 2007). This is because all properties of a Pois-
son process are uniquely determined by its intensity, and thus
it is not possible to model variously variable spike trains. As
a result, variability of the membrane potential is also limited.

(a)

(b)

Fig. 1 Pooling of neuronal input. a Parallel spike trains which create
input of a neuron. b Single spike train representing pooled input

To overcome these limitations and to explore the ques-
tion of the Poissonian input adequacy, we study Stein’s
model with a more flexible input, a sum of equilibrium
renewal processes. Thus, instead of exponentially distrib-
uted interspike intervals (ISIs), which are associated with a
Poisson process, we assume that the input spike trains can
have arbitrary distribution of ISIs. We focus especially on
gamma distribution, probably the most often used probabil-
ity distribution for the modeling of ISIs (Nawrot et al. 2008;
Shimokawa et al. 2010; Ditlevsen and Lansky 2011; Omi and
Shinomoto 2011; Ostojic 2011; Koyama and Kostal 2014;
Levakova et al. 2014). This distribution can be parameterized
using intensity and variability represented by the coefficient
of variation (CV, ratio of the standard deviation of lengths
of ISIs to their mean). It is, therefore, suitable for exploring
the influence of input variability independent of intensity. A
significant insufficiency of the Poissonian approximation for
pooled in vivo data was observed in Deger et al. (2012). It is
shown that thematch of themodelwith the data can be largely
increased by using a Poisson processes with dead-time. This
process is also a simple renewal process, thus these findings
indicate potential suitability of the more general model we
consider.

In this paper, we firstly derive the formulas for the mean
andvariance ofmembrane potential of the generalizedStein’s
model. Using them, we analyze the model from the point of
view of the influence of input variability on the membrane
potential and compare it with the corresponding properties of
the standard Stein’s model. This comparison is based on two
criteria, similarity of the membrane potential variances at the
steady state and similarity of the distributions of output ISIs.
The similarity of the output ISIs is measured by using the
integral square error of their distribution functions obtained
from numerical simulations. Both of the criteria show that
the approximation of pooled input using a Poisson process
is not always suitable, mainly if the variability of the single
inputs is high.

2 Model of input individual spike trains

As it was mentioned, we assume that every input spike train
can be described as an equilibrium renewal process. It means
that the lengths of ISIs are independent and identically dis-
tributed continuous random variables denoted by T with
probability density function (pdf) f (t). The term “equilib-
rium” specifies that the time zero is unrelated to the sequence
of spikes. In such a situation, the time up to the first input
spike is called forward recurrence time and it has generally
different probability distribution from T (Cox 1962). This
assumption is reasonable for a neuron with several inputs,
but must be taken with care for a few inputs only. There,
time zero coincides with the spike at one of the input trains.
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To quantify the variability of T we use a standard measure
called coefficient of variation, which is defined as

CV =
√
Var(T )

E(T )
, (1)

where E(T ) and Var(T ) denote the mean and variance of T .
The random (counting) process which describes the num-

ber of spikes in an interval (0, t], t > 0, is denoted N (t).
Hence, N (t) represents the number of spikes in an interval
which is “randomly positioned” with respect to the sequence
of spikes. However, we also define the random process No(t)
representing the number of spikes in (0, t] under the con-
dition that the time zero is identified with a spike (the
corresponding renewal process is called ordinary). In this
situation, the time up to the first spike has the same probabil-
ity distribution as the other ISIs. Asymptotically, for a large
t , the position of zero plays no role.

Next, we denote

λ(t) = dE(N (t))

dt
, λo(t) = dE(No(t))

dt
, (2)

these functions represent the intensities of the renewal
processes at time t . Then, since (Cox 1962)

E(N (t)) = t

E(T )
, (3)

it holds

λ(t) = λ = 1

E(T )
, (4)

which is also the mean number of spikes in an interval of
length one. Intensity λo(t) cannot be generally expressed so
easily. One possibility is relationship (Cox 1962)

λo(t) =
∞∑

k=1

fk(t), (5)

where fk(t), k = 1, 2, . . ., is the pdf of the sum of k ran-
domvariableswith density f (t).Using theLaplace transform
(L ), one can rewrite equation (5) into form

L {λo}(s) = L { f }(s)
1 − L { f }(s) . (6)

Note that asymptotically λ(t) and λo(t) coincide, limt→∞
λo(t) = λ, and that the only renewal process for which
λo(t) = λ for all t > 0 is the Poisson process.

Although we work with the assumption that the spike
trains behave as a general equilibrium renewal process, we
focus mainly on the situation when the ISIs have gamma
probability distribution (gamma process). This distribution
can be parameterized using λ and CV, the pdf of the ISIs has
the form

f (t) = t1/CV
2−1e−λt/CV2

Γ (1/CV2)(CV2/λ)1/CV
2 , t ≥ 0, (7)

where Γ denotes the gamma function. Let us note that for
the CV = 1 function (7) is the pdf of exponential distribution
and the corresponding renewal process is a Poisson process.
The value of CV in Eq. (7) indicates how much the gamma
process differs from the Poisson process. For CV close to
zero, there is a tendency towards regularity, whereas for CV
significantly larger than one the process gets clustered (burst-
ing input activity).

3 Stein’s model with pooled renewal input

One of the most commonly used descriptions of the mem-
brane potential behavior is the leaky integration mechanism,
which can be deduced from the complete Hodgkin–Huxley
model (Kistler et al. 1997). The incoming signals, either in
the form of the postsynaptic potentials or others, for sensory
neurons, move the membrane potential, S(t), towards the
spike threshold (depolarization) or away from it (hyperpo-
larization). In the absence of the input, the potential decays
proportionally to its value to the resting potential (SR). Spik-
ing is not an intrinsic part of the model and thus a firing
threshold has to be imposed. If the threshold is reached, the
neuron fires and the potential is instantaneously reset to a
level (S0), usually the resting potential. Many variants of the
model described above exists (Burkitt 2006a,b). Formally,
for the voltage holds

dS

dt
= − S − SR

τ
+ (input), S(0) = S0, (8)

where time zero coincides with the moment of voltage reset
after the last spike and τ > 0 is the membrane time con-
stant. With a stochastic input, the solution of Eq. (8) is a
random process S(t). Basic information about the process in
the absence of the threshold can be obtained from its prop-
erties at steady state, S = limt→∞ S(t).

Equation (8) describes the membrane potential only until
it reaches the threshold θ > S0. The time of its first passage
can be defined as

Tθ = inf{t ≥ 0; S(t) ≥ θ}. (9)

As mentioned, we assume that at time Tθ the value of S(t)
is reset to level S0. Comparing θ and E(S), two regimes are
distinguished, suprathreshold for θ < E(S) and subthreshold
for θ > E(S). Themain difference between them is that in the
subthreshold regime a randomnoise is necessary for reaching
the threshold. This noise may originate, for example, from
randomness in the input ISIs or PSPs. For completeness, note
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Fig. 2 Model of neuronal input and its properties

that the remaining possible situationwhen θ = E(S) is called
the threshold regime.

To obtain a specific model it is necessary to characterize
the input in Eq. (8). The standard Stein’s model describes
it using two mutually independent Poisson processes NE (t)
and N I (t) representing the arrival times of excitatory and
inhibitory pulses. The corresponding stochastic differential
equation for the voltage can be written in the form

dS = − S − SR
τ

dt + AdNE (t) + BdN I (t), S(0) = S0,

(10)

where A, B are (generally random) values of PSPs ampli-
tudes. For simplicity, as model (10) is space homogeneous,
we assume that SR = S0 = 0. Then, Eq. (10) has explicit
solution

S(t) =
NE (t)∑

i=1

Aie
− t−Xi

τ −
N I (t)∑

i=1

Bie
− t−Yi

τ , (11)

where Xi , i = 1, . . . , NE (t), and Yi , i = 1, . . . , N I (t), are
the arrival times of input spikes and Ai , Bi are corresponding
values of PSP amplitudes.

Thismodel is simple and thus contains someaspectswhich
might be too large simplifications of reality; two of them are
as follows. Firstly, in reality, the input spikes originate from
many presynaptic neurons. However, model (11) directly
describes the pooled spikes, using twoPoisson processes, and
so it ignores the specific character and number of the individ-
ual inputs. Secondly, in a more precise description, the sizes
of amplitudes of PSPs, in the standard Stein’s model taken
to be constant, would depend on the presynaptic neuron they
originate from; in other words, on the location of the synapse.

We remove the first simplification and, instead of work-
ing directly with the pooled input, we take into account the
character of the individual spike trains. To that purpose,
we model the input using nE excitatory renewal processes

NE
j (t), j = 1, . . . , nE , and nI inhibitory renewal processes

N I
j (t), j = 1, . . . , nI . The model is illustrated in Fig. 2 and

more specific details are as follows. All processes NE
j cor-

respond to one type of equilibrium renewal process and the
same holds for processes N I

j (t). Next, the sum of intensities
is fixed even with changing nE and nI . It is ensured by suit-
able scaling of time in the single inputs. Denote the pdfs of
ISIs in the spike trains on the condition that there are nE and
nI of them as fE (t; nE ) and f I (t; nI ), then we set

fE (t; nE ) = 1

nE
fE

(
t

nE

)
, f I (t; nI ) = 1

nI
f I

(
t

n I

)
,

(12)

where fE (t) = fE (t; 1) and f I (t) = f I (t; 1). Because of
this scaling, the pooled input converges with increasing nE
and nI to two Poisson processes for arbitrary distribution
of ISIs (Cox 1962). The intensities and CVs corresponding
to fE (t) and f I (t) are denoted as λE , λI , CVE and CVI .
With increasing nE and nI , the intensities of the individ-
ual spike trains decrease to λE/nE and λI /nI , but the CVs
remain constant. Let us mention that, for a fixed nE and nI ,
the pooled input is not a renewal process (except for pooled
Poisson processes), mainly because the ISIs are not indepen-
dent (Câteau and Reyes 2006; Lindner 2006).

With such a description of input, it is possible to model
more realistically the sizes of amplitudes of PSPs, e.g., to
assign a (constant) value to every input spike train. Starting
from this idea, however, for simplification, we follow the
standard approach (Tuckwell 1988) and assume that in the
pooled input the values of amplitudes are mutually indepen-
dent and identically distributed random variables (generally
different for EPSPs and IPSPs). This can be explained so that
after pooling there is no information about the presynaptic
neurons the PSPs originate from, so their values appear to
be random. Note that the amplitudes are defined as random
variables already in the individual spike trains. It does not
change the properties of the model, but simplifies its mathe-
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matical description. The size of amplitude of i th PSP in j th
excitatory spike train we denote as Ai, j and analogously Bi, j
denotes the amplitudes of IPSPs. Next, it is assumed that

E(Ai, j ) = μE , Var(Ai, j ) = σ 2
E , (13)

E(Bi, j ) = μI , Var(Bi, j ) = σ 2
I , (14)

for all indexes i and j . Later, wewill often consider situations
when some characteristics of the excitatory and inhibitory
inputs are equal. In such a case we denote n = nE = nI ,
μ = μE = μI , σ = σE = σI and CV = CVE = CVI .

To reflect the described model, Eq. (11) can be rewritten
into form

S(t) =
nE∑

j=1

NE
j (t)∑

i=1

Ai, je
− t−Xi, j

τ −
nI∑

j=1

N I
j (t)∑

i=1

Bi, je
− t−Yi, j

τ , (15)

where Xi, j , j = 1, . . . , nE , i = 1, . . ., NE
j (t), and Yi, j ,

j = 1, . . . , nI , i = 1, . . . , N I
j (t), are the arrival times of

the input spikes. This model can be seen as a generalization
of the standard Stein’s model (11), they coincide for nE =
nI = 1 and Poissonian arrival times. The main question
is how the more complex description of input changes the
behaviour of S(t). Of course, it is necessary to compare the
behaviour of themembrane potential under the condition that
the intensities of the (pooled) excitatory and inhibitory spike
trains are the same for both of the models. In such a situation,
the membrane potential of the standard Stein’s model with
Poissonian input is denoted as SP (t).

4 Mean and variance of the membrane potential

Here, formulas for mean and variance of S(t) defined by
Eq. (15) are presented; for details, see “Appendix”. The fol-
lowing holds,

E(S(t)) = τ(μEλE − μIλI )
(
1 − e− t

τ

)
, (16)

E(S) = τ(μEλE − μIλI ), (17)

Var(S(t)) = μ2
E

λE

nE

∫ t

0

∫ t

0
e− x+y

τ

(
λE
o

( |y − x |
nE

)
− λE

)
dx dy

+ μ2
I
λI

n I

∫ t

0

∫ t

0
e− x+y

τ

(
λI
o

( |y − x |
nI

)
− λI

)
dx dy

+ 1

2
τ

(
μ2
EλE + μ2

IλI
) (

1 − e− 2t
τ

)

+ 1

2
τ

(
σ 2
EλE + σ 2

I λI
) (

1 − e− 2t
τ

)
, (18)

where λE
o (t) and λI

o(t) are intensities (5) corresponding to
excitatory and inhibitory spike trains, and

Var(S) = μ2
EλEτ

1 − L { fE }(nE/τ)
+ μ2

IλI τ

1 − L { f I }(nI /τ)

− τ 2

(
μ2
E

λ2E

nE
+ μ2

I
λ2I

n I

)
− 1

2
τ

(
μ2
EλE + μ2

IλI

)

+ 1

2
τ

(
σ 2
EλE + σ 2

I λI

)
. (19)

The formulas for mean (16) and (17) are very simple,
independent of both pdfs of ISIs (except for the intensities)
and the number of input spike trains. Hence, they coincide
with the corresponding formulas for the standard Stein’s
model. In other words, S(t) and SP (t) are equivalent from
the point of view of themean. On the other hand, the variance
given by relationship (18) is more complex than the standard
form (20). The limit value described by formula (19) can be
obtained easily, the only problematic part there could be the
Laplace transforms of pdfs of ISIs, but for many probability
distributions they exist in closed form.

For Poissonian input the relationships (18) and (19) sim-
plify into known formulas

Var(SP (t)) = 1

2
τ

(
μ2
EλE + μ2

IλI

) (
1 − e− 2t

τ

)

+ 1

2
τ

(
σ 2
EλE + σ 2

I λI

) (
1 − e− 2t

τ

)
(20)

and

Var(SP ) = 1

2
τ

(
λE

(
μ2
E + σ 2

E

)
+ λI

(
μ2
I + σ 2

I

))
. (21)

For gamma input, the relationship (18) is still complicated;
however, from Eq. (19) relatively simple expression of the
limit variance is obtained

Var(S) = μ2
EλEτ

1 −
(
1 + nECV2

E
λE τ

)− 1
CV2E

+ μ2
IλI τ

1 −
(
1 + nICV2

I
λI τ

)− 1
CV2I

− τ 2

(
μ2
E

λ2E

nE
+ μ2

I
λ2I

n I

)
− 1

2
τ

(
μ2
EλE + μ2

IλI

)

+ 1

2
τ

(
σ 2
EλE + σ 2

I λI

)
. (22)

In Fig. 3, there are illustrations of the variance of S(t) for
gamma input in dependence on t for various values of CV.
We can see, that Var(S(t)) converges relatively quickly to
the limit value (22). The speed of the convergence depends
on τ , the exact general dependence is not clear, but formula
(20) implies that the rate is approximately exponential with
rate constant 2/τ .
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5 Analysis of variance of asymptotic membrane
potential

The generalized Stein’smodel can be analyzed and compared
to the standard variant from the point of view of various
aspects. A simple but useful one seems to be the variance
of the membrane potential at the steady state, Var(S). Its
main advantage is that it suitably reflects the variability of
the input ISIs, and for the gamma distribution it can be easily
calculated using formula (22).

First, notice the influence of variance of PSPs amplitudes
on Var(S). It is very simple as σ 2

E and σ 2
I affect only the

last member of formula (19) and increase Var(S) linearly.

Fig. 3 Variance of the membrane potential for gamma distribution of
input ISIs in dependency on time.Full linesVar(S(t)) for various values
of CV = CVE = CVI (0.5, 0.75, 1, 1.5, 2). Values of other parame-
ters, common for all the curves, are nE = nI = 1, λE = 10, λI =
5, μE = μI = 1, σE = σI = 0, τ = 1. Dash-dotted lines corre-
sponding values of Var(S)

The influence of CV of input, nE and nI on Var(S) is sepa-
rated from the variance of PSPs, thus next it is assumed that
σE = σI = 0.

The dependency of Var(S) on CV of input ISIs is more
complicated, its illustration for various inputs is shown in
Fig. 4a. We can see that the variability of ISIs strongly influ-
ences the variability of the steady state membrane potential,
namely for small numbers of input spike trains. Note that
for n = 1 and CV → 0 Var(S) is small but nonzero,
although the input ISIs are constant. The remaining vari-
ability is caused by the randomness of time to the first input
spike. The Var(S) curves resemble power law relationships;
however,with increasing n they converge to the constant vari-
ance of the standard Stein’s model. To explore the rate of this
convergence more precisely, relative deviation is defined

ρ(nE , nI ) = Var(S) − Var(SP )

Var(SP )
(23)

and illustrated (see Fig. 4b). The value of ρ(nE , nI ) and its
convergence to zero strongly depends on CV, for CV < 1 the
deviation can be low enough from about 100 pooled spike
trains. On the other hand, the rate of the convergence quickly
decreases with increasing CV and for high CV many more
inputs are necessary to obtain low value of ρ(nE , nI ).

6 Analysis of output ISIs distribution

Until now we focused only on the value of S(t) without
its restriction by a threshold, excess of which causes firing.
However, the main purpose of Stein’s model is to describe

(a) (b)

Fig. 4 Comparison of variance of asymptotic membrane potential.
Values of parameters used in all panels are: τ = 1, μE = μI = 1,
σE = σI = 0, λE = 10 and λI = 5. a Values of Var(S) in depen-
dence on CV of input ISIs for various values of n = nE = nI . b

Function ρ(n, n) for various values of CV of input ISIs (from bottom to
top: 0.25, 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2), n-axis is logarithmically
scaled

123



Biol Cybern

properties of the output sequence of spikes. This sequence is
not generally a renewal process; for example, the output ISIs
may not be independent. Thus, the distribution of the random
variable Tθ , representing the FPT, does not fully determine
the properties of the output spike train. It lacks any informa-
tion about the ISIs correlations, which may be an important
property of the spike train (Dummer et al. 2014). Never-
theless, we use Tθ for a simple comparison of the standard
and generalized Stein’s model. There are no theoretical for-
mulas for the properties of Tθ (e.g., the moments), hence
we judge them from numerical simulations. In the following
experiments, every illustrated value was calculated based on
10,000 realizations of Tθ corresponding to Steins’s model
with gamma or Poissonian input. For the parameters we use
the following values, τ = 1, μE = μI = 1, λE = 10,
λI = 5, σE = σI = 0 and θ ∈ {4, 6}. The purpose
of the two values of θ , 4 and 6, is to simulate both the
suprathreshold and subthreshold regime, as in this setting
E(S) = 5.

Firstly, in Fig. 5a, b, the dependencies of mean and CV
of Tθ on CV of input ISIs for various values of n in the

suprathreshold regime are shown. For n = 1 we can see the
known behaviour of the output of leaky-integrator models,
with increasing variability of the input, both the intensity and
variability of output increase.With increasingn, all the values
converge to values which correspond to Poissonian input.
The rate of convergence decreases with increasing CV. For
CV < 1, 100 pooled inputs yield similar results to Poissonian
input. On the other hand, for large CV, even 1000 inputs do
not provide such precision.

Next, in Fig. 5c, d, the same characteristics of Tθ are pre-
sented but in the subthreshold regime. The behaviour of Tθ

is relatively similar to the one in the suprathreshold regime,
but the higher importance of noise in the input ISIs for reach-
ing the threshold is apparent. Both the values of E(Tθ ) and
their range for given CVs are significantly larger than in the
corresponding situation in the suprathreshold regime.

In the previous illustrations, we can see the rate of con-
vergence of the first two moments of Tθ to the corresponding
values of Stein’s model with Poissonian input. However, we
would like also to compare the whole distributions of Tθ . For
that purpose, we use the integral square error defined as

(a) (b)

(c) (d)

Fig. 5 Mean and CV of output ISIs. Values of parameters used in all
panels are: τ = 1, μE = μI = 1, λE = 10, λI = 5, σE = σI = 0 and
θ = 4 for the suprathreshold regime and θ = 6 for the subthreshold
regime. a, b Mean and CV of Tθ in dependence on CV of input ISIs

for various values of n = nE = nI for the suprathreshold regime. c,
d Mean and CV of Tθ in dependence on CV of input ISIs for various
values of n = nE = nI for the subthreshold regime
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(a) (b)

Fig. 6 Integral square error of distribution functions of output ISIs of
standard and generalized Stein’s model dependent on n = nE = nI
for various CV of input ISIs (0.5, 0.75, 1.5, 2) in subthreshold (a) and

suprathreshold (b) regime.Values of other parameters panels are: τ = 1,
μE = μI = 1, λE = 10, λI = 5, σE = σI = 0 and θ = 4 for the
suprathreshold regime and θ = 6 for the subthreshold regime

ISE(F, FP ) =
∫ ∞

0
(F(t) − FP (t))2 dt, (24)

where F(t) and FP (t) are distribution functions of FPT of
the generalized Stein’s model and of its standard variant.
This error is illustrated in Fig. 6a (suprathreshold regime) and
Fig. 6b (subthreshold regime). Similar results were already
obtained using the variance of S. Initially, for low n, the far-
ther the CV is fromone the larger the error is.With increasing
n the error decreases, although much faster for CV < 1 than
for high CV (which causes intersection of the error curves),
e.g., for CV = 2 some differences between the models are
apparent even for n = 10,000.

7 Discussion and conclusions

We examined the appropriateness of the often used assump-
tion that pooled neuronal input can be approximated using
a Poisson process. To that purpose, we defined a more gen-
eral model of input, consisting of time-scaled equilibrium
renewal processes, and studied its influence on a variant of
Stein’s model.We focusedmainly on input created by pooled
gamma processes, which is a suitable extension of the Pois-
sonian input, allowing to change variability independently of
intensity.

Firstly, note that we presented the results by using some
specific “dimensionless” sets of parameters of the model.
The time parameters were in units of the time constant and
the voltage parameters in units of the size of the PSPs. As an
example of the time parameters in real time units, consider
the following situation. Let us set τ = 10 ms, then from

the used values of λE and λI (10 and 5) we obtain that the
mean of ISIs in the excitatory spike trains is nE ms and in
the inhibitory spike trains 2nI ms. This, considering 1000
excitatory inputs and 500 inhibitory inputs, implies that each
of the individual inputs has an average rate 1Hz.

The scaling is an important part of our results. It ensures
the convergence of the input to a Poisson process; however,
there is also the question of realism of such an approach. The
main issue emerges when examining the input–output rela-
tionship, as in Sect. 6. There, with increasing n, the mean of
output ISIs varies relatively little, but the mean of ISIs in the
single input spike trains grows to infinity. Then even for real-
istic values of n, e.g., 10,000, the ratio of themean of the input
ISIs to the mean of the output ISIs reaches very large values.
Assuming the above example (τ = 10 ms) and situations
from Fig. 5, we obtain the output ISIs on the order of tens of
milliseconds, but lengths of the ISIs in the individual inputs
on the order of tens of seconds. Such a difference is not usual
for a typical neuron, and thus the results have to be interpreted
carefully. The model precisely corresponds to the conver-
gence theorem, which is often used to justify the description
of the neuronal input by using a Poisson process (Burkitt
2006a). Hence, any discrepancies between this model and
the standard Stein’s model indicate a fundamental insuffi-
ciency of the approximation. It is probably even increased
for models in some way differing from these assumptions,
in order to achieve larger realism. The alternative possibility
how to study pooled spike trains, directly without the scaling,
is also problematic because of the increasing total intensity of
input, causing increasing output firing rate. The basic prob-
lem is also the fact that the intensity changes complicate the
comparison of such a model to a fixed Stein’s model with
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Poissonian input. Some studies which consider other models
of neural spike trains, more complex than a Poisson process,
or assess the suitability of the Poisson approximation can
be found e.g., Salinas and Sejnowski (2000), Moreno et al.
(2002), Rocha et al. (2004), Câteau and Reyes (2006), Lind-
ner (2006), Ly and Tranchina (2009) andAvila-Akerberg and
Chacron (2011).

Let us emphasize that there are some other aspects of this
study which should be taken into account before making any
conclusions. Mainly, only a simple variant of Stein’s model
was used, and thus there is a possibility that the effect of
the generalized input would be different for a more complex
model. For example, in the presence of the reversal potentials
the influence of the additional variability might be distinct.
Note also that after neuron fires, one of the input spike trains
would be better described as an ordinary renewal process
than as a process in equilibrium. For a small number of inputs,
thismight cause some inaccuracies; however, formore inputs
these inaccuracies should be negligible.

In the paper, the mean and variance of the membrane
potential for the generalized model were derived. From the
point of view of mean, Poisson input and pooled renewal
input are equivalent. The complete formula for the time-
dependent variance is relatively complicated, but a simple
expressionwas found for its steady state.Basedon the expres-
sion, it was shown that large discrepancies emerge for the
variances. Stein’s model with gamma input can yield, in
dependence on CV of input ISIs, membrane potential with
very distinct variance from the corresponding version of the
model with Poissonian input. The Poisson process can be a
suitable model if the differences are sufficiently small for a
large number of pooled inputs. We showed that this seems
to hold for CV ≤ 1, the differences in this case almost van-
ish from about 100 inputs. Nevertheless, for high variable
ISIs (CV > 1), more inputs are necessary to obtain small
deviation. For example, for CV about two, even tens of thou-
sands of pooled inputs yield a relatively large difference in
the variances.

Although the variance of the membrane potential is an
important characteristic of the models, the more important
criterion for their comparison is the probability distributionof
the output ISIs. We studied its mean, variance and measured
the differences between the distributions using the integral
square error. The results we obtained are similar to those
based on the variance of the membrane potential, values of
deviations highly depend on CV and for large CV the error
decreases with increasing number of inputs more slowly than
for CV < 1.

To summarize, the presented results imply that a Pois-
son process cannot be always taken as a sufficiently accurate
model of pooled neuronal input. Mainly, if the single inputs
exhibit large variability, the results obtained based on Stein’s
model with Poissonian input could be misleading even if the

number of pooled inputs is high. In such a situation, some
model which allows changing the variability independently
of intensity, e.g., the model presented here, should be used.

Acknowledgments This work was supported by the Czech Sci-
ence Foundation 15-06991S and by the Institute of Physiology RVO:
67985823.

Appendix

Herewe derive formulas formean and variance of S(t) and S.
It is clearly sufficient to derive mean and variance of quantity

S̃(t) =
N (t)∑

i=1

Aie
− t−Xi

τ , (25)

where N (t) and Xi , i = 1, . . . , N (t), correspond to an
equilibrium renewal process with intensity λ and Ai , i =
1, . . . , N (t), are positive independent and identically dis-
tributed random variables with mean μ and variance σ 2.
The formulas (16), (17), (18) and (19) will be simple conse-
quences.

Firstly, let us denote,

S̃0(t) =
N (t)∑

i=1

e− t−Xi
τ (26)

and have �t > 0 and points ti = i�t, i = 0, . . . , �t/�t	.
The number of events in interval [ti−1, ti ) is denoted as Ni ,

i = 1, . . . , �t/�t	. Then

S̃0(t) = lim
�t→0

�t/�t	∑

i=1

Nie
− t−ti

τ , (27)

and thus

E(S̃0(t)) = lim
�t→0

�t/�t	∑

i=1

E(Ni )e
− t−ti

τ = lim
�t→0

�t/�t	∑

i=1

λ�te− t−ti
τ

= λ

∫ t

0
e− t−x

τ dx = λτ
(
1 − e− t

τ

)
, (28)

which simply yields

E(S̃(t)) = μλτ
(
1 − e− t

τ

)
. (29)

Before deriving the formulas for variance, a necessary rela-
tionship is presented. It holds (Cox and Lewis 1966)

lim
�t→0

Cov(�Nt ,�Nt+x )

�t2
= λ(λo(x) − λ + δ(x)), (30)
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where �Nt denotes the number of events in interval [t, t +
�t] and δ(x) is theDirac delta function. Note that in neuronal
modeling the function (30) is known as correlation function
of the spike train (Gerstner and Kistler 2002). Then

Var(S̃0(t)) = lim
�t→0

�t/�t	∑

i=1

�t/�t	∑

j=1

e− t−ti
τ e− t−t j

τ Cov(Ni , N j )

= lim
�t→0

�t/�t	∑

i=1

�t e− t−ti
τ

�t/�t	∑

j=1

�t e− t−t j
τ

Cov(Ni , N j )

�t2

= λ

∫ t

0

∫ t

0
e− x+y

τ (λo(|y − x |) − λ) dx dy

+ 1

2
λτ(1 − e− 2t

τ ). (31)

Next,

Var(S̃(t)) = Var

⎛
⎝

N (t)∑

i=1

Aie
− t−Xi

τ

⎞
⎠ =

N (t)∑

i=1

Var
(
Aie

− t−Xi
τ

)

+
N (t)∑

i=1

N (t)∑

j=1
j 
=i

Cov

(
Aie

− t−Xi
τ , A je

− t−X j
τ

)

= μ2Var(S̃0(t)) + σ 2E

⎛
⎝

N (t)∑

i=1

e−2
t−Xi

τ

⎞
⎠

= μ2λ

∫ t

0

∫ t

0
e− x+y

τ (λo(|y − x |) − λ) dx dy

+ 1

2
μ2λτ

(
1 − e− 2t

τ

)
+ 1

2
σ 2λτ

(
1 − e− 2t

τ

)
.

(32)

Finally, we derive the limit of the previous relationship for
t → ∞. Using formula (5) we obtain

lim
t→∞Var(S̃(t)) = 2μ2λτ

∫ ∞

0
e− 2x

τ

∞∑

k=1

∫ ∞

0
e− y

τ fk(y) dy dx

−μ2λ2τ 2 + 1

2
μ2λτ + 1

2
σ 2λτ

= μ2λτ

1 − L { f }(1/τ)
− μ2λ2τ 2 − 1

2
μ2λτ

+ 1

2
σ 2λτ. (33)
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A variability measure of the times of uniform events based on a shot-noise process is proposed and studied.
The measure is inspired by the Fano factor, which we generalize by considering the time-weighted influence
of the events given by a shot-noise response function. The sequence of events is assumed to be an equilibrium
renewal process, and based on this assumption we present formulas describing the behavior of the variability
measure. The formulas are derived for a general response function, restricted only by some natural conditions,
but the main focus is given to the shot noise with exponential decrease. The proposed measure is analyzed and
compared with the Fano factor.
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I. INTRODUCTION

From many experiments or observations, data arise in the
form of sequences of times of occurrence of identical events
(e.g., radioactive particles emission, accidents, earthquakes,
neuronal spikes, arrivals of customers or cars, etc.). The
numbers of events in time intervals of a certain length are often
examined when analyzing these sequences. For example, the
very frequently used variability measure, the Fano factor, is
defined as the variance to the mean ratio of numbers of events
that occurred up to a time t . The Fano factor was first defined
and used in [1] for a slightly different purpose—as a measure
of fluctuations of the produced number of ion pairs in a volume
of gas. Nevertheless, since then it has been commonly used
as a variability measure in many situations, where discrete
identical events occur in time. For example, the Fano factor
is useful in analysis of natural disasters (earthquakes, fires)
[2–4], neural spike trains [5–7], chemical reactions [8,9], or
many other phenomena [10–13].

The Fano factor implicitly assumes that all the events have
the same effect independently of the times of their occurrence,
which may not always be valid. Sometimes, it is more
convenient to give a greater influence to the more recent events
or to distribute their weights depending on time in some other
way. This can be done by employing a function representing
the dependence of the weights on time and summing the values
of weights corresponding to the single events.

As an example of a scientific field where weighting the
events has a transparent empirical reason, let us mention the
analysis of neural spike trains. In such an analysis, the Fano
factor calculated based on events that occurred in a time
window is often supposed to represent the variability that a
neuron “registers” at the time corresponding to the end of the
window. Nevertheless, a standard property of neurons is that
they constantly lose information about the received spikes (the
accumulated membrane potential spontaneously decreases). It
seems natural, therefore, to improve the Fano factor so that
the recent spikes have a larger influence. Most of the standard
neuronal models (leaky integrator) describe the “forgetting”
using an exponential decay [14], thus a natural choice for the
weighting function is a decreasing exponential.

*xrajdl@math.muni.cz

We believe that weighting the events can be convenient in
any situation in which the Fano factor is used to measure the
instantaneous variability of a series of events, mainly when
some “effect” of the events decreases in time. There might not
always be a rigorous theoretical justification resulting from
the character of the sequences of events, but intuitively the
events nearer the time at which the variability is studied should
have a larger influence on the measure than the more distant
events.

The proposed measure can be formally described as
follows. Assuming m time intervals of a length t in which some
identical events occur, the “counting” approach yields numbers
of events n1, . . . ,nm in the individual intervals. On the other
hand, the “weighting” approach assesses the occurrence of the
events by values s1, . . . ,sm. Every value si, i = 1, . . . ,m, is
created by summing the weights of the events in every interval.
We define the weights using a weighting function w so that the
weight w(t − x) is assigned to an event that occurred at a time
x > 0. A simple example of the weighting function can be
a decreasing exponential function, yielding weights e−(t−x)/τ ,
where τ > 0 is a time constant (for illustration, see Fig. 1).

Using the terminology of filtering theory, the values of
si arise as the times of the events filtered by a response
function w(x), thus as convolution of the (stochastic) counting
process describing the events with the function w(x). In this
specific case, where the filtered process is created by discrete
values, the resulting process is often called shot noise [15].
We define the proposed variability measure analogously to the
Fano factor using the values si , thus as the variance-to-mean
ratio of a shot-noise process. Shot noise has a wide range
of applications in many fields [16–22], while it is mostly
considered with an exponential distribution of events [23],
i.e., the Poisson process. This assumption is too restrictive
for our purposes, so we use a more general model, namely
an equilibrium renewal process. Two situations are studied:
the shot-noise process with an exponential response function,
which is the most often used case, and the shot-noise process
with a general response function. The renewal shot-noise
process was also studied recently in [24,25].

Note that there are also other variability measures of
sequences of uniform events such as the very often used
coefficient of variation, measures based on entropy or Fisher
information [26], or a measure reducing the influence of rate

1539-3755/2015/92(5)/052135(7) 052135-1 ©2015 American Physical Society
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FIG. 1. Data construction based on events that occurred in m

time intervals of a length t > 0. (a) The events are counted and
their numbers n1, . . . ,nm obtained. (b) To every event a value is
assigned using a weighting (exponential) function, and these values
are summed. The individual sums are denoted as s1, . . . ,sm.

changes [27]. Nevertheless, they all differ from the approach
proposed in this article.

II. MODEL OF OCCURRENCE OF EVENTS

First, we specify the considered model of occurrence of
events, and we present its properties. The time at which
the observation of the events starts is denoted as zero, and
the random times at which the events occur are denoted
as X1, X2, X3, . . . [see Fig. 2(a)]. Next, we assume that
this sequence can be described as an equilibrium renewal
process. Thus, the lengths of intervals between the events
[interevent intervals (IEIs)] are independent and identically
distributed continuous random variables, denoted by T with
the probability density function f (t). The term “equilibrium”
moreover specifies that the time zero is unrelated to the
sequence of events. In such a situation, the time up to the
first event (X1), i.e., the forward recurrence time, generally
has a different probability distribution from T .

0 tX1 X2 X3 X4 X5

(a)

0 X1 X2 X3 X4 X5t

S(t, τ)

(c)

N (t)

0 tX1 X2 X3 X4 X5

(b)

FIG. 2. (a) Illustration of times of events that occurred after time
zero. (b) Illustration of the counting process N (t). (c) Illustration of
the shot-noise process S(t,τ ) with an exponential response function.

The random process N (t) describes the number of events
in an interval (0, t], t > 0, where time zero is “randomly
positioned” with respect to the sequence of times [see Fig.
2(b)]. The process No(t) representing the number of events in
(0, t] on the condition that an event occurred at time zero is
called an ordinary renewal process. The time up to the first
event has, in this situation, the same probability distribution as
the IEIs.

Next, we denote the intensity of the renewal process at time
t as

μ(t) = dE(N (t))
dt

, μo(t) = dE(No(t))
dt

. (1)

Then, since [28]

E(N (t)) = t

E(T )
, (2)

it holds that

μ(t) = μ = 1

E(T )
, (3)

which is also the mean number of events in an interval of unit
length. The function μo(t) cannot be generally expressed so
easily. One possibility is the relationship [28]

μo(t) =
∞∑

k=1

fk(t), (4)

where fk(t), k = 1, 2, . . ., is the probability density of the sum
of k random variables with density f (t). Using the Laplace
transform (L), one can rewrite Eq. (4) in the form

L{μo}(s) = L{f }(s)

1 − L{f }(s)
. (5)

Note that

lim
t→∞ μo(t) = μ (6)

and that the only renewal process for which μo(t) = μ for
all t > 0 is the Poisson process (the renewal process with
exponentially distributed T ).

The Fano factor is defined as

F (t) = var(N (t))
E(N (t))

, (7)

and sometimes the term “Fano factor” also denotes the limit

F = lim
t→∞ F (t). (8)

Note that it holds [28] that

lim
t→0

F (t) = 1, (9)

lim
t→∞ F (t) = C2

v , (10)

where Cv , the coefficient of variation, is defined as

Cv =
√

var(T )

E(T )
. (11)

For a specific t and the known probability distribution of T ,
F (t) has to be mostly calculated numerically, e.g., using the
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formula [29]

F (t) = 1

t
L−1

{
1 + L{f }(s)

s2[1 − L{f }(s)]

}
(t) − t

E(T )
. (12)

On the other hand, empirical values are evaluated using
estimates of quantities in Eq. (7). As was mentioned, next
we generalize the Fano factor assuming the shot-noise process
instead of N (t).

III. SHOT-NOISE PROCESS WITH AN EXPONENTIAL
RESPONSE FUNCTION

The shot-noise process is a random process wherein
the value is increased when an event occurs but otherwise
decreases in time—the events are being “forgotten.” The
forgetting is given by a response function that represents the
time effect of one event on the process [23]. Let us note that
the function does not need to be (monotonously) decreasing,
however that is the most natural case. First, we assume that this
response function is exponentially decreasing [see Fig. 2(c) for
an illustration]. The definition of such a process is

SE(t,τ ) =
N(t)∑
i=1

e− t−Xi
τ , (13)

where τ > 0 is the time constant. Equation (13) represents the
process SE(t,τ ) from the discrete-time point of view. Using
the Dirac delta function, δ(x), it is possible to rewrite it into a
continuous-time form,

SE(t,τ ) =
∫ t

0
u(s)e− t−s

τ ds, (14)

where

u(t) =
∞∑
i=1

δ(t − Xi). (15)

This form is often used in filtering theory, however in this
paper we prefer to represent it by the discrete formula (13),
which is more intuitive for our purposes.

In analogy to the Fano factor, we define

GE(t,τ ) = var(SE(t,τ ))
E(SE(t,τ ))

, (16)

GE(τ ) = lim
t→∞ GE(t,τ ). (17)

To be able to study this measure, first we need the mean
and variance of SE(t,τ ). For the mean, there are very simple
formulas (see the Appendix),

E(SE(t,τ )) = μτ (1 − e−t/τ ), (18)

E(SE(τ )) = lim
t→∞ E(SE(t,τ )) = μτ. (19)

Thus, taking into account Eq. (3), we do not need more
information about T than its mean value. On the other hand,
the variance of SE(t,τ ) depends fully on the distribution of T

(see the Appendix),

var(SE(t,τ )) =μ

∫ t

0

∫ t

0
e− x+y

τ [μo(|y − x|) − μ] dx dy

+ 1

2
μτ (1 − e−2t/τ ). (20)

This formula shows that the variance is highly dependent on
the difference of μo(x) and μ; the smaller the difference is,
the closer the variance is to μτ (1 − e−2t/τ )/2, which is the
variance of shot noise with Poisson-distributed events.

Next, we explore the limit properties of GE(t,τ ) for t → 0
and t → ∞. It holds that (see the Appendix)

lim
t→0

GE(t,τ ) = 1 (21)

and

GE(τ ) = 1

1 − L{f }(1/τ )
− μτ − 1

2
. (22)

The function GE(τ ) represents GE(t,τ ) for the shot-noise
process at steady state. We can see that with a known Laplace
transform of f (t), one can simply calculate GE(τ ), e.g., we
obtain

GE(τ ) = 1

1 − (
1 + C2

v

μτ

)− 1
C2

v

− μτ − 1

2
(23)

for the gamma probability distribution of T , and

GE(τ ) = 1

1 − e
1

C2
v

(
1−

√
1+2 C2

v
μτ

) − μτ − 1

2
(24)

for the inverse Gaussian (IG) distribution of T . Both of
these probability distributions contain two parameters, e.g.,
μ = 1/E(T ) and Cv , as in the forms assumed by us. With an
unknown distribution of T , formula (22) can be approximated
for μτ → ∞ as (see the Appendix)

GE(τ ) ≈ μτ

1 − 1+C2
v

2μτ

− μτ − 1

2
, (25)

which yields

C2
v ≈ 4E(SE(τ ))GE(τ ) − 2GE(τ ) − 1

2GE(τ ) + 2E(SE(τ )) + 1
. (26)

Independently of IEI distribution, it also holds that

lim
Cv→0

GE(τ ) = 1

1 − e
− 1

μτ

− μτ − 1

2
, (27)

which expresses the behavior of GE(τ ) when IEIs are all equal,
thus when f (t) = δ(t − 1/μ), where δ(x) is the Dirac delta
function. We can see that even then GE(τ ) is not zero, which
is caused by the equilibrium property of renewal processes we
use for the modeling of the sequences of events.

Finally, we present the limit relationships of quantity (16)
with respect to τ (see the Appendix),

lim
τ→0

GE(t,τ ) = 1
2 , (28)

lim
τ→∞ GE(t,τ ) = F (t), (29)

lim
τ→0

GE(τ ) = 1
2 , (30)

lim
τ→∞ GE(τ ) = 1

2C2
v . (31)

The second formula can be intuitively explained so that for
τ → ∞ the value of the shot-noise process does not decrease
and thus the process is equal to N (t). Note that Eqs. (10), (29),
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and (31) imply that the order of the limits (with respect to τ

and t) cannot be changed.

IV. SHOT-NOISE PROCESS WITH THE GENERAL
RESPONSE FUNCTION

Although the decreasing exponential is the most important
example of the shot-noise response function, sometimes a
different type of decrease of the process is assumed, e.g., a
decaying power law [30,31]. Thus, we will next consider the
shot-noise process with the response function in the general
form w(x). Such a process can be defined as

S(t,τ ) =
N(t)∑
i=1

w

(
t − Xi

τ

)
, (32)

where τ > 0 is the scale parameter. The parameter τ is not
usually part of the definition of the general shot-noise process,
nevertheless it provides a universal way to change the rate of
forgetting of the events (for a decreasing response function, the
larger the τ is, the slower is the forgetting), which is suitable for
our purposes. Note that process (13) is obtained for response
function wE(x) = e−x, x ∈ [0,∞).

It is not necessary to restrict the form of w(x), however
we want it to fulfill some natural conditions. We assume that
the functions w(x) and w′(x) = dw(x)/ dx are continuous and
bounded functions defined on [0,∞) such that

lim
x→∞ w(x) = lim

x→∞ w′(x) = 0. (33)

Moreover, w(x) is non-negative and integrable. For the
integrals, we use the notation

Ik(t) =
∫ t

0
wk(x) dx, k = 1,2 (34)

and

Ik = lim
t→∞ Ik(t). (35)

The stated conditions mainly ensure that G(t,τ ) is not
divergent in dependence on t and τ , which is reasonable
behavior for a variability measure. However, note that they
exclude some standard power-law response functions, which
are, for example, unbounded in proximity of zero.

Analogically to GE(t,τ ) we define the variability measure

G(t,τ ) = var(S(t,τ ))
E(S(t,τ ))

, (36)

G(τ ) = lim
t→∞ G(t,τ ). (37)

The mean and variance of S(t,τ ) can be expressed as (see
the Appendix)

E(S(t,τ )) = μτI1(t/τ ) (38)

and

var(S(t,τ )) =μ

∫ t

0

∫ t

0
w

(
x

τ

)
w

(
y

τ

)
[μo(|y − x|) − μ]

× dx dy + μτI2(t/τ ), (39)

which is suitable to rewrite into the form

var(S(t,τ )) =2μτ 2
∫ t/τ

0
w(x)

∫ x

0
w(x − y)μo(τy) dy dx

− [μτI1(t/τ )]2 + μτI2(t/τ ). (40)

The ratio of relationships (39) and (38) gives a general
formula for G(t,τ ). At the steady state (t → ∞), it simplifies
to the form

G(τ ) =2
τ

I1

∫ ∞

0
w(x)

∫ x

0
w(x−y)μo(τy) dy dx−μτI1+I2

I1
.

(41)

On the other hand, for t → 0 (see the Appendix),

lim
t→0

G(t,τ ) = w(0). (42)

Finally, the limit relationships with respect to τ are (see the
Appendix)

lim
τ→0

G(t,τ ) = I2

I1
, (43)

lim
τ→∞ G(t,τ ) = w(0)F (t), (44)

lim
τ→0

G(τ ) = I2

I1
, (45)

lim
τ→∞ G(τ ) = I2

I1
C2

v . (46)

Relationships (45) and (46) resemble the well-known limit
properties of the Fano factor (9) and (10). Because the Fano
factor can be seen as a special case of G(t,τ ), it is possible to
obtain it also using formula (36). Let us consider the response
function in the form

wR(x) =
{

1 for x ∈ [0, 1],
0 otherwise (47)

and denote G(t,τ ) with this response function as GR(t,τ ).
Then clearly GR(t,τ ) = F (min{t,τ }), thus GR(τ ) = F (τ ),
and formulas (45) and (46) are generalizations of formulas
(9) and (10).

V. ILLUSTRATION OF THE BEHAVIOR
OF G E(t,τ ) and F(t)

Figure 3 illustrates the dependence of GE(t,τ ) on t and
the dependence of GE(τ ) on τ for gamma, IG, Weibull, and
log-normal probability distributions of T and compared with
the Fano factor. These distributions are probably the most often
used distributions of interevent times in various processes. Let
us mention, for example, that gamma, IG, and log-normal
distributions are useful in the analysis of neural spike trains
[32], and gamma and Weibull distributions are useful in the
analysis of earthquakes or tsunamis [33,34]. All values were
calculated based on formulas presented in this paper.

First, we compared GE(t,τ ) for τ = 1 with F (t). Both
of these quantities start at the value 1, but with increasing
t their behavior differs. Mainly GE(t,1) is lower than F (t).
According to Eq. (29), the value of GE(t,τ ) converges to F (t)
with increasing τ . Next, we compared GE(τ ) with F (τ )/2. The
purpose is to find out how much these values differ, because
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FIG. 3. Illustration of the behavior of GE(t,τ ) and F (t) for gamma (a),(c), IG (b),(d), Weibull (e), and log-normal (f) probability distributions
of IEIs with mean 1 and with various values of C2

v (values that correspond to the lines from bottom to top: 0.25, 0.5, 1, 2, 4). The vertical
axes are logarithmically scaled. (a),(b) Solid lines: GE(t,τ ) in dependence on t for τ = 1. Dash-dotted lines: G(t) in dependence on t . (c)–(f)
Solid lines: GE(τ ) in dependence on τ . Dash-dotted lines: F (τ )/2 in dependence on τ . We can see that the behavior in dependence on t of the
variability measures differs; however, at the steady state, GE(τ ) is approximately G(τ )/2.

their limit values for τ → 0 and τ → ∞ indicate that GE(τ )
could be approximately F (τ )/2. We can see that there are
some differences, however they are vanishing with increasing
τ , as expected.

VI. CONCLUSIONS AND DISCUSSION

The Fano factor, which is a frequently employed measure of
the variability of sequences of times of events, was generalized
by assuming the time-weighted influence of the events. Such
an approach leads to the shot-noise process and variability
measure G(t,τ ) defined as its variance-to-mean ratio. Shot
noise is almost always considered to be driven by the Poisson
process. However, under this assumption, the value of G(t,τ )
depends only on the arguments t and τ , which is clearly too
restrictive. Therefore, shot noise with events described by an
equilibrium renewal process was assumed. For this process,
we presented the mean and variance, yielding formulas for
G(t,τ ). Moreover, the limit properties of G(t,τ ) were derived

and the behavior of the new variability measure was compared
with the Fano factor.

Our results are mainly theoretical, but we also briefly
describe some potential applications. They depend on whether
we deal with data in the form of times of events or in the form
of realizations of a shot-noise process. In the processing of
times of events, we suggest G(t,τ ) (its empirical version) as
a measure of local variability. For such a purpose, the Fano
factor is often used. Specifically, in the situation when we have
multiple parallel records of times of events, the variability
at time t can be measured using the Fano factor calculated
based on events in the time interval [t − τ,t] for a τ > 0. It
corresponds to G(t,τ ), where w(x) is a rectangular function
(47). However, if there is no specific reason for the rectangular
function, a decreasing smooth function (mainly exponential)
might be more suitable—it might reflect the importance of the
time-dependent events more naturally. Our theoretical results
can be then used to make inferences about the character of the
data.
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An advantage of GE(t,τ ) over F (τ ) is also that the
theoretical values of GE(t,τ ) can be more easily calculated. If
the data records are long enough with respect to τ (values of
the response function outside the interval [0,t] are negligible),
the behavior of GE(t,τ ) can surely be well approximated using
GE(τ ), for which relatively simple formulas exist. Moreover,
we have shown that F (τ ) ≈ 2GE(τ ), which can be used to
approximate the theoretical values of the Fano factor, mainly
for gamma and IG distributions.

The second area of application is in processing data that
we assume to be values of a shot-noise process (with an expo-
nential response function). Such data arise in many situations,
as shot-noise realizations can be interpreted, for example, in
traffic noise [35,36], river flows [37], or neural membrane
potential [38]. The presented results describe some theoretical
properties of such data and can be used, for example, to
construct simple moment estimators of Cv of the underlying
renewal process. To deduce the value of Cv with a known
sample mean and variance of the shot noise, it is possible
to use Eq. (26) directly or, while assuming gamma or IG
distribution of IEIs, Eqs. (23) and (24). An assumption about
the probability distribution might seem to be too restrictive,
however there are two reasons why gamma distribution in
particular is often suitable. First, it is relatively flexible and
thus it could appropriately approximate a wide range of
various distributions. The second reason is its connection with
the Poisson process. The gamma distribution with Cv = 1 is
exponential and the events create the Poisson process. Thus, Cv

estimation using the gamma distribution assumption indicates
whether the shot-noise events are Poissonian or less or more
variable.
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APPENDIX

We focus mainly on the case with a general response func-
tion w(x). The special formulas are their simple consequences.
In the following, we assume that w(x) satisfies the conditions
stated in Sec. IV.

First, we derive formulas for the mean and variance of
S(t,τ ). Using results from [39], we simply obtain

E(S(t,τ )) = μτ

∫ t/τ

0
w(x) dx (A1)

and

var(S(t,τ )) =μ

∫ t

0

∫ t

0
w

(x

τ

)
w

(
y

τ

)
[μo(|y − x|) − μ] dx dy

+ μτ

∫ t/τ

0
w2(x) dx. (A2)

Next, we derive the limit properties (45) and (46). Limit (45)
can be deduced directly from relationship (41) considering Eq.
(4). To derive limit (46), let us first denote

Ho(t) = E(No(t)) =
∫ t

0
μo(x) dx. (A3)

Then it holds [28] that

Ho(t) = μt + 1
2

(
C2

v − 1
) + g(t), (A4)

where g(t) is a bounded function satisfying

lim
t→∞ g(t) = 0. (A5)

Using integration by parts, it is possible to derive

∫ x

0
w(x − y)μo(τy) dy = 1

τ
w(0)Ho(τx)

+ 1

τ

∫ x

0
w′(x − y)Ho(τy) dy.

(A6)

Now, combining relationships (41), (A4), and (A6), one can
obtain

G(τ ) =I2

I1
C2

v + 2

I1

∫ ∞

0
w(x)

∫ x

0
w′(x − y)g(τy) dy dx

+ 2w(0)

I1

∫ ∞

0
w(x)g(τx) dx, (A7)

which yields relationship (46).
Another relationship we derive is (22). Putting formula (4)

and w(x) = e−x into (41) gives

GE(τ ) =2τ

∞∑
k=1

∫ ∞

0
e−2x

∫ x

0
eyfk(τy) dy dx

− μτ + 1

2
. (A8)

Then, using integration by parts with u(x) = ∫ x

0 eyfk(τy) dy

and v′(x) = e−2x , we obtain

GE(τ ) = τ

∞∑
k=1

∫ ∞

0
e−xfk(τx) dx − μτ + 1

2

=
∞∑

k=0

Lk{f }
(

1

τ

)
− μτ − 1

2

= 1

1 − L{f }(1/τ )
− μτ − 1

2
. (A9)

Approximation (25) can be derived from relationship (A9)
using a Taylor expansion of the exponential function in the
Laplace transform.

It remains to prove formulas (42), (43), and (44). They
are not too complicated, so we present only their rather intuitive
explanations. The first formula can be explained using the
fact that clearly limt→0 S(t,τ ) = limt→0 w(0)N (t). Next, the
second formula holds because for τ → 0 the process S(t,τ )
converges to a steady state (“most of the response function”
will be in the interval [0,t]) and thus the limit value is the
same as the limit value of G(τ ). Finally, Eq. (44) stems from
the obvious relationship limτ→∞ S(t,τ ) = w(0)N (t).
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Abstract

A new measure of randomness of neural spike trains, an entropy factor, is pro-
posed. It is based on the Shannon entropy of the numbers of spikes in a time
window and can be seen as an analogy to the Fano factor, where the entropy is
employed instead of the variance. We study the theoretical properties of the mea-
sure for equilibrium renewal processes and illustrate them for gamma and inverse
Gaussian probability distributions of the interspike intervals. Finally, the theoret-
ical behavior of the entropy factor is compared to its properties deduced from the
experimental data records of spontaneous firing of olfactory receptor neurons in
rats.

Keywords: Variability measure, Shannon entropy, Renewal process, Fano factor

1. Introduction

One of the most important questions in neuroscience is how information is
transferred in the nervous system. Some aspects of the mechanism are clear and
generally accepted – the information is transferred using spikes which are trans-
mitted by neurons and it is coded only by times of their occurrence, not by their
size or shape (Gerstner & Kistler, 2002; Kandel et al., 1991; Rieke et al., 1999).
However, more specific details of the mechanism are not obvious, mainly the exact
method of coding. The simplest and most often assumed concept is that the cod-
ing is realized using the spike rate (defined for example as the number of spikes
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fired in a unit of time), called the rate coding. It is a natural idea, as responses
of a neuron are usually strongly influenced by the input rate. Nevertheless, the
rate reflects only a small part of the character of spike trains and thus a possi-
bility exists that a more complex coding is employed. The codes which assume
some rate-independent behavior, given by specific position of the single spikes,
are called temporal codes (temporal coding).

There are many possibilities how a temporal code could be created, one of
the variants focuses on variability (variability coding). It is a concept in which
information is transferred not only by the rate, but also using the variability of
spike trains. The crucial question while studying the variability is how to quan-
tify it. The two of the most often used measures are coefficient of variation (CV)
and Fano factor, see (Ditlevsen & Lansky, 2011; Rajdl & Lansky, 2014) and other
references therein. The CV is defined as the standard deviation to mean of inter-
spike intervals (ISIs) ratio and the Fano factor is defined as the variance to mean
of number of spikes in a time window ratio. The number of experimental studies
where these two measures were applied is practically countless. The definitions
of coefficient of variation and Fano factor also show two main ways how to see
neuronal data – as ISIs or numbers of spikes in a time window of a length w > 0.
A real neuron registers probably more the counts of spikes than the exact lengths
of ISIs, nevertheless, both of these variants are useful and provide a different per-
spective. Another feature of these two variability measures we would like to point
out is that they can be seen as variance (of ISIs or counts) in comparison to corre-
sponding variance of Poisson process with the same intensity. As Poisson process
has a unique position among the random processes used to model spike trains, it
is an important property of these measures, which increases their interpretability.

Variability is usually used as a general term for the rate-independent behavior,
nevertheless, it is not fully correct, there is a similar but not equivalent term which
should be distinguished – randomness or predictability. Both the variability and
randomness describe the character of spike trains which is not fully determined
by the intensity, but there is a clear difference between them. It can be seen for ex-
ample from that fact that even a variable process can be non-random. A very suit-
able quantity to measure randomness is the Shannon entropy (Shannon & Weaver,
1998), which is widely applied in neuroscience (Marzen et al., 2015; McDonnell
et al., 2011; Stocks et al., 2009; Strong et al., 1998; Watters & Reeke, 2014). Some
randomness measures based on entropy have been proposed in neural context and
thoroughly studied (Kostal et al., 2007, 2011; Kostal & Lansky, 2006). Neverthe-
less, they focus only on ISIs, creating an alternative to CV. The most suitable way
how to measure the randomness of ISIs seems to be usage of the Kullback-Leibler
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CV KL FF HF

Comparison to Poisson process with the same intensity

Variance Entropy Variance Entropy

Variability Randomness Variability Randomness

ISIs Counts

e)

d)

c)

b)

a)

Fixed intensity, various “regularity” ⇒ How to measure the differences?

0 0 0w w w2w 2w 2w3w 3w 3w4w 4w 4w

5 5 5 5 6 5 3 6 7 4 2 7

“regular” “Poissonian” “bursting”

Figure 1: An overview of selected measures of intensity independent behavior of spike trains. (a)
Two main ways how to describe spike trains – using ISIs or counts of spikes in a time window. (b)
Two concepts how to understand the intensity independent behavior – variability and randomness.
(c) Specific characteristics which suitably represent variability and randomness – variance and
(Shannon) entropy. (d) Comparison of given characteristics to Poisson process with intensity
equal to the examined processes. (e) Resulting measures – coefficient of variation (CV), Kullback-
Leibler distance (KL), Fano factor (FF) and entropy factor (HF).

(KL) distance of probability density of ISIs to density of ISIs in a Poisson process
with the same intensity, thus to density of an exponential distribution (Kostal &
Lansky, 2006).

The KL distance can be seen as an analogy to CV representing randomness
instead of variance. It would be thus natural to use the entropy to measure the
randomness of numbers of spikes in a time window analogously to Fano factor.
We propose such a measure in this paper. It is defined as the ratio of the Shan-
non entropy of numbers of spikes in a time interval to the Shannon entropy of a
Poisson counting process with the same intensity. Due to similarity to the Fano
factor, we call the measure an entropy factor (HF). It creates a natural complement
to the existing measures, for an overview of selected measures of variability and
randomness see Fig. 1. As this figure shows, all the measures compare a charac-
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teristic of given spike train to a Poisson process, which is a simple, but efficient
way, how to make the results better interpretable and comparable through various
experiments. Our aim is mainly to explore properties of entropy factor and com-
pare them with properties of Fano factor, to show that there are some fundamental
differences between the measures. Behavior of the Fano factor was studied in
various papers, mostly its dependence on the length of the observation window
or CV (Nawrot et al., 2008; Rajdl & Lansky, 2014) or its statistical properties
(Eden, 2010). For entropy based measures of randomness of ISIs, their relation to
variability expressed by CV is of interest (Kostal & Lansky, 2006).

Similarly to the mentioned papers, we study the theoretical properties of the
entropy factor and derive some formulas describing its behavior. Firstly, we de-
fine the assumed model of spike trains – equilibrium renewal processes. Based on
this model the standard variability measures and their basic properties are sum-
marized. Next, the focus if given to the new measure, it is defined and some of
its properties are derived and illustrated. We aim mainly on comparing both Fano
and entropy factors in dependence on the CV (limit value of Fano factor) and
on the length of the observation window. To illustrate the properties, two of the
most often assumed models of the lengths of ISIs are used, gamma and inverse
Gaussian distributions (Fisch et al., 2012; Koyama & Kostal, 2014; Lansky et al.,
2016; Nawrot et al., 2008; Omi & Shinomoto, 2011; Ostojic, 2011; Shimokawa
et al., 2010). Finally, entropy factor is compared to Fano factor estimated from
experimental data.

2. Model of spike trains

In a formal description, a spike train can be represented as a sequence of times
of occurrence of the individual spikes, X1, . . . , Xn, n ∈ N, and modeled using
a (stochastic) point process. Probably the most often used are renewal processes,
which assume that all the ISIs, Ti = Xi+1 − Xi, i = 1, . . . , n − 1, are mutually
independent and identically distributed random variables. In this paper, we use
this model to describe the neural spike trains. However, note that true character
of spike trains can be more complex (Avila-Akerberg & Chacron, 2011; Chacron
et al., 2001; Farkhooi et al., 2009; Schwalger et al., 2015).

A renewal process is defined by a continuous positive random variable T ,
representing the lengths of ISIs, with probability density function f(t), cumulative
distribution function F (t) and mean µ = E(T ). To fully specify the renewal
process it is also necessary to state the relationship between the sequence of spikes
and the time zero (start of the observation). In a role of an external observer,
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we assume that the zero time is random with respect to the spikes (equilibrium
renewal process). Note, that the time up to the first spike (T0) has in this case
generally a different probability distribution to T . The only renewal process in
which T is equivalent to T0 is the Poisson process. In that case, the random
variables T and T0 are exponentially distributed.

As follows from a frequency coding approach, neurons are influenced by num-
bers of spikes received in a time period. This point of view leads to a count-
ing process N(w), which denotes the number of spikes occurred in an interval
(0, w], w > 0. For a fixed w > 0, N(w) is a discrete random variable with
probability mass function

pn(w) = P (N(w) = n), n = 0, 1, 2, . . . . (1)

The counting process is an alternative way how to describe a renewal process
using ISIs,

N(w) ≥ n⇔ T0 + . . .+ Tn−1 ≤ w, (2)

from which follows, (Jewell, 1960),

p0(w) = L−1
{

1

s
− 1− f̃(s)

E(T )s2

}
(w), (3)

pn(w) = L−1
{

(1− f̃(s))2(f̃(s))n−1

s2E(T )

}
(w), n ∈ N, (4)

where L denotes the Laplace transform and f̃(s) = L{f}(s). Evaluation of for-
mulas (3) and (4) is rather complicated, it is mostly difficult to obtain even some
basic characteristics of N(w). There is an explicit formula for the mean,

E(N(w)) =
w

E(T )
=
w

µ
, (5)

but none other exists for higher moments. For approximation of the variance of
N(w), the following asymptotic relationship can be used, (Cox, 1962),

Var(N(w)) ≈Var(T )

E3(T )
w +

1

2

(
1 +

Var(T )

E2(T )

)2

− 1

3

E(T 3)

E3(T )
, for w →∞. (6)

Relationship (5) also yields a simple formula for the intensity of the process,

λ =
1

µ
, (7)
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as for a general counting process the definition of intensity is λ(w) = dE(N(w))/ dt.
Note that probably the only non-trivial renewal process for which it is possible to
express the probability mass function and many other characteristics of N(w) by
simple closed formulas is the Poisson process. Let us denote the corresponding
counting process and random variable representing the ISIs as NP (w) and TP . It
holds that

E(TP ) =
√

Var(TP ) = 1/λ (8)

and
E(NP (w)) = Var(NP (w)) = λw. (9)

3. Variability

The term variability is standardly used to denote the intensity independent be-
havior (of spike trains). It is not rigorously defined what this term exactly covers,
however, it is mostly related to characteristics based on (second) statistical mo-
ments of given quantities. The two of the most often used measures are defined
as the second moments of T or N(w) in relation to the Poisson process with the
same intensity. Specifically, it is the coefficient of variation,

CV2 =
Var(T )

Var(TP )
, (10)

and Fano factor,

FF(w) =
Var(N(w))

Var(NP (w))
, w > 0. (11)

These measures are commonly defined with E2(T ) and E(N(w)) instead of Var(TP )
and Var(NP (w)). However, due to relationships (5), (8) and (9), such definitions
are equivalent to the formulas (10) and (11).

While the CV is a constant, FF(w) is a function of w, and therefore Fano
factor is sometimes defined as the limit

FF = lim
w→∞

FF(w), (12)

with, (Cox, 1962),
FF = CV2. (13)

For a general distribution of T , the following formulas hold, (Cox, 1962),

lim
w→0

FF(w) = 1 (14)
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and, (Rajdl & Lansky, 2014),

FF(w) =
1

w
L−1

{
1 + L{f}(s)

s2[1− L{f}(s)]

}
(w)− w

E(T )
, (15)

where the latter can be used to numerically calculate FF(w) for any w > 0.

4. Predictability, the new measure and its properties

As it was mentioned, predictability or randomness should be distinguished
from variability, it reflects a different type of intensity independent behavior. To
measure randomness, it is suitable to use the Shannon entropy. For a discrete
random variable N(w) with probabilities pn(w), n = 0, 1, . . . , it is defined as

H(N(w)) = −
∞∑

n=0

pn(w) ln pn(w). (16)

The larger the value of H(N(w)) the more difficult it is to predict the value of
N(w), and so, the more information we obtain from a realization of N(w) (the
variable N(w) is more random).

The randomness of T has been thoroughly studied (Kostal et al., 2011, 2013),
however, we are not aware of any similar studies of N(w). We therefore define
and study a randomness measure ofN(w) based on the Shannon entropy. It would
be possible to directly use quantity (16). Nevertheless, for a better interpretation,
it is suitable to also relate its value to a Poisson process like in (10) and (11). We
suggest to define the entropy factor as

HF(w) =
H(N(w))

H(NP (w))
, (17)

where NP (w) denotes the Poisson process with the same intensity as N(w).
Analogously to studies on the Fano factor, we are interested in the behavior of

HF(w) in dependence on w and on properties of T , mainly the CV. Calculation
of HF(w) requires calculation of the entropy of N(w) and entropy of the Poisson
process. The entropy of the counting Poisson process with intensity λ is

H(NP (w)) = λw[1− ln(λw)] + e−λw
∞∑

n=0

(λw)n ln(n!)

n!
. (18)
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Relationship (18) can be approximated using, (Evans, 1998),

H(NP (w)) ≈ 1

2
ln(2πeλw)− 1

12λw
− 1

24(λw)2
− 19

360(λw)2
, for λw →∞.

(19)
For a general renewal process with intensity λ, it is possible to numerically eval-
uate the equations (3), (4) and (16) or to use the asymptotic formula

H(N(w)) ≈1

2
ln(2πe)+

1

2
ln

(
CV2λw +

1

2

(
1 + CV2

)2 − 1

3
λ3E(T 3)

)
,

for λw →∞. (20)

Relationship (20) was derived using the fact that distribution of N(w) converges
for λt→∞ to a normal distribution, (Cox, 1962). Its mean is λw and the variance
can be approximated using formula (6).

Some limit properties of HF(w) are

lim
w→0

HF(w) = 1, (21)

lim
w→∞

HF(w) = 1 (22)

and

lim
CV→0

HF(w) =
−q ln(q)− (1− q) ln(1− q)

1
2

ln(2πeλw)
, (23)

where q = λw − bλwc and bλwc is the integer part of λw. Limit (21) is a simple
consequence of convergence of distribution ofN(w) to Bernoulli distribution with
mean λw for w → 0 (Cox, 1962), limit (22) follows from formulas (19) and (20).
Derivation of limit (23) uses the fact that for CV → 0 the distribution of the
time up to the first spike converges to uniform distribution on [0, µ] and all the
following ISIs to µ .

According to relationship (22), HF(w) always converges to value one, which
substantially differs from the behavior of the Fano factor. Another principal differ-
ence between HF(w) and FF(w) is that the entropy factor is bounded from above
(for fixed w and µ), as there is a maximum value of entropy of N(w), whereas
the Fano factor can take arbitrarily large values. The maximum entropy among all
the discrete distributions with mean λw has the geometric distribution (Cover &
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Thomas, 2006). Its probability mass function is

P (X(w) = n) =

(
1− 1

1 + λw

)n
1

1 + λw
, n = 0, 1, 2, . . . (24)

and its entropy is

H(X(w)) = (1 + λw) ln(1 + λw)− λw ln(λw). (25)

No renewal process has such a distribution of number of spikes and thus no re-
newal process can reach the value (25). This fact can be easily seen through the
limit behavior of N(w) of any renewal process. As it was mentioned, it converges
to the normal distribution for λw → ∞, however, the geometric distribution (24)
does not. An upper bound of HF(w) is thus created by the ratio of H(X(w)) to
H(NP (w)). It holds that

lim
w→∞

H(X(w))

H(NP (w))
= 2, (26)

which is a direct consequence of relationships (19) and (25).
Finally, note that an analogy for a continuous positive random variable with

probability density function f(t) is the differential entropy

h(f) = −
∫ ∞

0

f(t) ln (f(t)) dt. (27)

Despite formula (27) being similar to formula (16), h(f) is not suitable to quantify
the randomness (or information content) of T directly. For example, h(f) can
be negative and it is scale dependent. To resolve this problem, it was proposed
in (Kostal & Lansky, 2006) to measure the variability of T using the Kullback-
Leibler (KL) distance from an exponential distribution. The KL distance is then
a non-negative quantity, as a result of the fact that the exponential distribution
maximizes entropy among all the distributions with given mean.

5. Examples of entropy factor and comparison with Fano factor

The above presented theoretical properties of HF(w) give a basic idea about
its behavior. However, they do not yield the dependence on w or CV in a simple
way. Therefore, we illustrate it for two commonly used distributions of T , gamma
and inverse Gaussian (IG). Both of the distributions are parametrized using two

9



independent parameters. For our purpose it is suitable to use µ and CV. The
density of gamma distribution is

fG(t) =
t1/CV2−1exp[−t/(µCV2)]

Γ(1/CV2)(µCV2)1/CV2 , t ≥ 0, (28)

and the density of IG distribution is

fIG(t) =

√
µ

2πCV2t2
exp[−(t− µ)2/(2CV2tµ)], t ≥ 0. (29)

Let us note that the gamma distribution becomes exponential for CV = 1 and
thus the corresponding renewal process is a Poisson process. On the contrary, IG
distribution never attains the exponential distribution. Without loss of generality,
in the following examples we assume that µ = 1, this can be always achieved by
using a suitable linear transformation of time. The time is thus shown in mean ISI
units. The remaining free parameters are then CV and w.
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Figure 2: Dependence of HF(w) (a,b,c,d) and FF(w) (e,f) on w for various values of CV. The
ISIs follow gamma (a,c,e) and IG (b,d,f) probability distributions with µ = 1. The values of
CV are 0.25, 0.5, 1, 1.5, 2 (corresponding to the individual full-line curves from bottom to top on
the right sides of the panels). Dashed-lines: An upper boundary for HF(w), given by geometric
distribution X(w), (25), with parameter λ = 1.

To compare HF(w) with FF(w), the necessary values were numerically cal-
culated using formulas (3), (4) and (16). In Fig. 2, the dependence on the length
of the time window is illustrated. The common feature of both HF(w) and FF(w)
is that they start at value one and the following behavior is influenced by the value
of CV. For the Fano factor, lower values of CV yield lower values of the measure
and vice versa, however, this does not hold for HF(w). A large difference between
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the measures is in their limiting behavior for increasing w, the Fano factor con-
verges to CV2, and the entropy factor returning back to one. Nevertheless, the rate
of convergence of HF(w) to the value one is exceptionally slow (logarithmic).

A special property of the entropy factor is the upper boundary. We can see that
it is relatively low and thus the entropy of N(w) cannot be much larger than the
entropy of the Poisson process, at most double – according to relationship (26).
Another feature we would like to point out is the sinusoid-like shape for low CV.
It is common for both of the measures, but it is more apparent for HF(w). The
reason for this behavior is the equilibrium property of the process we use to model
the spike trains. Even for CV = 0, when all the ISIs are same, the time to the first
spike is random (due to the random start of the observation), but less or equal to µ.
It results, that at times which are multiples of the mean ISI, we know exactly how
many spikes there will be and the entropy is zero. At other times, the number of
spikes is still influenced by the random beginning and the entropy is thus positive.

For the sake of completeness, the range of w in Fig. 2(a,b) is from 10−2 up
to 108 while the mean ISI is equal to one. However, we may ask what range is
interesting from neural coding point of view. Typical experimental data contains
a maximum of thousands of ISIs, the main reason being that current technology
does not permit simultaneous observation of thousands of individual neurons and
thus parallel observation is replaced by a single spike train. In a real neural net-
work, in which synchrony (coincidence) of spiking plays its role, we can expect
that the range of interest for the time window is between fractions of the mean
ISI up to several of its multiples. We can see that the extremes of HF(w) are
reached in this range, which supports the importance of randomness evaluation.
In Fig. 2(c,d), the behavior of the entropy factor for the most important lengths of
the observation window is shown in more detail.

In Fig. 3 and 4, there is shown directly the relation of FF(w) and HF(w). In
the first case, the values of CV of ISIs are fixed for the single curves and w is
going continuously from 0 to ∞. In the second figure, every curve corresponds
to a fixed w while CV changes from 0.2 to 2. We can see that the relation of
HF to FF is not linear, often not even monotonic. Mainly, the dependence in
Fig. 3 is relatively complicated, it is caused by the fact that the course of HF(w) is
non-monotonic, as shown in Fig. 2. In Fig. 4, the curves are simpler, nevertheless,
their order and intersections are not intuitive, which is again caused mainly by the
non-monotonic dependency of the entropy factor an the length of the observation
window.

Another question we were interested in is what CV maximizes HF(w) for
given model of ISIs and w. Such CVs in dependence on w are illustrated in
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Figure 3: The relation between FF(w) and HF(w) for various values of CV (0.25, 0.5, 1, 1.5, 2).
The ISIs follow gamma (a) and IG (b) probability distributions with µ = 1. The values of FF(w)
and HF(w) are shown for w ∈ (0,∞).

Fig. 5(a). A larger w mostly requires a larger CV to maximize the entropy factor,
however, the opposite holds for IG distribution and short windows. The indi-
vidual maxima are always lower than the theoretical upper bound given by geo-
metric distribution (25). In Fig. 5(b), the corresponding values of the maximum
entropy achieved by gamma and IG distributions in relation to the upper boundary
are shown. We can see that for the presented lengths of the observation window
(w ≤ 5) the entropy factor of a renewal process can be relatively near to the upper
boundary.

Finally, in Fig. 6 the accuracy of the approximation (20) is explored, using
relative error,

%(w) = 100
H̃F(t)− HF(w)

HF(w)
, (30)

where H̃F(w) is approximation of entropy factor which uses formula (20) to cal-
culate the entropy. The precision is low mainly for small w and large CV. Very
low values of CV are also problematic, as the approximation cannot reflect the
sinusoid-like behavior of HF(w). However, for a standard range of CV (e.g,
[0.5, 1.5]) the accuracy seems to be sufficient from w around several means of
ISIs.
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6. Entropy factor evaluated from experimental data

In this section, we compare entropy factor to Fano factor estimated from ex-
perimental data, records of spontaneous firing of olfactory receptor neurons in
rats. The spike trains were recorded under two different conditions. In the first
scenario the rats were allowed to breathe freely (FB), in the second they were tra-
cheotomized (TT). More specific details can be found in (Duchamp-Viret et al.,
2005). The data consist of multiple neural firing sequences of varying length,
from which we selected ten, five each of both types, with sufficient length and
with the largest signs of stationarity. The lengths of individual records are ap-
proximately from 180 s s to 280 s with mean of ISIs from 0.15 s to 0.33 s for the
FB scenario and from 150 s to 210 s with mean of ISIs from 0.19 s to 0.50 s for
the TT scenario.

The relation of FF(w) to HF(w) in this data is explored. Values of FF(w)
and HF(w) were estimated for various values of w (from 0.1 s to 5 s). Before
the estimation, it was necessary to transform the spike trains to numbers of spikes
in time intervals of a certain length. For this purpose, the records were divided
into segments of the required length so that after each segment an interval of
length 0.5 swas discarded to reduce possible dependencies of the segments. Next,
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Figure 7: The relation of HF(w) to FF(w) in experimental data for the length of the observation
window w ∈ {0.1, 0.4, 0.7, 1, 2, 3, 4, 5}. The values of w are in seconds. The two types of data
are distinguished - TT (with tracheotomy) and FB (freely breathing).

the numbers of spikes in the individual segments were counted. Based on these
counts, the entropy was calculated for every spike train by simply using formula
(16) with sample probabilities. Note, that this simple method leads to a negative
bias of the entropy estimator (Schurmann, 2004). It is caused by the fact that very
low probabilities are not observed in the finite samples, leading to underestimation
of the true value of quantity (16). To reduce the influence of this issue on the
estimated value of HF(w), we did not use an analytically calculated entropy of
the Poisson process in formula (17). We estimated it based on generated data with
number of samples equal to the number of samples available in the individual
records of the experimental data. The purpose of this procedure was to have a
similar bias in both parts of formula (17), which possibly reduced the bias of the
ratio. The entropy of the Poisson process was generated 10000 times and averaged
to minimize the variance of the estimator.

The results obtained for the data are shown in Fig. 7, with the TT and FB sce-
narios being distinguished. We can see that there is a certain relation between
FF(w) and HF(w), larger values of FF(w) mostly yield larger values of HF(w),
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but not always, in accordance with the theoretic results, there is a tendency to
slowing the increase of HF(w) and potential decreasing with increasing Fano fac-
tor. There is no major difference between TT and FB data from the point of view
of HF(w). However, TT data has a smaller range of HF(w) values than FB. The
same holds for CV, as it was also observed already in (Duchamp-Viret et al.,
2005).

7. Discussion and conclusions

We have defined and studied an entropy-based measure of randomness of a
counting process N(w), with the aim to its application in analysis of neural spike
trains. Up to now, mainly three quantities have been used to measure the rate-
independent behavior of spike trains – coefficient of variation, Fano factor and
KL distance. As CV measures the variability of ISIs, Fano factor the variability
of N(w) and KL distance the randomness of ISIs, the entropy factor is a natural
complement to these measures.

We have studied the entropy factor based on assumption that the spike trains
correspond to a renewal process, which can be seen as a drawback, as real char-
acter of spike trains is probably far more complex. This simplification can be
justified by the fact, that neurons has to “read” information relatively quickly –
bases on short time intervals, in which the stationarity might be (approximately)
satisfied. Nevertheless, it could be useful to study the behavior of HF even for
some more realistic models, at least for serially dependent ISIs.

Another issue which should be explored in the future is estimation of the en-
tropy factor. To use HF as a randomness measure for data, it has to be estimable
with sufficient reliability. There might be a problem with a bias of its estimate, as
there is a known problem of bias in estimation of the entropy (Schurmann, 2004).
In Sec. 6, we attempted to reduce this bias by creating a similar bias in the nu-
merator and denominator of definition (17), however, character of the bias and
efficiency of this method should be theoretically examined.

We have focused mainly on behavior of the entropy factor in dependence on
the length of the observation window w and on the relation of HF(w) to FF(w).
The theoretical formulas cannot be often expressed in closed forms and analyzed
easily. Therefore, we illustrated some selected relationships using numerical cal-
culations for two of the most often used probability distributions of ISIs – gamma
and inverse Gaussian. The main results can be summed up using the following
points.
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• The entropy factor can be larger than one – a Poisson process does not max-
imize the entropy of N(w) among the renewal processes. It is in contrast
with the fact that a Poisson process (exponential distribution) maximizes
the differential entropy of ISIs.

• The extremes of entropy factor in dependence on w (for standard values of
CV) occur for length of the observation window about several mean ISI,
which is length of window that might be used by neurons. Because at these
extremes the information about randomness is most significant, this sup-
ports the possibility of randomness coding and the importance of random-
ness evaluation.

• One of the main differences of entropy factor from the Fano factor is the
existence of an upper bound. The Fano factor (variance) can reach arbitrary
large values, yet the entropy of N(w) with a fixed mean is bounded from
above by the entropy of geometric distribution.

• The value of HF(w) is always in the interval [0, 2). The entropy of a count-
ing process cannot be larger than double the entropy of a Poisson process
with the same mean. However, it seems that for a renewal process with
properties corresponding to a realistic spike train, the values of the entropy
factor cannot be much higher than one.

• Both limits of HF(w) with respect to w (to 0 and ∞) are one. From the
point of view of entropy, a renewal process starts to behave as a Poisson
process and ends the same. However, the convergence for w → ∞ is very
slow.

• The relation of the entropy factor and the Fano factor is not linear and often
not even monotonic.

• For a fixed observation window, there is a maximum of the entropy factor
in dependence on CV. For a short observation window, this maximum can
be relatively near to the upper boundary (e.g., over 98% of the boundary for
w ≤ 5µ and gamma distribution of T ).

• Except for large values of CV and low values of w, it seems to be possible
to approximate HF(w) using formula (20).
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• Values of the entropy factor and the Fano factor estimated from experimen-
tal data confirm that there is not a simple relationship between these two
characteristics.

These results imply that behavior of the entropy factor significantly differs
from behavior of the Fano factor. According to our expectations, HF reflects a
different aspect of the intensity independent character of spike trains (random-
ness) and thus can be seen as a complement to the standardly used measures. We
do not claim that the amount of variability (FF) or randomness (HF) in spike fir-
ing carries some information, however, if there is some information expressed by
randomness, analysis of Fano factor is not sufficient to detect it (and vice versa).
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