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Abstract

Formal techiques for analysis and verification of systems are increas-
ingly used in natural and systems sciences. Application of this approach
in the new areas requires new methods. This thesis focuses on reasoning
about complex biological signals. Existing approaches based on tempo-
ral logics are reviewed and a new temporal logic extending the Signal
Temporal Logic is introduced. A polynomial monitoring algorithm for
piecewise linear signals is introduced and implemented in MATLAB
with the Multi Parametric Toolbox.
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Chapter 1

Introduction

Nature is incredibly complex. The more we know about it, the more
complicated it seems to be. Recent development of computers made it
possible not only to acquire, store and process gigantic amount of data,
but also to make models of natural processes and study them in silico.
The rapid development of fields like systems biology, computational
biology or synthetic biology creates a demand for tools for automatic
performing and evaluation of such experiments.

One of these tools is temporal logic, formalism for description and
reasoning about phenomena taking place in time. It originated in phi-
losophy and found its use in computer science for formal description
and verification of technical processes. Nowadays, these techniques are
increasingly used for formal analysis of natural processes. The usage in
this field places new demands on temporal logics.

This thesis deals with a class of temporal logics suited for reasoning
about nontrivial real-time processes. As a model of these processes, var-
ious types of oscillations (understood in broader sense) are considered,
because oscillatory behaviour plays a crucial role in nature.

The thesis is divided into seven chapters. The first chapter is intro-
ductory. The main theme of the second chapter are oscillations — why
do they interest us and how they can be comprehended and modelled
with help of the theory of ordinary differential equations. Next chapter
is focused on existing temporal logics for real-time and real-valued sig-
nals. In the fourth chapter, a new extension of Signal Temporal Logic is
proposed together with an algorithm for its monitoring. The fifth chap-
ter describes a prototype implementation of the newly created logic and
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1. INTRODUCTION

evaluates its performance. The usage of the introduced logic is demon-
strated in a case study in the sixth chapter. The last chapter concludes
the thesis and discusses the contribution and directions of future devel-
opment.



Chapter 2

Oscillations and their importance

In mathematics, an oscillation is behaviour of an infinite sequence of
numbers which does not converge nor diverge. Another way how to de-
scribe an oscillation is as a process in which a displacement from a po-
sition of an equilibrium occurs repeatedly over time. There are various
definitions of oscillatory behaviour. It reflects the fact that oscillations
are a very common phenomenon in various areas of natural sciences
and nature itself.

While in the technical fields like physics, mechanics or electronics,
the oscillations are of the periodic character — same or very similar
event repeats regularly in the same time interval, in biological, social
or economical systems, oscillations have more loose character. Their fre-
quency, amplitude or development are often variable in time. However,
even in this case, the oscillatory character of the phenomenon plays an
important role and predetermines its course. In this thesis, oscillations
are understood in a broad sense as a phenomenon of similar behaviour
repeated over time.

As an example of systems with oscillation having the key role, we
can think about models of several populations of animals with mu-
tual interactions (foundations based independently by Lotka [24] and
Volterra [30] in a model of predator and prey in the 1920s). In much
smaller scales, tenths of oscillatory processes are taking place in ani-
mals, plants and bacteria, e.g., circadian cycles (one day period), ovar-
ian cycles (28 days), hormonal activity, cardiac cycle, neural spikes, cell
cycle [20].



2. OSCILLATIONS AND THEIR IMPORTANCE

In the area of modelling physical processes we encounter oscilla-
tions in the whole scale of models from the simplest ones like a bounc-
ing ball to much more complicated ones like in [23] (model of the tran-
sition to turbulence in the form of the equation of oscillations of a pen-
dulum with a randomly vibrating suspension axis).

Another example of a process showing importance of oscillations
are metabolic processes in an unicellular, nitrogen fixing cyanobacte-
rium Cyanothece sp. [6]. Authors show that periodicity in respiratory
activity of this bacterium is controlled by its circadian cycle rather then
actual level of irradiation.

In [21]], Kholodenko shows that a well known mitogen-activated
protein kinase (MAPK) cascade which conveys extracellular signals to
other parts of a cell can under some conditions exhibit sustained oscil-
lations.

This was a short list of examples showing that scientists encounter
oscillations in various forms in many fields and disciplines. To study
these processes, it is necessary to understand the substance of oscilla-
tory behaviour and to have the ability to model and examine such phe-
nomena. The former will be discussed in Section 2.1 and the letter in

Chapter

2.1 Characterization of oscillations

A very powerful tool for describing, modelling and analysis of the be-
haviour of biological systems is the theory of ordinal differential equa-
tions. This theory enables us to abstract the key properties from a real-
world system and analyze them by means of mathematics. However,
the analysis and interpretation of more complicated models becomes
more difficult and can be hardly automatized. That is the time when
usage of logics presented in this thesis becomes suitable.

In this section, there will be described brief extracts of the theory of

ordinary differential equations. The purpose is to show where the oscil-
latory behaviour originate in, what is the most common means for its
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2. OSCILLATIONS AND THEIR IMPORTANCE

modelling and where does the continuous signals (most common out-
put of real-world systems and model for temporal logic presented in
Chapter @) came from. To get the picture of relations between biologi-
cal systems and their abstractions see [11], for more information about
mathematical foundations of the theory see [16] or [18].

Definition 2.1. Ordinary differential equation (ODE) is a vector equation:

dz
E - f(l’(t), t)7 (21)

where f contains ordinary derivatives of the unknown real function z.
Both functions f and = depend on an independent variable ¢ € R (time).

To extract the fundamental characteristics of oscillatory behaviour,
we will deal with simpler systems where the function f in (2.1) does not
directly depend on time ¢. These systems are called autonomous.

Definition 2.2. Autonomous differential equation is an ODE of the form:

dx
< = fa), 22)

where the function f is defined on some subspace 2 C R™.

Definition 2.3. A solution x = ¢(t) of the autonomous system (2.2) with
the initial condition z(0) = =z, interpreted as a curve in the space (2 is
called a trajectory.

Trajectories can be visualized in plane as phase portraits. This visu-
alization can be supplemented by vector fields depicting the direction
and speed of change of trajectories (Figure 2.1).

Definition 2.4. Point z, € Q is called steady state or equilibrium of the

system if f(z0) = 0.

Steady states are the constant solutions of the autonomous system
[2.2), i.e., if the system is located in the point z, at some time ¢, (i.e.,
z(ty) = wp), it remains there for all times ¢ > ¢,. Steady states play an
important role in understanding of dynamics of systems described by
ODEs. This role will be discussed in next sections.
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Figure 2.1: Phase portrait depicting a trajectory and a vector field of a
system of two linear equations.

2.1.1 Linear systems in plane

There are various kinds of steady states and they have diverse influence
on the behaviour of a system in their neighbourhood. We can demon-

strate the basic types of steady states on very simple autonomous sys-
tems, the linear systems in plane, and then generalize this knowledge

to the more complicated ones.

Linear system in plane is a system of two differential equations:

gy =g(z,y)’ 23)

where the functions f, g are linear in both arguments. The system (2.3)
can be written in the vector form:

(2.4)

T = Az,

where
A= ( Z 2 ) ,det(A) # 0. (2.5)
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Let A1, A2 be the eigenvalues of the matrix A. Then the origin (z,y) =
(0,0) is a steady state and we can distinguish the cases depicted in Fig-

ures2.2-2.7 [16]

From the knowledge of steady states of a system we can derive its
qualitative behaviour without the need of explicitly solving it. Similar
rules apply for the systems in higher dimensions and the properties of
steady states are extensions and combinations of those in plane.
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(a) Phase portrait.
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(b) A typical solution z(t).

Figure 2.2: A\, Ay < 0 = origin is a stable node or a sink.

(a) Phase portrait.
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(b) A typical solution z(t).

Figure 2.3: A\; > 0, Ay < 0 = origin is an unstable node or a source.

(a) Phase portrait.

Figure 2.4: \;, \y > 0 = origin is a saddle.
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(b) A typical solution z(t).
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Figure 2.5: \; = a + Bi,\s = o — Bi,a = 0, 8 > 0 = origin is a center.
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(b) A typical solution z(t).

Figure 2.6: A1 o = a £ fi,a > 0, 8 > 0 = origin is a stable spiral.
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(b) A typical solution z(t).

Figure 2.7: A1 = a £ fi,a < 0, 8 > 0 = origin is an unstable spiml.11



2. OSCILLATIONS AND THEIR IMPORTANCE

2.1.2 Nonlinear systems

So far, we have discussed only linear systems, in which case we can an-
alyze their behaviour by finding the stable states and determining their
type. We would like to do something similar in the case of nonlinear
systems. To do so, we will approximate the behaviour of a nonlinear
system near its stable states by a linear system.

Let
&= f(z,y)

y=glz,y) (26)

be an autonomous system in plane with a steady state (x¢, yo). Assume
a linear transformation transforming the point (zg,y,) to the origin:
X =z —x0,Y =y — yo. We can use the Taylor expansion to get:

X:f(x+$07y+y()):f('r()?y[))—i_X% +Y%§ +Rw(X;Y)a
T=x0,Y=Y0 T=T0,Y=Yo0

ng(x+$07y+y0):9(x07y0)+X% +Y% +Ry<X7Y)7
T=20,y=Y0 T=20,y=Yo

where nonlinear terms R, a R, satisfy = — 0 a % — 0 forr =
VX2 +Y? — 0. If we drop these terms and substitute for f(zo,y0) =
9(z0,90) = 0 ([zo,v0] is a steady state of the system (2.6)), we obtain
a linearized system:

¢ — Y9 of
X =X35; -+ Y ol
T=X0,Y=Yo T=X0,Y=Yo (2 7)
S — X% 99
Y =X3 o+ Y o
T=T0,Y=Y0 T=Z0,Y=Y0

with Jacobian matrix

of  of
J(z0,0) = 2_;;’ S_Z

oxr Oy

T=T0,Y=Yo

Definition 2.5. Let (9, yo) be a steady state of the system (2.6), J.,.40)
be its Jacobian matrix at this point. If all eigenvalues of this matrix have
nonzero real parts, the point (x, yo) is called hyperbolic.

12



2. OSCILLATIONS AND THEIR IMPORTANCE

Theorem 2.1 (Hartman-Grobman). Let (x, yo) be a hyperbolic steady state
of the system (2.6). Then there exists some neighbourhood of the point (¢, o)
in which the phase portrait of the nonlinear system is similar to the phase
portrait of the linearized one (i.e., phase portraits are topologically conju-
gate in the neighbourhood of this point).

Proof. Proof can be found in [18]]. O

In following text we will use the notation:

£ = df (o, yo) £y = df (o, Yo)
1 — 61‘ 9 2 — ay Y
. d9(xo, yo) i 9g(z0, yo)

As a corollary of Theorem 2.1 we get the following theorem.
Theorem 2.2. Let .
&= f(z,y)
y=9(@y)

be an autonomous system, assume f(x,y) and g(x,y) are continuous func-
tions with continuous partial derivatives up to the second order in a neigh-
bourhood of (zo,vo). Let f(xo,v0) = g(xo, yo) = 0 and assume

fi fo
det(g1 p ) # 0.

(2.8)

Then the point (o, yo) is an isolated steady state of the system ([2.8)). Addition-
ally:

o If the origin in the linearized system

T = fiz+ foy

) (2.9)
Y =T+ g2y

is a node, a spiral or a saddle, then the point (x, yo) in the system (2.6)
is of the same type.

o If the origin in the linearized system (2.9) is a center, then the point
(20, yo) is a center or a spiral in the system (2.8)).

13



2. OSCILLATIONS AND THEIR IMPORTANCE

Theorem 2.3. Let (¢, yo) be a steady state of the autonomous system (2.8))

and let LS
Jiz = L2 2.10
(z0.0) < a1 g2 > ( )

be a Jacobian matrix of this system at the point (x, yo). Then the steady state
(w0, yo) is stable if all eigenvalues of the matrix (2.10) have negative real parts.

Proof. Proof can be found in [7]. ]

The process of transforming a general system of ODEs to a linear
one is called linearization. This method can be generalized for n-dimen-
sional systems. By using linearization we can study qualitative beha-
viour of quite complicated systems near their steady states. However,
for analysis of behaviour in surroundings of nonhyperbolic steady sta-
tes, in greater distances of all steady states or in the case of more com-
plicated systems, it is necessary to use more sophisticated methods or
it is even impossible.

For this reason we will talk about temporal logics in next chapter.
They can be utilized for specification of desired properties of a system,
simulation or a real-world measurement. Satisfaction of these proper-
ties can be then automatically tested or verified.

14



Chapter 3

Reasoning about continuous time

In this chapter we discuss an extensively used formalism that enables us
to capture and analyze different properties (with some relation to time)
of real-time systems. As a system we can understand any entity or set
of interacting parts evincing some measurable behaviour or output. As
a good abstraction of systems we will use the systems of differential
equations described in the the previous chapter. In Chapter 4 a logic
designed specially for this abstraction is presented.

The connection between real-time logics and ODEs is straightfor-
ward — trajectories as solutions of ODEs are used as a model over which
the formulae of a temporal logic are interpreted. It is important to re-
alize that temporal logics provide not only tools for reasoning about
various temporal properties, but also a language for their succinct de-
scription. This role of logic is discussed in Section 3.3]

3.1 Temporal logics

Temporal logics originated as modal logics [28] with the modal opera-
tors understood in a temporal manner. This formalism was utilized by
Pnueli [27] for studying the time behaviour of systems. In general, tem-
poral logics deal with ongoing behaviour of a system, actions executed
by this system or changes of its states.

There are many branches of temporal logics and the full description
of all of them is outside the scope of this paper. While going through
some of them, we will follow the main goal - reasoning about nontrivial
time dependent behaviour (like oscillations). For a review of temporal
logics concerning real-time see [4]. The aspects of temporal logics dis-

15



3. REASONING ABOUT CONTINUOUS TIME

cussed in this section follow a frame used in [2] where authors present
several main decisions one have to make when creating a logic for de-
scription of real-time systems.

We skip some features of temporal logics like division according to
the order of the logic (propositional, first- or higher-order) and focus
on the aspects related to our goal, which is reasoning about continuous
signals with real-valued time domain (e.g., an output of ODEs from Sec-
tion [2.1)). First division of temporal logics can be made by the nature of
the system and the structure over which the logic is interpreted.

3.1.1 Nature of models
Linear-time

Linear-time logics are interpreted over linear structures. Each struc-
ture corresponds to a single run of a system. A typical example of a

linear-time logic is LTL (also called Propositional Temporal Logic —PTL) [27].
We will briefly describe its syntax and semantics.

LTL formulae are defined by the following grammar:

pu=p|op| Ve | Xe | pi1Ups,

where p € P is and atomic proposition from a countable set P, — and Vv
are propositional logical operators, X — next is a unary and U — until a
binary temporal operator.

LTL formulae are interpreted over infinite sequences of states.

Definition 3.1. State sequence o = sys; ... is an infinite sequence of sta-
tes. Each state s, is a subset s; C P of a countable set of propositions P.
For propositions p € s; we say that p holds in s; and write s; |= p.

16



3. REASONING ABOUT CONTINUOUS TIME

Satisfaction relation is then defined inductively as follows:

o,if=p = siFEp;

0,0 | = 0,1} g

giE 1V < 0,iFEporo,iE s

0,1 = X — o0,i+1[F y;

g,iEpUpy <= Fk>i:okEp AV, i<j<k:oilE .

There are some additional operators derived from the above like fu-
ture (or eventually) — Fo = trueUy, globally — Gy = —F -y and others.

Branching-time

Branching-time logics, on the other hand, are interpreted over tree
structures. They talk about process containing some decision points,
i.e., time instants where the future behaviour of a system is not deter-
mined. A classical representatives of branching-time logics are Com-
putational Tree Logic (CTL) [8] or CTL* [15], which combines both LTL
and CTL. The trajectories of ODE systems defined in the previous chap-
ter (Section are linear — the next step is unambiguously determined
in every time instant. Therefore we will use the linear-time semantics
from now on.

3.2 Logics for real-time

Next question is how to deal with the real-time. We have to be able to
speak about time intervals relativized to the time in which the formula
is investigated. Consider a property:

Every action a is followed by a reaction b within 3 seconds. (3.1)

This is an example of a property with a time constraint. If we use a
tictitious-clock semantics [2] where the time flows only in discrete steps
(or we are able to measure the time events with finite precision only),
we could describe the property in LTL as:

o =Gla= (bVXbVXXbVXXXD)).

17



3. REASONING ABOUT CONTINUOUS TIME

However, in a world with dense time (applies for both the real world
and its abstraction in a form of ODEs), we cannot use directly LTL be-
cause the operator next X is not defined on a dense domain and the
operator until U (or rather future F) is not able to restrict the interval in
which the property should hold. Formula:

G(a = Fb)

is true even if the action a is followed by the reaction b with a delay
grater then 3 seconds. There are several possibilities how to extend the
standard temporal logics to deal with temporal constraints:

e Bounded temporal operators — the validity of temporal opera-
tors is restricted on an interval,

e Freeze quantification — a freeze quantifier binds a variable in
time;

e Explicit clock variable — a new variable represents actual time.

3.2.1 Bounded temporal operators

One way is to incorporate a time interval into the standard temporal
operators. By doing so we get bounded until Uj,;, bounded future
F, 4 , etc. The meaning is straightforward — their validity is restricted to
a certain interval only, e.g., F; 5 ¢ is interpreted as "the property ¢ holds
at some time between 1 and 3 time units from now”. With this enriched logic
we can express the property by the formula:

G[O,oo) (a = F[073] b).
An example of a temporal logic implementing this way of relativiz-

ing time is the Metric Interval Temporal Logic (MITL) [1]. Formulas of
MITL are inductively defined by the following grammar:

u=p| |1V | Ureps,

18



3. REASONING ABOUT CONTINUOUS TIME

where p € P is an atomic proposition and I is a nonsingular interval (i.e.,
not of the form [a, a]) with rational end-points.

MITL formulae are interpreted over timed state sequences.

Definition 3.2. Timed state sequence 7 is a pair 7 = (s,I) where s =
S0S182 - .. is a state sequence from Definition and I = I,[,11,...is an
infinite sequence of time intervals such that:

o I is left-closed with the left end-point I(/,) = 0;

e forall i > 0 the intervals /;, [; + 1 are adjacent, i.e., 7(1;) = I({;11)
and either J; is right-closed and I, is left-closed or vice versa;

e every time ¢ > 0 belongs to some interval ;.

We can notice that I partitions the nonnegative real line, i.e., Uizo I, =
R and for every i,j > 0,i # j: ;N I; = {.

Given a MITL formula ¢, a timed state sequence 7 = (s,/) and
a time instant ¢ € R{, the satisfaction relation 7 = ¢ is defined in-
ductively as follows:

T, tEDp <= p¢€s;, where t € I;;

T,t = —p — 7t} y;

T,tE QeI Vs <= Tt @ or 7t v

Tt E 1 Uy <= 3t €l+tsuchthat7,t/ = ps A

VIt <t <t Tt = .

The expression I +t denotes the interval {t+¢ | t' € I}. The timed state
sequence T satisfies the formula ¢ iff 7,0 |= ¢.

Again, we can define derived operators as F;¢ = true U;p and
Gro=-Fr-o.
3.2.2 Freeze quantification

Another way how to involve the real-time into a temporal logic is by a
quantifier which freezes (binds) a variable in the corresponding time.
This idea was first introduced in the Timed Propositional Temporal

19



3. REASONING ABOUT CONTINUOUS TIME

Logic (TPTL) [3][19]. The freeze quantifier x. freezes the associated vari-
able z to the time of the local temporal context: The formula z.p(x)
holds at time ¢ iff ¢(¢) does.

The property can be expressed in this formalism as:
v =Gz.(a=Fy.(bAy <z+3)),

which asserts that “whenever the proposition a holds in a state with time x,
then there is a later state with time y, in which b holds and the time vy is at most
x+37.

One should remark that by freeze quantification we can express
same properties as by using the bounded temporal operators and
even some additional properties. We can relate nonadjacent temporal
contexts like for example “every stimulus p is followed by a response q and,
then, by another response r such that r is within 5 time units of the stimu-
lus p”. There is no direct way how to express this property by bounded
operators, however, it is done by the formula with freeze quantifier:

v=Gz.(p=F@ANFz.(rNz<z+5))).

For up to date information about freeze quantification see [12].

3.2.3 Explicit clock variable

The third way of expressing timing constraints is based on the first-
order temporal logic. It is done by using a dynamic state variable 7', the
clock variable, representing the current time [17]. The property can
be expressed as follows:

vV=G((aNx=T)=FObANT <z+3)).

The actual value of time in a state where a holds is stored in x and later,
when b occurs, it is compared to the actual time in that state.

3.3 Temporal properties over continuous signals

So far, we have discussed temporal logics suitable for expressing non-
trivial real-time properties. But they lack an easy way of specifying and
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3. REASONING ABOUT CONTINUOUS TIME

extracting properties of continuous signals, e.g., the output of a system
of differential equations (see Section 2.1)).

Having a set of continuous signals produced by an ODE system
(Section or a set of time series acquired by measurement of real
world phenomena, we would like to have a tool by which we could
specify interesting properties over these signals and automatically mon-
itor whether the system satisfies them. Logic, which enables us to do the
above mentioned things, is the Signal Temporal Logic (STL) [26]].

It is a temporal logic designed to speak about finite-length continu-
ous signals. It does not work with continuous signals directly but rather
via predicates describing their properties. These predicates are used as
atomic propositions in MITL/, ;) — a fragment of MITL (see Section 3.2.1)
adjusted for finite-length models.

STL offers a way to specify a large amount of properties of continu-
ous signals, however, at the cost of explicitly constructed predicates or
additional signal variables. For more complex relations, which cannot
be captured by MITL, it is necessary to have an extra variable contain-
ing the auxiliary information about the property and a predicate spec-
ifying time intervals in which the target property holds (e.g., to have a
variable 7 providing information about the derivative of x and a predi-
cate & > 0 telling when z is increasing).

But this is not a typical situation we are in. Commonly, we have only
a few time series of data measured on our system of interest. We have
the actual values of the variables at some time instants, we might have
their derivatives, but that is all. We are facing a problem to specify the
desired properties of the signal with fixed set of signal variables. If we
had the possibility to add variables to the signal, we would be able, in
an extreme case, to express the whole desired property as a single pred-
icate over some artificial variable. Thus, there would be no need to use
a temporal logic.

If we settle on the fixed set of signal variables, we have to look for

another tools to express properties like “the variable x is increasing” or
“the variable x is bigger than y was 5 time units ago”. This relations be-
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3. REASONING ABOUT CONTINUOUS TIME

tween values of variables in different time instants cannot be expressed
in STL (see Section[4.2.3). In Chapter[4, I am proposing a temporal logic
derived from STL. With restrictions placed on the structure of atomic
predicates, and, on the other hand, with enhanced expressivity by an
added temporal operator.
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Chapter 4

Extended temporal logic for continuous signals

In the previous chapter, we have seen some approaches to the prob-
lem of specification of properties of signals with possibly both dense
domain and range. In my opinion, the mentioned logics are not well
suited for the practical use for this problem. They lack two features I at-
tach weight to. First, they do not specify the process of transformation
of the analyzed signals to the propositional variables, and second, their
expressive power is insufficient for specification of required properties.
An exception is STL, which concerns with the first point.

In this chapter, I am proposing a temporal logic to address both
problems. The logic is based on STL, from which it draws the idea of
continuous signals and their translation to atomic predicates. However,
there is given a clear restriction to the form of the predicates so that it is
feasible both to compute their values and to reason about the formulae
of the logic. The second contribution of this logic is the possibility of
succinct specification and distinction of larger classes of signals. This is
achieved by one new temporal operator which freezes the values of the
signal for the use deeper in the formula.

4.1 Signals

In this section we briefly describe real-valued signals over continuous
time. These signals are defined in the same way as in [26] and we will
use them in the predicates in STL* logic.

Definition 4.1. Let 7 = [0,7],r € Q be a finite interval. A finite length
signal s over a domain D is a function s : T' — D.
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We say that the length of the signal s is » and we denote it as |s| = 7.

Definition 4.2. Real-valued signal is a signal from Definition 4.1 where
D = R". Given a real-valued signal s : " — R", the order of the signal s is
the number n. We use s; to denote the i-th component of a signal s. It is

asignal s; : T" — R defined as s;(t) & mi(s(t)) where m; is the projection
from n-tuples to their i-th component.

A signal of the order n represents one finite run of a continuous-
time system with n variables. These variables can be any quantities of
the system, e.g., concentrations of species, their derivatives or any other
attributes of the signal which can be measured and quantified.

We need a tool to speak about properties of a signal in terms of logic.
To do so, we define a function transforming real values of the signal
variables in every time instant to the Boolean set {0, 1}, representing
satisfaction or dissatisfaction of one property over one signal. This truth
values can be then used as propositional variables in some logic.

We will restrict the allowed operations on signal variables to linear
combinations and simple comparisons. Such restriction enables us to
algorithmically determine satisfaction of a property of a signal in ev-
ery time instant. By using better algorithms or less precise solution we
could loosen the demands on the form of the properties.

Definition 4.3. Linear predicate v of the order n is a function v : R* — B
of the form " | a;z; ~ b where a;,b € R are real coefficients, z; are
input variables, ~€ {<,<,>,> =} is one of the listed relational oper-
ators and B is a Boolean set B = {0,1}. The predicate v(xy,xs,...2,)
returns 0 if the expression ) ", a;z; ~ bis false and 1 if it is true.

However, in the logic defined in this chapter, we need not only to
work with the values of variables acquired in one time instant, but also
with a second set of values from another time. For this reason, we will
define an additional function extracting truth values from the signal.

Definition 4.4. Atomic predicate ;1 is a function p : S, x Rj x Rf — B
where §,, is a class of signals of order m. For each signal s € S,, and
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t,t* € [0, |s|], n is defined by the formula:

(s, 6, 1) L u(s1(t), ..., sm(t), s1(t), - .., sm(t?)),

where v is a linear predicate of the order 2m and s; are components of
the signal s. Values of the atomic predicate p for ¢t > |s| or t* > |s| are
considered undefined.

An atomic predicate over a signal s describes a Boolean property of
the signal s, i.e., if a constrained specified by the linear predicate v is
satisfied with respect to two time instants ¢ and ¢*. An example of such
property is:

df
v(xq, o, T3, T4) = X1 — To — Ty + x4 < 0,

which is equivalent to:
T1 — To < T3 — T4.

This property tells us that under condition t* < ¢, the difference be-
tween values of variables x; and z, was higher in the time ¢* than in the
time ¢:

p(s,t,t*) = v(si(t), so(t), s1(t*), s2(t")) = s1(t) — s2(t) < s1(t*) — s9(t™).

We will avoid the undesired cases of atomic predicates where the out-
put values of the predicate are varying infinitely often. From now on,
we will deal only with signals which values, with respect to all used
atomic predicates, changes at most finitely often. It is a reasonable pre-
sumption because the signals of our interest are usually outputs of some
systems measured in finite-length time steps. Such a pathological beha-
viour would vanish during this process of sampling and cannot reap-
pear due to linear form of atomic predicates (Figure [4.1)).

Instead of yu(s,,t*) = s1(t) — s2(t) < s1(t*) — s2(t*) we usually write

p(s, t,t*) = v —y < 2* — y*, denoting the variables of a signal s in time
t by letters z,y, 2, . .. and the same variables in time t* as z*, y*, 2*, . . ..
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(a) Pathological continuous signal with infinitely many changes between negative
and positive values (y = sin(22)).
1
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(b) Same signal measured with finite sampling frequency. The undesired behaviour
disappeared due to the sampling.

Figure 4.1: The pathological behaviour of a signal disappears during the
sampling.

4.2 STL*logic

In this section we will describe the syntax and semantics of STL*. It is
based on the Signal Temporal Logic (STL) [26] extended with the freeze
operator * and with restricted form of atomic predicates.

4.2.1 Syntax

The formulae of the STL* are inductively defined by the following gram-
mar:

=i | 2@ | o1V | o1 U o2 | *e,

where yi; are atomic predicates from Definition[4.4, — and V are stan-
dard operators for negation and disjunction taken from the proposi-
tional logic, Ul is a bounded until operator constrained by the non-
singular time interval [a, b] with rational end-points. The interpretation
of this operator is similar to the one used in the Metric Interval Tempo-
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ral Logic (MITL) [1]. Finally, * is the newly added unary freeze operator.

In the standard way, we can derive additional temporal operators
such as eventually ( Fj,4 0 = true Uy, o) and globally ( G =
= Fj.5) 7). These operators are then also bounded by an interval [a, b]
and their interpretation follows from the interpretation of Uy, .

4.2.2 Semantics

Formulae of STL* are interpreted over triplets (s, ¢,*) where s is a real-
valued signal and ¢, t* € [0, |s|] are two time instants. We write:

(s,t,°) = o,

iff a formula ¢ is satisfied on the triplet (s, ¢,t*). The satisfaction of an
STL* formula is defined inductively to its structure:

(s,t,t*) = — puls,t,t*) =1;

(S’t’t*) ): P — (Svtvt*) i# ©;

(S7t7t*) }: Y1V P2 — (S,t,t*) }: ©1 Or (S,t,t*) }: ©V9;

(5,6,t) 1 Uy oo <= 3 €lat+t,b+1]:(s,0',t) | o2 A
V' € [t’t/} : (Svt”vt*) ): ¥1;

(5,8, 1) | x¢p = (s5,t,1) E .

(4.1)
Because models for STL* are signals, we also speak about satisfaction of
a formula over a signal.

Definition 4.5. The satisfaction of a formula ¢ over a signal s is defined
as:

skE e (s0,0)F

The meaning of the operator *y is to freeze the values of the signal
over which the formula is interpreted in the current time point so we
can use these values inside the subformula . In combination with other
temporal operators, interesting properties can be expressed such as “the
value of the variable x is nondecreasing on the interval I”:

Y1 = GI*[ G[O,e} (.flf* < .73'):|,
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where € > 0is some small constant. Or “at some point in the future (during
interval 1) the value x increases by the value of 5 within two time units”:

P9 = F[*[F[OQ] (ZE* +5= l’)}

Determination of satisfaction of a formula ¢ over a signal s for ¢ > |s|
or t* > |s| is impossible due to lack of information about values of
atomic predicates at these time instants. This follows from the finite
nature of considered signals and it is also the reason why the temporal
operator U; is bounded only by constrained interval. To avoid prob-
lems with undefined values, we can compute the sufficient length /(¢)
of a signal inductively according to the structure of the interpreted for-
mula :

I(pe) & o,

l(—y) L 1(p);

1(p1 V 2) L max(I(1), H(p2)); (4.2)
(o1 Uy o) = max(i(g1), 1(2)) + by

I(*p) £ U(p).

From Definition[4.5lwe can see that if a formula ¢ contains an atomic
predicate 1; and there is no operator * wrapping this predicate then all
variables concerning the frozen time instant ¢* are handled as if t* = 0.

On the other hand, in a formula with several nested operators *,
the meaning of frozen variable z* is local, i.e., it relates to the nearest
operator *. For example, in a formula:

*[x* <yU;(z*=yA *[ Gpgsz* > y])], (4.3)

the first and the second occurrence of the variable z* relates to the first
usage of * and addresses the time ¢t = 0, in which the formula is in-
terpreted. The third occurrence of z*, in contrast to the previous two,
relates to the second operator * and addresses the time instant in which
the subformula on the right side of U; becomes true.
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The property described by the formula can be roughly expressed
as “when y becomes larger than the actual value of x on the interval I for the
first time (say at time t = t,), it will not fall under the value of x(ty) for the
next 5 time units”.

4.2.3 Comparison with other logics

In this section we have a think about different types of oscillations and
how they can or cannot be expressed in STL and STL*. We restrict our-
selves to predicates of the form of inequations with linear combinations
of measured values on both sides. As a model, we take time series of
values of continuous variables or as the case may be their first deriva-
tives. This is typically all for the use of an experimenter or any scientist
who wants to reason about their model. Our goal in this section is to
justify the need of an additional temporal operator to enhance the ex-
pressivity of the new logic described in Chapter

All features are demonstrated on a signal s of one variable z of the
length |s| = 80 (i.e., defined on the interval [0, 80] time units) and the
logic STL* is compared to STL only. Other real-time temporal logics
mentioned in Section 3.1| can express similar properties when bounded
with the same restrictions on atomic predicates.

First, start with a simple property “the signal s is oscillating”. This
property could be true for all possible signals because we have not spec-
ified the period of the oscillations and thus we could consider even a
constant signal to be oscillating with a very long period. The property
has to be formulated more precisely:

The signal s is oscillating with a period at most 10 time units. (4.4)

Denote this property as . We would like to check if the signal s sat-
isfies the property (. First, we have to formalize the property in some
temporal logic. If we knew the derivatives in time of the variable z (de-

note them as & & d—f), we could express the property ¢ in STL as:

G[0770} ((.CE Z 0= F[O,lO} T < O) A (.flf < 0= F[O,lO} T > O)) (45)
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This is a robust formula describing many different oscillatory sig-
nals (Figure 4.2). However, we do not know the derivatives of the vari-
able = and even if we knew, the problem would be only shifted. What if
we wanted to know if the derivatives oscillate?

Neither STL, nor other temporal logic, as far as I know, provide any
possibility to express the whole class of oscillations like those depicted
in Figure 4.2 or to distinguish among them. It could be done for par-
ticular signals with fixed parameters, but not universally without ref-
erencing to concrete values. In STL*, there are multiple ways how to
achieve that. For example, we could define a property similar to # < 0,
but without the need of the derivative i:

*[F[OH x* > :r;] (4.6)
for sufficiently small € > 0.

Substituting the derivatives in (4.5) for we get
G[O,?O—s] ((* [ F[O,e] Tt < .T] = F[0710] *[ F[O,E] " > .Z'] )/\(* [ F[O,e] 5 > l’] = F[O,IO] * [ F[O,e] Tt < .T] ))

Notice that by working on an interval [0, ¢] instead of in one precise
point, we would need a slightly longer signal. Or better, as in this for-
mula, we have to slightly reduce the interval on which the satisfaction
of the operator G is monitored.

Another way is to express the oscillations as follows:
Giocol Fiono *[(Fop0 2" <) A Fporgz* > )],

which says “for every time instant, there is a near future, when the value
of x will be both smaller than after some time, but also greater than after an-
other time”. In other words, “a system repeatedly displaces from some states
and returns to them afterwards”. Which corresponds to the definition of
oscillations from Chapter

One could think of more different formulae describing the class of

oscillatory signals and they could vary in some marginal cases. This de-
pends on what exactly do we accept as the desired behaviour.

30



4. EXTENDED TEMPORAL LOGIC FOR CONTINUOUS SIGNALS
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(@) z(t) = sin(FF) (b) z(t) = 55sin(5F) () x(t) = Fsin(FF)

-
-
-

-4 -4 -4

(d) z(t) = sin(%) + % (e) z(t) = sm( )282%(2gt) () w(t)=sin(2zt)+2sin(22t)

Figure 4.2: Various types of oscillations.

A typical phenomenon in biological systems is a damped oscillation.
It is an oscillation with gradually decreasing amplitude (Figure [4.2c).
This property can be expressed by the formula:

G[O,GO] (( F[o,lo} *[ G[o,lo} " > OCD A\ ( F[o,m] *[ G[o,m] < x])) (4-7)

It says that “there is always a time instant in near future which is a local
maximum for some future interval and there is also another time instant in
near future which is a local minimum for some future interval”. In these in-
tervals, another local maxima and minima for more distant intervals oc-
cur, and so on. This implies that the signal values can be surrounded by
a nonincreasing function from top and a nondecreasing function from
bottom.

31



4. EXTENDED TEMPORAL LOGIC FOR CONTINUOUS SIGNALS

Among the signals in Figure only the signals a) and c) satisfy
the formula (4.7). The signal a) is a marginal case of damped oscillation
with zero damping. We cannot get rid of this case by simply substi-
tuting strict inequalities for the nonstrict in (4.7) because the condition
Gyo,10 " > x would never hold for z* = x. However, we could shift the
left point of the interval and add a constant ¢ > 0 to the formula to
ensure the damping would proceed with some speed:

Gio60] ((Fo,10) %[ G 2" > x4 ¢]) A (Fio10) %[ Giagp 2™ <z —c])).
(4.8)

Another class of properties which cannot be expressed in STL are
the relations between variables in different times. An example is the
property "z copies the values of y with a delay of 4 seconds” or equally "z
equals to the value y had 4 seconds ago”. In STL¥, it corresponds to the
formula:

Gio,s0-(4+8)) *| Gu—sate)y" = 2], (4.9)

for a small 6 > 0 (recall temporal operators can be bounded only by
nonsingular intervals. It is due to the same restriction in MITL, which
is a necessary condition for MITL to be decidable [1]).

4.3 STL* formulae monitoring procedure

In this section we deal with monitoring of an STL* formula, which
means to determine the satisfaction of a formula over a finite length
signal. Unlike model checking (i.e., determining if a formula is satisfied
by all runs of a system [8, 9]), monitoring is much simpler task [26]. It
does not guarantee the satisfaction over the whole space of solutions
of a system, but it can be performed repeatedly to sample the searched
space to increase the knowledge about the system. It can be also used
for parameter estimation (Chapter ) or more complex machine learn-
ing methods [5].

My monitoring procedure for STL* introduced in this chapter is in-

spired by constrained LTL model-checking [5] and monitoring of STL
formulae [26], but needed to be extended into 2-D space due to freeze
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operator *. It is because the task is solved simultaneously for two time
instants, actual time and frozen time.

The idea of the monitoring procedure is to construct a parse tree
of the formula and check the satisfaction in a bottom-up manner. First
step in checking a formula ¢ over a signal s is to construct a set of time
points in which the formula ¢ is satisfied.

Definition 4.6. Let ¢ be a STL* formula and s be a real-valued signal.
A set S, = {(t,t") € [0,]s]] x [0,]s]] | (s,t,t") |= ¢} is called the sat-
isfaction set of formula ¢ over signal s. We omit the s and use short-form
notation S, if the signal s is obvious from the context.

Now we inductively construct satisfaction sets for nodes on higher
levels of the parse tree. The last step of the procedure is to decide if
s = ¢ from satisfaction set for the formula . According to Definition
it is equivalent to checking whether the satisfaction set contains the
point (0, 0).

Constructing a set of satisfaction for a general signal can be a very
difficult task. For this reason we will construct the monitoring algo-
rithm only for piecewise linear signals. This is a reasonable requirement
because in most cases we deal with time series produced by numerical
simulations of modelled systems or by some measurements. These se-
ries can be interpreted as piecewise linear signals considering the values
changing linearly between two adjoining points. If required, another
points can be generated in between the existing points to make the sig-
nal more precise. The assumption of piecewise linear signals in combi-
nation with linearity of atomic predicates (Definitions enable
us to construct the satisfaction sets for atomic predicates in polynomial
time and to easily work with these sets in the process of construction of
sets belonging to higher formulae.

4.3.1 Algorithm for exact monitoring of piecewise linear signals

In this section, the idea of an exact monitoring algorithm for piecewise
linear signals is presented.
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Definition 4.7. A piecewise linear signal s is a real-valued signal of order
n where all the projections s;(t) : [0, |s|]] — R,i = 1...n are piecewise
linear functions defined on a finite set of intervals J = {[, I, ..., I,},
I; © [07 |SH7 ﬂ J =10, U J = [07 |8|]

Theorem 4.1 (Inductive construction of the satisfaction set). Let s be a
piecewise linear signal and ¢ a formula in STL*. The satisfaction set S, of a
formula ¢ over a signal s can be constructed inductively with respect to the
parse tree of the formula o:

Su = {(t,") € Ry xRy | pls,t,£7) = 1};

S = S_eo§

S@DlVQOQ = Sﬁpl U 5992;

SerUpyen = {(E17) €Sy, | I €[t +a,t+b]: (,17) € Sy A
vt e [t U] (17, t7) € S, )

Sip = {({t,t*) e Ry xRy | (t,t) € Sy}

Proof. Each of the equations follows directly from the definition of se-
mantics of STL* (4.1). O

Definition 4.8. Convex polytope P C R" is a set {z = (21, 22,...,2,) €
R" | Az < b} where A is a m x n matrix and b is a n x 1 column, both
in real numbers. A convex polytope in one dimension is called a line
segment, in 2 dimensions a convex polygon.

Each row in Az < bin Definition [4.8represents one linear inequality
which can be imagined as hyperplane dividing the space R" into two
subspaces. The convex polytope is the intersection of one half of these
subspaces.

Lemma 4.1. Suppose we have a piecewise linear signal s and let .J be the
set of intervals on which s behaves linearly. Let 2 be an atomic predicate
over the signal s. The predicate p(s, t,t*) = Y"1 a;s;(t)+ Y iy bis;(t*) ~
b,~e {<,<,>,>,=} is a linear function over the signal s in variables

t and t* according to Definition Denote S;7; il {(t,t*) € I, x I; |

w(s,t,t*) = 1} the set of time instants at which the atomic predicate y is

satisfied over signal s on rectangular area [; X I and S; ; il (L;xI;)\S;; =
{(t,t*) € Iix1; | p(s,t,t*) = 0} its complement. Fort € I;,t* € I;;1;,1; €
J there can arrive two situations:
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1. if ~ ==, then the set S'; makes a line segment (possibly degen-
erated to a single point or an empty set);

N

if ~ # =, then the space [; x [; is divided by the line )" | a;s;(¢)+

> iy bisi(t*) = 0 into two subspaces S;; and S;; (Figure .
(Again, there might be a degenerated case when theline > 7", a;s;(t)+
Yo bisi(t*) = 0 does not cross the rectangle {(¢,t*) € I; x I;} in
which case S;; = § and S;; = I; x I; or vice versa).

Figure 4.3: An illustration of the set S for a formula 2* < 2z + 2 on
the area /; x I; = [0,4] x [10,13].

In both cases, the set S;’; makes a convex set easily describable by
set operations over convex polytopes. In the first case, a line itself is a
convex polytope (two inequalities ) " ; a;z; < band — > az; < —b
degrade one dimension into a line and a line segment can be acquired
by intersection with the rectangle I; x I), in the second case, either the
set ST N I; x I, is a polytope or (when ~ = <or~ = >)we have to
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exclude one bordering line segment which is a polytope by the former
case.

Using this algorithm we can express the satisfaction set S, s as S, s =
Ur 1,es Si;, where S;7; are the sets described above represented as set
operations on a few polytopes. The set S,, , can be further simplified by
joining adjacent polytopes and removing redundant conditions. Hav-
ing satisfaction sets for atomic predicates, we could inductively con-
struct satisfaction sets for composite formulae from Theorem 4.1{again
as operations on polytopes, which could be achieved in polynomial
time [10].

However, working with precise satisfaction sets as defined in Theo-
rem (4.1| can be quite difficult task. We have to work with polytopes of
different dimensions (polygons, lines and points) and operations over
sets of these objects can be unnecessarily demanding. In the real-world
applications, we could end up performing an expensive monitoring
over noisy signals measured on imperfect devices or computed on com-
puters with finite numerical precision. Hence think about less precise,
yet faster monitoring algorithm.

4.3.2 Approximative monitoring algorithm for piecewise linear
signals

We can imagine a noisy signal as a signal measured or computed with
finite precision. The actual values of the variables can differ from the
values presented by the signal up to some error ¢ > 0. This inaccuracy
in the domain of values implies also inaccuracy in the time domain.
When investigating the time instant in which some event occurred (e.g.,
x > 0) we cannot be sure when exactly it happened. That is because the
critical value z = 0 is burdened by an error and it is possible that = = 0,
but also that z > 0 or z < 0 in that particular time instant.

Suppose we have a noisy piecewise linear signal s measured or com-
puted with some error € > 0, let J be the set of intervals on which s be-
haves linearly. Let /:(s, ¢, t*) be an atomic predicate over the signal s. For
t e I;,t* € 1;;1;,I; € J there could arrive two situations as discussed in
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Lemma 4.1t

. if ~ ==, then the set S;; makes a line segment;

2. if ~ # =, then the space [; x [, is divided by theline } ", a;s;(t)+
> iy bisi(t*) = O into two subsets S;; and S; .

However, we cannot be sure about the border of the set S;; due to
the error e. The condition > | a;s;(t)+ ., bis;(t*) = b defining points
on the border of S;; could be easily broken by changing the values of
the signal s by arbltrary small values from (0, ¢). For this reason, we
will ignore these border points and count them as they were in S;; or
in S;; depending on what would be computationally easier. As a con-
sequence in the first case above, S;"; = ), and in the second case, it does
not matterif ~ = <or~ = <.

It is necessary to show that this simplification is justified and what
are the consequences of it. First, the set of allowed operators in atomic
predicates shrunk to {<, >}. The remaining three lost their sense. And
it is true that with signals burden with some error € > 0 the satisfaction
of atomic predicates can be determined only for time instants inside the
satisfaction set (Figure [4.4). Hence the satisfaction of a formula using
the operator =, e.g.,, x = b or z = y + 2, cannot be determined. Every
reference to precise value have to be replaced by an sufficiently large
interval, e.g., formula = = b can be replaced by x > (b —6) Az < (b+ )
for some § > ¢/2.

Based on these assumptions, monitoring algorithm is more simple.
For every pair of intervals [;, I; € J, the satisfaction set on this area
can be described by a single convex polygon S;;. For the whole satis-
faction set 5, we get S = Uy, 1,5 S;';- The problem of construction
of satisfaction sets for composite formulae from Theorem is con-
verted to operations with sets of convex polytopes in plane for which
efficient algorithms exist [10]. During the process, adjacent polygons
can be connected into bigger ones if this resulting polygons are convex,
which could significantly improve computational time.

Algorithm 4.1 (Approximative monitoring algorithm for piecewise lin-
ear signals).

37



4. EXTENDED TEMPORAL LOGIC FOR CONTINUOUS SIGNALS

Zos|

Figure 4.4: A signal measured with some error ¢ > 0. The satisfaction
of a formula Fy0)(s = 0.8) cannot be determined. Condition s = 0.8
might be satisfied in some time in a neighbourhood of ¢ = 6 (size of the
neighbourhood depends on ¢€), but it cannot be said reliably.

Input: A piecewise linear signal s and a STL* formula ¢.
Output: Answer to the question s = .

Algorithm inductively constructs the satisfaction set S,:

All the computations are performed on parts of the signal s of suffi-
cient length. This can be computed according to (4.2). If the signal does
not have the sufficient length, the answer returned by the algorithm
might be wrong.

L Sy = Unes S;;. The computation of the satisfaction sets S;;
for individual intervals is performed according to Lemma 4.1} but
without determining the satisfaction of the borders (as was justi-
fied in this section).

2. 5, = (J x J)\ S, The result can be computed as a simple
Boolean operation on polygons. It is necessary to ensure that the
resulting set consists only of convex polygons, which could be
achieved for example by triangulation [10].

3. Sepive, = S, US,,. Again a Boolean polygonal operation.
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4. EXTENDED TEMPORAL LOGIC FOR CONTINUOUS SIGNALS

4. S., ={(t,t*) e Rf xR{ | (¢,t) € S,}. The satisfaction set for the
freeze operation can be computed by: (1) finding an intersection
between the line t* = ¢ and the satisfaction set S, (2) making a
projection to the first component ¢ and then a Cartesian product

with J (Figure 4.5).

Figure 4.5: Example of computing satisfaction set for the formula *. a)
The satisfaction set represented as a set of (overlapping) convex poly-
gons and a line x; = x,. The regions of intersection of the line and the
satisfaction set are depicted in black color. b) Resulting set S, obtained
by projecting the intervals of intersection to the axis z; and making a
Cartesian product with the axis .

5. 5, Ul b2 HAWES Sey | 3t et +at+b]:
(t',t%) € Sy, AVE" € [t t] : (t",t") € S, }. For each convex polygon
P, € S, NS, the following procedure is performed:

(a)

(b)

Vertices of polygons {F.} U S, are ordered by the second
component ¢t* (duplications can be removed). Denote the or-

dered set V & Vi, Va, ... Vo)
Fori = {1,2,...n — 1} every neighbouring pair of vertices
Vi = (t:,t7),Visa = (tis1,t7,) € V specifies a rectangular
polygon

Ris S{(t,t") € RS xRS [ ] <t <#],,}
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4. EXTENDED TEMPORAL LOGIC FOR CONTINUOUS SIGNALS

(we could use > instead of > because we do not care about
border points. For the same reason, Ry, ; in a form of line seg-
ment is considered empty.) Notice that | J,(Ry; N P) = P.

(c) The task is solved in every stripe Ry ; separately. For every

nonempty Ry ; denote P ; o Ry; N P, and Sy df Ry, N S,,.
Due to the way of construction of the stripe Ry ;, all the poly-
gons in P ; and the one polygon in Sy, ; have all their vertices
on the upper or lower border of the stripe. In fact, they can
take only the shape of a triangle or a trapezoid (Figure [4.6).

Now we get rid of the polygons lying on the right side of S ;
because their points cannot be in the solution (they represent
the time past the event ;). To do so, we isolate the upper
and lower rightmost points of the polygon S, ;. Denote them
as u = (ug, up+) and [ = (I3, I+ ). We get a new area

i df {(t,t") € Ry | (t,t") lies on the left side of the line ﬁ}

The solution can lie only in this area, so we can restrict P ; to

df
/22 /
Pri = Ry O P

Figure 4.6: An example of a stripe and all possible shapes of polygons
inside a stripe.
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4. EXTENDED TEMPORAL LOGIC FOR CONTINUOUS SIGNALS

(d) All the adjoining polygons (sharing an edge) in P}, ; are con-
nected to form maximal seamless convex polygons.

(e) Let A; be the rightmost polygon in P ; (even after connect-
ing some polygons in P ; their shape can still be only trian-
gular or trapezoidal (Figure so there is only one right-
most polygon in P} ;). Then A;, = A;x N (Sk; © (b,a)) is the
solution for the stripe Ry ;.

The operation & is defined as A © (a, b) 4 {(z,y) e Rx R |
de € (a,b) : (r + ¢,y) € A} which is equal to A & (—a, —b),
where @ is the Minkowski sum.

(f) The final satisfaction set is given by S, v, ,;¢» = Uiz Al

6. The result s |= ¢ which is equivalent to (0,0) € S, is returned.

4.3.3 Example of a run of the approximative monitoring algorithm

We demonstrate the computation of Algorithm (.1 on the signal s from
Figure The formula to be monitored is:

df * *
v = Gpsg ((Fouy #[ Gy ™ > z]) A (Fpo1 *[ G 2 < z])).

P

(4.10)
The first step is the computation of satisfaction sets for p (s, t,t*) &

x* > x and po(s, t,t*) d < z. In fact, we could compute only one
of them and the second get by polygonal operations, because one is the
complement to the other (due to the simplification explained in [4.3.2).
One of the resulting sets after connecting some neighbouring polygons
is depicted in Figure

Next step is the computation of the satisfaction set for the formu-
lae Gio 11 1 and Gy q1) pio- It is transformed according to definition to
Gio11) i = —Fio11) 7 = —(true Upg 1q) —pu). For the result see Figure[4.9]

The freeze operator is applied on both sets and the corresponding
satisfaction sets are computed (Figure[4.8). After that, a future operator
Fo,11 is applied (Figure [4.10), resulting in full sets [1, 58] x [1,58]. The
operation A corresponds to the intersection of these two sets, which
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Figure 4.7: The satisfaction set for the atomic predicate y; (s, ¢, t*) = 2* >
x over the signal

gives again a full set S, = [1,58] x [1, 58]. After application of the last
operator Gy 55 we get the satisfaction set for the formula ¢ over the
signal s: S, = (0,0) (only the point (0,0) is valid because only in the
time 0 the signal has sufficient length). The result “TRUE” is returned
because (0,0) € S,.
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i L
50 60

(a) Intersection of a line t = t* and S g, (b) Satisfaction set S*[ G

0,11] H1* [0,11] Hl]

F11] SETERT D e b ...... ..... " ORI

i1 S [T, CRUURR. N, g w2 AN [T
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X,

1

(c) Intersection of a line t = t* and S g, (d) Satisfaction set S*[ a

0,11] H2* (0,11] Hz]

Figure 4.8: Satisfaction sets for the operator .
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4. EXTENDED TEMPORAL LOGIC FOR CONTINUOUS SIGNALS

(a) SG[0,11] p1 (b) SG[0,11] M2

Figure 4.9: Satisfaction sets for the operator G;.

15 20 25 30 35 40 45 50 55
K

1

(a) SF[O,ll] *[ Gio,11) Ml] (b) SF[0,11] *[ Gio,11) Mz]

Figure 4.10: Satisfaction sets for the operator F;. The results are full sets.
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Chapter 5

Implementation

A prototype of the approximative monitoring Algorithm[4.1jwas imple-
mented in MATLAB [25] (version R2011b). The Multi-Parametric Tool-
box (MPT) package [22] (version 2.6.3) was used for the polygonal op-
erations. Commented source code of the program is on CD attached to
this thesis.

5.1 Algorithm
The implemented algorithm works as described in Algorithm The

list of all functions and their short descriptions follows, for the exact
information and documentation see the CD.

5.1.1 List of main functions

® [ P ] = checkPoints( £, f2, condition, interval, debug )

Computes the satisfaction set for atomic predicate f»(t*) ~ f(?),
where ~ = condition. The computation is performed on inter-
val interval. The optional parameter debug enables/disables
the debug mode. The satisfaction set is returned as polytope P.
This function corresponds to Algorithm [4.1]

® [ P3 ] = intersectionSS( P, P2 )

Computes the intersection of two satisfaction sets P, P2.
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5. IMPLEMENTATION

® [ P3 ] = unionSS( P, P2 )

Computes the union of two satisfaction sets P, P2.

® [ P2 ] = complementSS( P, interval )

Computes the complement of the satisfaction set P on the interval
interval.

e [ P3 ] = untilSS( Pl, P2, interval, area, debug )

Computes the satisfaction set for S,, u, ,,, where S, =P1, S,, =
P2 and [/ = interval. The computation is performed on the area
area X area.

® [ P2 ] = futureSS( P, interval, area, debug )

Computes the satisfaction set for Sg,,, where S, =P and I =
interval. The computation is performed on the area area x
area.

® [ P2 ] = globallySS( P, interval, area, debug )

Computes the satisfaction set for S, ,, where S, = P and I =
interval. The computation is performed on the area area x
area.

® [ P2 ] = freezeSS( P, interval, debug )

Computes the satisfaction set for S,,, where S, = P. The compu-
tation is performed on the interval interval.

® plotSS( P, interval )

Plots the satisfaction set P restricted on the area interval X
interval.
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5. IMPLEMENTATION

® satisfactionSS( P, debug )

Checks whether the satisfaction set P is satisfied over the signal,
i.e., whether [0, 0] € P. Returns 1 if true and 0 if false.

® [ P ] = checkPoints2( f, f2, condition, interval, debug )

Computes the satisfaction set for atomic predicate fo(t*) ~ f(¢),
where ~ = condition. The computation is performed on inter-
val interval. The optional parameter debug enables/disables
the debug mode. The satisfaction set is returned as polytope P.

This is an alternative version of the function checkPoints. The
satisfaction set is not computed exactly as in Algorithm In-
stead, some more points are added to the functions f, f, using
an auxiliary function slice () so that the vertices of the convex
polygons can lie only in these points. The resulting polygons can
be in some cases bigger which can lead to their smaller count and
hence faster computation. However, in the worst case scenario,
this function is slower than the function checkPoints.

5.1.2 Time and space complexity

Time and space complexity of all the implemented functions is propor-
tional to the number of polygons they are working with. The function
checkPoints takes two piecewise linear functions defined on the in-
terval of interest by n; and n, points. Number of generated polygons is
at most (n; + 1)(ng + 1) = ning + ny + ny + 1. Which is asymptotically
O(n? 4+ 2n + 1) = O(n?), where n = max(ny, ny).

The number of polygons does not asymptotically change during the
computation of intersectionSs, unionSs and complementSS and
all these functions do not work slower than O(n?) (for more details
see the source code of this functions and corresponding functions from
MPT). The output polygons also keep small number of vertices during
the process.
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5. IMPLEMENTATION

The function untilssS (and hence also functions futuresSs and
globallyss ) works in O(n?) and it does not asymptotically change
number of output polygons. The function freezeSS works in linear
time and can only lower the number of polygons, the function plotss
works in linear time.

The upper bound on the total computation time is therefore O(kn?),
where n is the number of intervals on which the signal is defined and %
is the size of the investigated formula.

5.2 Evaluation

All the computations for this thesis were done by the implemented al-
gorithm (Section 5.T). Both the computations and tests were performed
on a notebook with an Intel Core i5-430M processor (2.26 GHz) and
4 GB RAM.

Speed of individual computations depends not only on the length
of the signal and the complexity of the monitored formula, but also on
the character of the signal (e.g., fast oscillating signal can cause more
frequent changing of the monitored properties leading to higher num-
ber of polygons).

Although the theoretical time complexity of the algorithm is poly-
nomial and was approximately cubic in practical cases (Figure[5.1), the
computations take quite a long time (over an hour for signals defined
on 100 points). It can be attached to the slow computations of Boolean
polygonal operations and especially of the algorithm for merging small
polygons into larger ones. Functions from MPT package are used for
these tasks. This package is not specialized for polygonal operations,
but was chosen because it contained all the functions needed for the
prototype implementation. The computations could be accelerated by
using or implementing more specialized algorithms.

Tests comparing performance of the functions checkPoints and

checkPoints2 (Tables [5.1)5.2) shows that the first function is faster, but
produces more polygons.
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9000
8000

7000 /
6000 /
5000 / —=— time[s]
/ / —s— polygons
4000 / / after merging
3000

2000 /

30 40 50 60 PO 80 90 100 110 120
number of signal segments

Figure 5.1: Graph of performance characteristics of the checkPoints al-
gorithm with interpolated polynomials. The tested property was z* <
x. Time is interpolated by a cubic polynomial, number of generated
polygons by a parabola and number of polygons after merging is in-
terpolated by a line.
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checkPoints checkPoints?2
segments | polygons | after merging | time [s] | polygons | after merging | time [s]
20 346 98 13 1060 168 87
30 702 203 47 1947 263 263
40 1161 351 114 2874 310 545
50 1685 436 226 3474 403 781
60 2339 536 424 4262 472 1156
70 3080 706 675 4991 558 1588
80 3813 748 1022 | 3884* 552* 1015*
90 4867 987 1717 6488 708 2669
100 5904 1039 2459 7133 780 3168
110 7038 1229 3460 7765 849 3766
120 8290 1351 4757 8629 931 4929

Table 5.1: Comparison between two implementations of algorithm for
creating satisfaction set for atomic predicates. A property z* < z was
monitored over the signal depicted in Figure In this case (values
corresponding to both actual and frozen time are taken from one vari-
able), there are no significant differences in running time between both
functions, but the function checkPoints2 produces less polygons. Seg-
ments = number of linear segments the signal consists of, polygons =
number of initially generated polygons, after merging = number of poly-
gons after merging, time = running time of the algorithm. * = the unex-
pected acceleration for signal of 80 line segments was caused by con-
currence of sampling frequency and signal frequency. This resulted in
smaller number of sliced points (see Section or documentation for
the function checkPoints2).
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checkPoints checkPoints?2
segments | polygons | after merging | time [s] | polygons | after merging | time [s]
20 256 73 10 1247 77 116
30 534 121 27 2720 124 477
40 836 198 61 4246 187 1167
50 1232 277 137 5273 214 1752
60 1710 386 226 6817 266 2716
70 2266 467 381 8293 337 4108
80 2829 499 597 7765* 316* 3663*
90 3549 606 882 11000 434 7233
100 4305 653 1334 | 12460 507 9190

Table 5.2: Comparison between two implementations of algorithm for
creating satisfaction set for atomic predicates. A property z* < y
was monitored over a signal of two oscillating functions. The function
checkPoints ran ten times faster, but created more polygons than the
function checkPoints2. Segments = number of linear segments of both
variables of the signal, polygons = number of initially generated poly-
gons, after merging = number of polygons after merging, time = running
time of the algorithm. * = the unexpected acceleration for signal of 80
line segments was caused by concurrence of sampling frequency and
signal frequency. This resulted in smaller number of sliced points (see
Section or documentation for the function checkPoints2).
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Chapter 6

Case study

In this chapter I demonstrate a typical use of STL* and the monitoring
algorithm. The main contribution is the possibility to express nontriv-
ial properties of continuous signals in combination with ability to au-
tomatically test them. Imagine we have a model of some system and
we want to find the parameters of the model such that its behaviour
meets desired requirements. One way would be to perform a qualita-
tive analysis of the underlying ODEs as described in Section But it
is not always feasible, especially for more complex systems. Also, the
investigated model does not have to be in the form of differential equa-
tions. We can study parameters of systems defined in other formalisms
or even existing only in the real world.

In these cases we have to relay on manual verification of satisfaction
of desired properties. However, with the tool for algorithmic monitor-
ing we can run a lot of experiments with different parameters and auto-
matically verify which combination satisfies our needs. I demonstrate
this on a biological case study.

We will study a biological system of three transcriptional repressors
which was designed and built into bacteria Escherichia coli [14]. I have
chosen this system because it is a biological oscillatory system, it is sim-
ple enough to perform the computations with the prototype algorithm
(Section and it is a well-studied system. The goal of this case study
is primarily to demonstrate the ways of usage of STL*.

In [14], the authors designed a network of three genes influencing

each other so that it causes periodical oscillation behaviour (Figure|6.2).
Concentrations of involved proteins are periodically oscillating which
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causes periodic production of a green fluorescent protein. Intensity of
fluorescence of this protein, which can be measured, gives evidence of
the ongoing activity of the network.

Repressilator Reporter

P lac01

P, tet01

N

pSC1071 gip-aav

origin

ColE1

P, tet01

Figure 6.1: The repressilator network. Position of three genes on a plas-
mid (left circle). In the middle of the left plasmid is a scheme of gene
interactions. On the second plasmid (right circle) is a gene for green flu-
orescent protein which is inhibited by one of the products of oscillating
genes. Fluctuations in concentration of the product of tetR gene cause
fluctuations in concentration of green fluorescent protein and hence in
fluorescence level, which can be measured. Picture was taken from [14].

The network was initially modelled by a system of differential equa-
tions to estimate parameters producing the desired behaviour. The whole
network was then introduced into bacteria Escherichia coli and the pre-
dicted oscillatory behaviour was tested by measuring the intensity of
the fluorescence (Figure[6.2).
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Figure 6.2: The fluorescent intensity of a colony of Escherichia coli con-
taining the repressilator. The intensity is increasing overall due to the
increasing number of individuals in the colony. The period of oscilla-
tions is lower than the time between cell division, but the whole repres-
silator is transmitted from generation to generation. Picture was taken

from [[14]].

The network was modelled as a system of six differential equations:

m; = —my+ ﬁ + ap;

My = —ma+ ﬁ + ap;

ms = —mg+ %p; + ap; 6.1)
P = —5(]?1 - ml);

P2 = —5(]92 - m2);

ps = —5(]73 - m3)-

dmy dp; ..
Where m; df — P df %; my, my and mg correspond to activity of

genes lacl, tet R and cl; p1, p» and p3 are concentrations of corresponding
proteins and o, 3, &g, n are constants (Figure[6.3).
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Figure 6.3: A typical signal produced by the system (6.I). Only variables
m1, my and mg are depicted.

The analysis of the system and the estimation of parameters
a, 3, ap, n producing the oscillatory behaviour was originally done by
means of qualitative analysis of ODEs (Section 2.1). However, we could
do the same using the monitoring of STL* formulae. We could specify
the desired oscillatory property by a formula:

df * *
Y= G[10,190] F[0,50] *[( F[1,50] m; < mi) A F[1,50] m; > mz)} (6.2)

and test the satisfaction for different values of parameters on runs of the
length at least 300 time minutes. The expected period has to be lower
than 50 minutes. We start the testing 10 minutes later after the begin-
ning to avoid the initial swing and end the testing 50 minutes before
the end of the measurement because the signal might be cut in the mid-
dle of a period.

Formula is satisfied by both runs in Figure To avoid the
case of damped oscillations, we can add a formula:

P = G'[10,200] *[( F[1,50] m;k < mz)] (6.3)
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Figure 6.4: Sample runs of the system (6.1) for different sets of parame-
ters. The initial values were m; = 0.1, my = 0.3, m3 = 0.2,p; = 0.2, p, =
0.1, p3s = 0.3. Only the values of m; are depicted.

It ensures that the values reached in each period are not decreasing.
By connecting formulae and we get the formula ¢ A ¢. It does
express the desired oscillatory behaviour in Figure but is not sat-
isfied by signals of the type depicted in Figure

Another property of the repressilator can be expressed by the for-
mula:
G[0,270] *[( F[0730] (mf + 1> ms N mi —1< mg)}, (64)

which means that “the values of m, precede the values of mg in such sense
that for every value of my, ms reaches similar value in short time after m; did”

(Figure|[6.5).

Full estimation of parameters could not be performed due to high
time demands of the implemented monitoring algorithm (Section 5.2).
Source files with scripts for the computations presented in this chapter
are on attached CD, the figures depicting satisfaction sets during the
computations can be found in Appendix

Different task would be to ensure that the behaviour of concentra-
tions of the fluorescent protein in the bacteria (Figure is in corre-
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Figure 6.5: Sample run of the system satisfying the formula (6.4).
The parameters were o = 400,53 = 0.2, = 0.2,n = 2 and the ini-
tial values m; = 0.1,m2 = O.3,m3 = 0.27]?1 = 0.2,]?2 = 0.1,]93 = 0.3.
Depicted variables are m, — red and m3 — green.

spondence with the model. While it could be done only manually in
the paper [14], if we had the data, we would be able to test the prop-
erties of the measurements identically as the properties of the signals
produced by ODEs.
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Chapter 7

Conclusion

This thesis has concerned systems evincing oscillatory behaviour and
their description by temporal logics. I have formulated demands on
temporal logic to be able to express and analyze such nontrivial prop-
erties. Following that, I have examined existing logics and introduced
more succinct and expressive temporal logic for reasoning about contin-
uous signals. This logic is able to capture and distinguish more classes
of oscillatory behaviour.

As a part of this thesis, I have also described and implemented a
polynomial monitoring algorithm for this new logic. This algorithm de-
termines satisfaction of any formula, but only when interpreted over
piecewise linear signal. It is, however, a reasonable limitation, because
practical signals occur mostly in this form. Second disadvantage of the
implemented algorithm is long computation time. For the practical ap-
plications, it will be necessary to improve the performance of the func-
tions for polygonal operations.

The introduced logic can be used not only for checking whether
one formula is satisfied over one signal, but also in the process of ma-
chine learning to infer rules or estimate parameters of unknown sys-
tems [5, 29]. A different utilization of the logic can be found in the area
of knowledge representation. Formulae can succinctly represent whole
classes of behaviour corresponding to various systems.

One straightforward direction of future development, besides im-
proving computation efficiency, is introduction of a measure of robust-
ness [13]. Quantification of the degree of satisfaction of a formula en-
ables us to use better optimization techniques in parameter estimation
or to identify possible weak points of the designed model.
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Appendix A
Appendix

A.1 Summary of the attached CD

The source code of the prototype algorithm and scripts for computa-
tions and tests performed in this thesis are on the attached CD. All the
functions and scripts contain documentation. Files on the attached CD
are organized into several directories:

1. main — main functions used by user for computations

2. auxiliary — auxiliary functions used by main functions

3. scripts — scripts containing the computations of the examples
and tests in this thesis

A.2 Graphical output of the computations in this thesis

Additional graphical output of some of the computations described in
this thesis is depicted here.
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(a) Monitored signal. (© Gpyr* > .

5 10 15 20 25 30 35 40 45 50 10 20 0 40 50 60

(d) *[ G117 &* = z]. (e) Fpo11) %[ Gy 2* > ). ) Gy r* <.

10 20 30 40 50 60 5 10 15 20 25 30 35 40 45 50 55 5 10 15 20 25 30 35 40 45 50 55
X % X

(8) *[ Gy z* < ). (h) Fo11) %[ Gjo,11)2* < z]. (i) Intersection of () and (h).

Figure A.1: Monitoring of a formula for damping oscillations (4.10) over
the signal (a). The formula is not satisfied because we get an empty set
after applying Gy 55 on (i).
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Figure A.2: Monitoring of a formula for nondecreasing oscillations
over the signal (b). The formula is satisfied.
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Figure A.3: Monitoring of a formula for nondecreasing oscillations
over the signal (b). The formula is not satisfied because the oscillations

are damped.

65



A. APPENDIX

o 50 100 180 200 240 300

(a) Sampling of tested species.
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Figure A.4: Monitoring of the formula over the signal (a). The for-
mula is satisfied.
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(d) Intersection of (b) and (c).
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