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University of Washington
Abstract

AN INVESTIGATION OF STUDENT UNDERSTANDING OF
BASIC CONCEPTSIN SPECIAL RELATIVITY

Rachel Ellen Scherr

Chairpersons of the Supervisory Committee:
Professor Lillian C. McDermott
Assistant Professor Stamatis V okos

Department of Physics

This dissertation reports on a systematic investigation of student understanding of the concepts of
time and space in specid rdativity. During the investigation we have identified persistent
difficulties with the definitions of the position and time of an event and with the concept of a
reference frame. Many students do not think of a reference frame as a system of observers that
determine the same position and time for any event. Instead, they interpret statements of the
frame-dependence of the time of an event to mean that observers at different locations receive
signals from events at different times. When asked to describe measurement procedures for
spatial quantities, students do not spontaneously apply the formalism of a reference frame, but
instead tend to associate events with moving objects n a manner consistent with indiscriminate
gpplication of length contraction. Traditiona instruction in relativity appears to have little effect
on these ideas, which are present among students from the introductory to the graduate level in
physics. We lave applied the results from this research to guide the design of instructional
materids to address some of the specific difficulties that we identified.
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CHAPTER ONE:

INTRODUCTION TO THE DISSERTATION

I do not define time, place, space, and motion, [ because they are] well known to all.

—I. Newton®

A. MOTIVATION FOR THE STUDY

There is growing nationa interest in increasing the exposure of students in introductory
courses to modern physics topics, such as relativity. Proponents of enlarging the scope of the
curriculum argue that in the beginning of the 21% century the content of introductory classes
should reflect some of the mgjor intellectual breskthroughs of the 20™ century. Others hold that
the list of topics that must be covered is aready too daunting. Physics education research can
play a pivota role in this debate. Whether students first encounter modern physics concepts at
the introductory level or in advanced courses, it is important to identify what students can and
cannot do after instruction and what steps can be taken to help deegpen their understanding of the
material. In addition, analyzing the ways in which students undergo the transition between
understanding phenomena to which they have immediate access and understanding phenomena
that lie outside their everyday experience can help us identify reasoning skills that are needed for
the study of advanced topics.

This dissertation describes a systematic investigation of student understanding of basic
topicsin specia relativity. Thiswork is part of an ongoing study by the Physics Education Group
a the University of Washington. Over the last five years, the Group has been investigating
student understanding of key ideas in Gadlilean, specid, and genera reativistic kinematics.
Extensive research had aready been conducted on student understanding of non-relativistic
kinematics in the laboratory frame® One of the major goals of this project was to expand this



research base to reativity in order to provide a guide for the development of instructional
materials by ourselves and others.

This investigation began as an effort to identify student difficulties with standard problems®
in specid relativity and evolved into an investigation of student difficulties with the ideas of time,
position, events, and reference frames. This evolution was the result of the repeated realization
that many of the difficulties that students have with ideas from special relativity, such as length
contraction and the relativity of smultaneity, are due in part to an underlying failure to apply the
formalism of areference frame in determining the position and time of an event. The structure of
individua chapters in the dissertation reflect this evolution. In each context that we consider, we
first describe the difficulties that students have with standard problems and then examine student
understanding of the fundamental ideas that underlie these difficulties.

The study described here does not extend to student difficulties with energy and
momentum in the context of relativistic collisons. This dissertation aso does not address first-
order relativistic corrections (in which relative speed is sufficiently small that g~ 1 but the spatia

separation between events is sufficiently large that vdx/c? is not negligible).

B. OVERVIEW OF DISSERTATION

The main body of the dissertation consists of four chapters that describe the research,
curriculum development, and assessment of curriculum that form the bulk of this study. Chapter
Two reports on student understanding of the concept of time in specia reativity, with an
emphasis on the relativity of smultaneity and the role of reference frames. The results of this
research guided the development of instructional materials. The design and assessment of these
materials are described in Chapter Three. Chapter Four discusses student understanding of spatial
measurements, such as measurements of length and displacement. The design and assessment of

instructional materials developed on the basis of this research are presented in Chapter Five.

The dissertation includes severa appendices. The first of these describes a particular
representation (the “event diagram”) that is used in the curriculum developed in this sudy. This
gppendix includes a discussion of the relationship of the event diagram to better-known



representations in specia relativity, such as Minkowski (spacetime) diagrams. The remaining
appendices contain versions of the research tasks and the curriculum that are discussed in the
body of the dissertation.

C. FOCUSOF THE RESEARCH

A maor god of the investigation was to determine the extent to which students, after
instruction, are able to apply basic ideas of specia rdativity to smple physica stuations. The

context is one spatial dimension. The concepts probed are summarized below.

1. Eventsand reference frames

The construct of a reference frame is at the heart of relative motion. Most courses in
soecia relativity begin with a discussion of a reference frame as a system of observers (or
devices) by which the positions and times of events are determined. Understanding the concept
of a reference frame forms the foundation for understanding any topic in specia relativity. It
provides the basis for the determination of all kinematical (and other physical) quantities and
serves as the framework for relating measurements made by different observers. The concept of a
reference frame presupposes an understanding of nore basic measurement procedures. For
clarity in the chapters that follow, we review the basic operationa definitions associated with
reference frames, i.e., the determination of the position and time of an event and the conditions

under which two events are treated as simultaneous.”

An event in specia relativity is associated with a single location in space and a single
instant in time. The position of an event is defined to be the coordinate label at the location of the
event on arigid ruler. The ruler is envisioned to extend indefinitely from some chosen origin.®
The time of an event is most naturally defined as the reading on a clock located at the event’s
position at the instant at which the event occurs. The rulers and clocks used by any observer are
at rest relative to the observer.

All observers in special relativity are assumed to be “intelligent observers’ who use
synchronized clocks. To determine the time of a distant event, an observer corrects for the travel



time of a signd originaing at the event.®’ Inertial observers a rest relative to one another
determine the same positions and times for events (and hence the same relative ordering of

events). Such observers are said to be in the same reference frame.®

2. Simultaneity

The temporal separation between two events (1 and 2) in a certain reference frame (A) is
defined as dt;,™ = t,™ — ;). That the time of an event is a concept that requires definition is
itself a new idea to many students.” The definition cited in most texts rests on a primitive notion
of smultaneous events: the event in question is smultaneous with the event of the nearby clock
reading a certain time. Loca smultaneity is a “primitive’ concept in the sense that no dternative
definition is usualy considered.

Simultaneity for distant events, in contrast, must be carefully defined. Events are defined
to be simultaneous in a given frame if their corresponding time readings are identical, according
to the definition of the time of an event discussed above. A judgment of the smultaneity of
widely separated events necessarily includes the idea of “spreading time over space,” ' that is,
synchronizing clocks at distant locations. Eingtein’s origina article describing the special theory
of relativity begins with these ideas. Einstein considered defining the time of an event as the time
at which an observer sees the event, but rejected this definition since the time then depends on

observer location.***?

The specid theory of relativity is based on Eingtein's two postulates: firgt, that the laws of
nature and the results of al experiments performed in a given frame of reference are independent
of the trandational motion of the system as a whole, and second, that the speed of light is finite
and independent of the motion of its source.”®* These two postulates have an inevitable and
unsettling implication. Two events at different locations that occur at the same time in a given
frame are not smultaneous in any other frame. The relativity of smultaneity is among the key
results of specid reativity and one that is particularly difficult to grasp, as evidenced by the
numerous “paradoxes’ that arise from it. It is not reasonable to expect that students (even those
facile with mathematical formalism) will master al the intricacies of the counterintuitive results
that follow from the operationa definition of smultaneity. In this study, we considered a



meaningful understanding of relaivigic smultaneity to include the ability to identify relevant
events, to determine the time at which an event occurs (by correcting for signal travel time), and
to recognize that the time interval between two events is not invariant but depends on the
reference frame. Other aspects of student ideas about time and reference frames are not discussed
(e.g., synchronization of clocks in relative motion, spatial measuremerts via a latticework of rods,
differences between inertial and non-inertia frames).

3. Length and the spatial separation between events

The spatial separation between two events (1 and 2) in a certain reference frame (A) is
defined as dx;,.™ = %, — x,*), i..e., the signed distance between the positions at which the events
occur. The displacement of a rigid object is defined operationally as the spatia separation
between events occurring a the same point on the object. The length of an object is defined
operationdly as the magnitude of the spatial separation between two simultaneous events, one
occurring at each end of the object. If the length measurement is conducted in a frame in which
the object is not moving, the events need not be simultaneous for the spatia separation to equa
the length of the object. Note that this measurement procedure for object length does not depend
on previous knowledge of the velocity of the object.

The phenomenon of length contraction (or Lorentz contraction) isamong the most striking
and memorable relativistic effects. One common derivation of length contraction is based on the
fact that the spatial separation between two events is a frame-dependent quantity, as expressed by
the Lorentz transformation dx;,” = g (dx;» — vdt;,). Suppose events 1 and 2 occur (not necessarily
a the same time) at either end of an object at rest in the primed frame. In the primed frame, the
spatia separation between events 1 and 2 will equa the length of the object. If events1 and 2 are
simultaneous in the unprimed frame, then the spatial separation between events 1 and 2 will equal
the length of the object in the unprimed frame. Using the Lorentz transformation with dx;, =L,
dx;,” =L, and dt;, = 0, wefind that the length of the object is greater in the frame in which it is at

rest by afactor of gamma.

To illustrate some questions in this dissertation, we use diagrams that we refer to as event
diagrams. In an event diagram, the events of interest are shown at the locations and times at



which they occur. Later ingtants are drawn below earlier instants, and the location of each event
is indicated in the appropriate picture (i.e., at the appropriate instant). Event diagrams for
different reference frames are displayed separately. An example is given below in Figure 1-1,
which shows an event diagram illustrating the measurement of the length of an object by means
of events, as described in the previous paragraph.

t1=t2 %:% > i’? 22/\\,11# t1’

B 2 v=0

t>t >ty

(@ (b)

Figure1-1:  Event diagrams representing events with a spatial separation equa to
the length of an object. (a) In general, the length of an object (in this
case, arod) is defined as the spatial separation between two events (in
this case, explosions) that occur simultaneoudly at the ends of the
object. (b) Inaframein which the object is at rest, the spatia
separation between the events is equa to the length of the object even
if the events are not simultaneous.

D. REVIEW OF PREVIOUS RESEARCH

There is currently only a smal body of research on student understanding of relativity,
mostly in Galilean contexts (in particular, relative motion). Below we summarize relevant results
from both Galilean and specia relativity. Details of previous research relevant to the issues of

individual chapters are reviewed within those chapters.

1. Related research on student under standing of Galilean relativity

In earlier investigations conducted among physics undergraduates in India by Panse,
Ramadas, and Kumar have identified the belief that reference frames have limited physica
extent. In ther responses to multiple-choice questions, students claimed that objects can
“emerge from a reference frame” by leaving the vicinity of the object associated with that frame,



as a cannonball may leave the deck of a boat. The authors further noted the apparent belief that
the speed, size, or trgjectory of an object in a given frame of reference is not unique but depends
on the perception of the viewer. The multiple-choice questions were designed by limited use of
interviews and opernrended questions. However, the reasoning behind specific choices by the
students was not assessed. Results from this investigation that may be related to the results of
Panse et a. are discussed in Chapter Two.

An invedtigation by Sdtid and Madgrange identified difficulties with relative motion
among eevenyear-dd-children and first- and fourth-year university students in France.® The
investigation found little difference in performance among the different groups, al of which
tended to identify motion as intringc to an object, not a quantity that is measured relative to a
reference frame. Students tended to make a distinction between “real” motion, which has a
dynamical cause, and “apparent” motion, which is an optical illuson. For example, a poster on
an airport wall may appear to be moving for observers on a motorized walkway, but this motion
does not have any physical redlity. These results are relevant to the research presented in Chapter

Four.

O’ Brien-Pride has investigated student understanding of measurement procedures for speed
with a smal number of university students.’® Her interviews were smilar in form to some
described in Chapter Four. While most of the students she interviewed were able to describe
correct measurement procedures, they lacked facility with changes in reference frame €.9.,
measuring the speed of the ground from a moving train.)

2. Related research on student under standing of special relativity

Villani and Pacca have demonstrated that the spontaneous reasoning of university students
in relativistic contexts is similar to that observed by Saltiel and Malgrange in Gdlilean contexts.'’
Student difficulties with Galilean rdativity, especialy the telief in asolute motion, are identified
as maor obstacles to progress in the study of special relativity for both undergraduate and
graduate students in physics. Chapter Four presents results related to this research.



A case study by Hewson with a single physics graduate student illustrated the effect of his
belief that time is absolute on his understanding of specia relativity.”® Such "metaphysical
beliefs' led him to classify certain relativistic effects (including length contraction) as distortions
of perception. Posner et a. reported similar results in interviews with introductory students and
their instructors.™® These findings are consistent with those discussed in Chapter Two.

O'Brien-Pride, working with colleagues in the Physics Education Group at the University
of Washington, conducted interviews and administered early versions of some of the research
tasks described here in which university students appear to believe that the order of events
depends on observer location.”® Her preliminary results provided impetus for the investigation
detailed in Chapter Two.

Few researchers have documented the effectiveness of particular instructional strategies
designed to address known student difficulties with specid relativity. O’Brien-Pride designed
and tested a tutorial on the relativity of smultaneity that shares some features with tutorials
described in Chapter Three. ?* She observed modest improvement on research tasks similar to
those described in that chapter. Horowitz and Taylor describe computer simulation software
(“RelLab”) that illustrates relativistic phenomena® In a classroom test with 40 high-school
students, students used the software to construct and “run” classic relativity paradoxes. The
software was used to supplement traditional instruction. In a post-test, the researchers observed
good performance on one of the tasks shown by Villani and Pacca to be difficult for physics
graduate students.

E. RESEARCH METHODS

The research methods that have been used in this study are similar to those described in
other studies conducted by our group. We use a variety of methods in order to maximize our
understanding of the nature and prevalence of student difficulties. The research has primarily
been performed with university students who are currertly enrolled in physics courses or have
recently completed such courses.



1. Individual student interviews

In-depth knowledge of student understanding is obtained through individua student
interviews. Each interview lasts for about one hour. One or more investigators meet with the
student and pose a series of tasks about a particular physical situation. Students are asked to think
aloud as they respond to the tasks and, in particular, to articulate the reasoning they are using to
arrive at their responses. The interviews typically have a predetermined protocol, with a series of
specific questions that are asked of al volunteers. However, the interviews are opertended, in
that the interviewer is free to ask additiona questions to probe certain ideas more deeply. In
some cases, the interviews include questions that we plan to incorporate into instructional
materials. Student responses are analyzed to determine the effectiveness of the questions. The
interviews are videotaped for later transcription and anadysis. The students who participate in

individual interviews volunteer to do so and tend to be from the top half of the class.

2. Written questions

We have designed written questions for use in a variety of contexts. Pretest questions are
usudly used to determine the prevalence and persistence of conceptua and reasoning difficulties
that have been identified previoudly in the research (usualy through interviews or other written
guestions). The questions are usudly quditative in nature. When particular difficulties are
aready known, the questions are designed so that the difficulties lead to specific incorrect
responses. Pretest questions are often administered after traditiona instruction and before
research-based instruction, but may aso be administered before there has been any instruction.
Examination questions are posed after traditional or research-based instruction in order to assess
the effectiveness of that instruction. In these cases, we work with the course instructor to ensure
that the problems are representative of the materia covered in the course.

3. Informal methods

Like many ingtructors, we have informal discussions with students in order to gain insight
into their understanding of the subject matter. Questions posed by students during instruction or
in office hours, responses given by students on homework assignments, and conversations among
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students are rich sources for the initial stages of formulating research questions. These questions
are then investigated more systematically by the forma methods described above.

F. DEVELOPMENT OF CURRICULUM

Work by the Physics Education Group and other researchers in identifying student
conceptual difficulties has demonstrated that instruction in which students are passive learners
often fails to address the conceptua difficulties with which many students enter the course and
can contribute to the development of new misconceptions®® Results have shown that, for many
qualitative problems, student performance is essentially the same before and after instruction that
consists primarily of lecture and textbook exercises®® In contragt, instruction in which students
are actively engaged in the congtruction of ideas can lead to significant improvements in
conceptua understanding.”® This dissertation describes examples of such ingtruction in detail in
Chapters Three and Five. Below is an overview of the approach taken by the Physics Education
Group in developing instructional materids.

Essentia to the development of effective curriculum is systematic assessment with the
population of students for whom it is intended. In this study, as in others carried out by our
group, this assessment is primarily based on the analysis of the results of student responses to
written problems. When possible, we compare the performance on these problems of students
who have completed standard (lecture and textbook) instruction in a topic and of students who
have also completed instruction using the curriculum that we have developed. In some cases, we
aso compare the performance of students before instruction to that after instruction. By
analyzing student performance before and after use of the curriculum, we can determine to what
extent the curriculum has helped students to develop the ability to answer conceptual questions.
This anadysis suggests that the curriculum either has successfully addressed the student
difficulties or that it needs modification. We go through an iterative cycle of research,
development of curriculum, testing of curriculum, further research, and further development of
curriculum. Using this iterative process, the Physics Education Group has developed curricular
materias that are designed to develop conceptual understanding, address student difficulties, and

improve reasoning skills. Two primary curriculum development projects result from this work,
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Physics by Inquiry?® and Tutorials in Introductory Physics.?” The curriculum described in this

dissertation is part of the Tutorials project.”®

The preliminary edition of the Tutorials is designed to supplement a traditional textbook in
alarge lecture-based introductory course®® The work described in this dissertation is part of an
effort to extend the use of Tutorials to more advanced contexts. The curriculum is composed of a
series of tutorial sequences. The instructional method used in many of these sequences can be
characterized by the terms dlicit-confront-resolve.*® Each tutoria sequence includes a pretest, a
tutorial worksheet, tutorial homework, and a post-test. The pretest is a short qualitative written
problem that tests student understanding on the topic of the tutorial (see also research methods,
above) and serves to dicit student difficulties by having students commit to a written response.
The tutorial worksheets are a series of carefully structured written and experimental tasks that
guide students through the reasoning necessary to develop a sound conceptual understanding of a
topic. As they progress through the tutorial worksheets, students, working together in groups of
four, typically confront the conceptua difficulties elicited by the pretest. They are then guided to
resolve contradictions. Tutoria instructors do not lecture but rather engage students in semi-
Socratic diadogues intended to guide them in answering their own questions. Tutorial homework
helps students to extend, reflect upon, and generdize the concepts studied in the tutoria
worksheets. In al cases, questions based on the tutorials are covered on course examinations.

G. STUDENT POPULATIONS

This invegtigation was conducted over a period of five years a the University of
Washington and at three other large research universities. Fourteen instructors at the University
of Washington and one faculty member at each of the other universities have cooperated with the
Physics Education Group in this study.

Most of the research was conducted at the University of Washington in courses that include
specid relativity. The study has involved about 800 students from about 30 sections of various
courses. The ppulations include:  non-physics students (in the descriptive libera arts physics
course); introductory students (in the introductory calculus-based honors course and in the

sophomore-level course on modern physics); advanced undergraduate students (in the junior-level
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course on dectricity and magnetism and in an elective course on rdativity and gravitation); and
students in our upper-division course for prospective high school physics teachers® We aso
present results from physics graduate students at the University of Washington who participated
in interviews and others who were given a written question on a graduate qualifying examination.
In addition, the investigation includes students in the honors section of the calculus-based course
at two of the other research universities (the Massachusetts Institute of Technology and Oregon
State University) and advanced undergraduate students from the other collaborating university
(The Ohio State University). We found that student performance from all three universities was

similar. The results, therefore, have been combined.*?

1. Non-physics students
At the University of Washington, specid rédativity is included in severa courses for non-

physics mgors. This study includes results from the Libera Arts Physics course, in which
students spend about two weeks on special relativity. The text used in the quarter in which we
were involved was Physics: A world view by Kirkpatrick and Whedler.*® Werefer to the students
from this course as “non-physics students.”

2. Introductory students

The magjority of students who engage in forma coursework in specid relativity a the
University of Washington first encounter this topic in either the honors section of the introductory
caculus-based course or the sophomore modern physics course, which is the final course in the
five-quarter introductory sequence. Only a small number of students take both courses. Each of
these courses devotes about two weeks of instruction to specid relativity; the texts are Resnick,
Halliday, and Walker* and Tipler's Modern Physics.*® Students who are taking (or have taken)
one or the other of these courses, but not more advanced courses, will be referred to as
“introductory students’ in this dissertation.

3. Advanced undergraduate students
Special reldivity is typicaly covered in some detail in two upper-divison physics courses
at the University of Washington: the junior eectricity and magnetism course and a junior elective
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in special and generd relativity. Students in these courses have typicaly taken the sophomore
modern physics course, and therefore have previoudy studied specia relativity. We refer to these

students as “advanced undergraduate students.”

The dectricity and magnetism course typicaly devotes about a week to relaivistic
kinematics, following Griffiths text.®* The eective reativity course spends four to five weeks
exploring the same topics in greater depth and uses Taylor and Wheeler's Spacetime Physics.’
In cases in which we combine results from these two groups of students, the relevant questions
were administered after equivalent instruction.

4. Graduate students

Graduate students in physics a the University of Washington have typically had some
ingruction in specia reativity during their undergraduate study. They receive additiona
instruction in specia relativity as part of the graduate course in electrodynamics typicaly taken in
the first year of graduate school. The course uses the text by Jackson.*® Most of the graduate
student participants in our study were first-year students who had already studied specid
relativity in the graduate course; a few were more advanced graduate students who had taken the
coursein the past. We refer to these students collectively as “graduate students.”
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CHAPTER TWO:
STUDENT UNDERSTANDING OF TIME IN SPECIAL RELATIVITY:

SIMULTANEITY AND REFERENCE FRAMES

“What timeisit, Casey?”
“You mean right now?”

— Casey Stengel'

A. INTRODUCTION

This chapter reports on an investigation of student understanding of time in specia
relativity. The emphasis is on the relativity of smultaneity and the role of reference frames. We
found that students have serious difficulties with determining the time at which an event occurs,
recognizing the equivalence of observers at rest relative to one another, and applying the
definition of smultaneity. In the following discussion we describe how we gradualy obtained a

detailed picture of student thinking by the design and successive refinement of a set of research
tasks.

A version of this chapter has been accepted for publication in Physics Education Research,
supplement to the American Journal of Physics.

B. REVIEW OF PREVIOUSRESEARCH

There is a small body of research on student understanding of reference frames that is
relevant to the findings reported in this chapter. Studies reporting students' belief that reference
frames have limited physical extent (in the sense that objects may enter and leave them) may be
relevant to aspects of this research.” The results we will report are consistent with studies
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reporting the importance of students “metaphysica bdiefs’ (e.g., time is absolute) to their
understanding of special reltivity.®

O’ Brien-Pride has conducted a small number of interviews related to the Spacecraft and
Seismologist questions described in section C.* Her results are suggestive of the results detailed
in section E.  O'Brien-Pride adso gave preliminary versions of the location-specific Spacecraft
and Seismologist questions to 48 introductory students. Their performance was consistent with
that described below.

C. RESEARCH TASKSAND PRIOR INSTRUCTION

In this section we describe the questions we have used to probe student understanding of
smultaneity and the measurement of the time of an event. We also discuss the student
populations to which each question was posed, the prior instruction students had when answering
these questions, and the format for administering each question (written, interview, etc.)

To obtain an increasingly deeper understanding of how students apply the concepts of
simultaneity and reference frame, we used variants of three questions. the Spacecraft question
(four versons), the Explosons question, and the Seismologist question. All involve two
observers with a given relative motion. Students are told the time ordering of the events for one
observer and asked about the time ordering of the events for the second observer. These

guestions and their solutions are described below.

Each research question was posed in at least two ways, with a different physical context
and/or dight changes in wording. In genera, we found that such changes had little effect on
student performance. Therefore, in this paper we present only a representative description of

each question. A complete set of the research questions for this chapter appears in Appendix B.

In order to minimize distraction, some student responses that origindly referred to one
context have been “standardized” to refer to the context used in this chapter. Any modifications

to student quotes are explicitly noted where they appear.
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1. Spacecraft question
a. Description of the question

Results from four versions of the Spacecraft question are discussed in this paper. All
involve two volcanoes, Mt. Rainier and Mt. Hood, that erupt smultaneoudly according to an
observer at rest on the ground, midway between the volcanoes.” A spacecraft moves at a given
rdativigtic velocity from Mt. Rainier to Mt. Hood.® Students are asked questions that probe their

beliefs about the order of the eruptions in the moving frame.

b. Correct response

A correct answer to dl versions can be obtained by quditative or quantitative reasoning or
from a spacetime diagram. The following is an example of aquditative argument that we would
have accepted as correct.” In the spacecraft frame, light from the two eruptions moves outward at
the speed of light in spherical wavefronts from two points that are stationary. In that frame, the
observer on the ground, who receives both signals smultaneoudy, is moving backward (.e., in
the direction of an arrow pointing from the front of the spacecraft toward the rear). According to
the spacecraft observer, the ground-based observer is closer to the center of the signal from Mt.
Rainier at the instant that observer receives both signals. The spacecraft observer therefore
concludes that Mt. Hood erupted first since its signd travels farther in order to reach the ground-

based observer at the same time as the signal from Mt. Rainier.

A correct answer can aso be obtained using the Lorentz transformation for time: dt” = g (dt
—vdx/c?), g= (1 — v¥/c®)™2. Inthiscontext, dt’ =t — ts” and dt = t; — t are the elapsed times
between the eruptions at Hood and Rainier in the spacecraft frame and the ground frame
respectively, v is the velocity of the spacecraft relative to the ground, and dx = xy — X is the
spatial coordinate separation between the eruptions in the ground frame® Taking the positive
direction to be directed from Rainier to Hood, then v > 0 and dx > 0. Since dt = 0 (s§multaneous

eruptions in the ground frame), then dt” < 0.



20

c. Versions of the question

At each stage of our study, we tried to determine whether student responses truly reflected
their understanding of the material. For instance, we wanted to determine the extent to which
specific difficulties are linguistic or conceptual and the extent to which mistaken beliefs are easily
addressed or deeply held. To this end, we continualy refined the research tasks. Results from
earlier tasks guided us in designing new questions that would enable us to probe student thinking

more thoroughly.

Four versions of the Spacecraft question will be presented in this chapter. As we will
describe in sections D and E, student responses to the four versions were considerably different.
Since each new version was motivated by student responses to an earlier version of the question,
we will describe the different versions here only briefly aong with a summary of their
adminigtration to different student populations. Detailed discussions of the different versions
appear in sections D and E.

i Undirected version

We refer to the first version of the Spacecraft question as undirected. We were interested
in finding out whether or not students would recognize, without prompting, that smultaneity is
relative and, if not, the degree of prompting that is necessary for them to apply the rdativity of

smultaneity.

The students were asked to draw spacetime diagrams for both the ground and spacecraft
frames. They were told to show the volcanoes, the spacecraft, and the eruption events. They
were not asked explicitly whether the eruption events are smultaneous in the spacecraft frame.
Rather, we inferred their ideas indirectly from their diagrams.
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Mt. Rainier and Mt. Hood, which are 300 km apart in their rest frame, suddenly erupt at the sametime
in the reference frame of aseismologist at rest in alaboratory midway between the volcanoes. A fast
spaceship flies directly from Rainier toward Hood with constant speed =0.8c.

Sketch spacetime diagrams for the ground frame and for the spacecraft frame. Explain your
reasoning.

Figure 2-1:  Undirected version of the Spacecraft question.
il. Directed version

In the directed version of the Spacecraft question, students are asked explicitly whether, in
the reference frame of the spacecraft, Mt. Rainier erupts before, after, or at the same time as
Mt. Hood. They are also asked to find the time between the eruptions. The directed version of
the Spacecraft question is shown in Figure 2-2.

Mt. Rainier and Mt. Hood, which are 300 km apart in their rest frame (the Earth), suddenly erupt
at the same time as determined by observers on Earth.

1. What isthetimeinterval between the two eruptions as determined by observersin afast spacecraft
(v=0.8c) flying directly from Rainier toward Hood? Show your work.

2. Which eruption occursfirst according to the observersin the spacecraft? Explain.

Figure2-2:  Directed version of the Spacecraft question.
iii. L ocation-specific version

In the third (location-specific) version of the Spacecraft question, students are told that the
gpacecraft, which is flying from Mt. Rainier to Mt. Hood, is over Mt. Rainier at the instant
Mt. Rainier erupts. The eruption events, which are smultaneous in the ground frame, are
explicitly labeled as Event 1 (Mt. Rainier erupts) and Event 2 (Mt. Hood erupts). Students are to

determine whether, in the reference frame of the spacecraft, Event 1 occurs before, after, or at the

same time as Event 2. Figure 2-3 shows the location-specific version of the Spacecraft question.



Mt. Rainier and Mt. Hood, which are 300 km apart in their rest frame, suddenly erupt at the sametime
in the reference frame of a seismologist at rest in alaboratory midway between the volcanoes. A fast
spacecraft flying with constant speedv = 0.8c from Rainier towards Hood is directly over Mt. Rainier
when it erupts.

Let Event 1 be "Mt. Rainier erupts," and Event 2 be "Mt. Hood erupts.”

In the reference frame of the spacecraft, does Event 1 occur before, after, or at the sametime as
Event 2? Explain your reasoning.

Figure2-3:  Location-specific version of the Spacecraft question.

iv. Explicit verson

In the explicit version of the Spacecraft question, students are told that “observers are
intelligent observers, i.e., they correct for signa travel time in order to determine the time of
eventsin their reference frame. Each observer has clocks that are synchronized with those of all
other observers in his or her reference frame.” Figure 2-4 shows the explicit verson of the
Spacecraft question.
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In this problem, all events and motions occur along asinglelinein space. Non-inertial effectson the
surface of the Earth may be neglected.

Two volcanoes, Mt. Rainier and Mt. Hood, are 300 kmapart in their rest frame. Each eruptssuddenly ina
burst of light. A seismologist at rest in alaboratory midway between the vol canoes receives the light
signals from the volcanoes at the sametime. The seismologist’s assistant isat rest in alab at the base of
Mt. Rainier.

Define Event 1 to be “Mt. Rainier erupts,” and Event 2 to be “Mt. Hood erupts.”
A fast spacecraft flies past Mt. Rainier toward Mt. Hood with constant velocity v = 0.8c relative to the
ground (g=5/3). Attheinstant Mt. Rainier erupts, the spacecraft is directly above it and so the spacecraft

pilot receives the light from Mt. Rainier instantaneously.

All observers areintelligent observers, i.e., they correct for signal travel time to determi ne the time of

eventsin their reference frame. Each observer has synchronized clocks with all other observersin his or
her reference frame.

For each intelligent observer below, does Event 1 occur before, after, or at the same time as Event 27
Explain.

» Seismologist
 Seismologist’s assistant

* Spacecraft pilot

Figure 2-4:  Explicit version of the Spacecraft question.

d. Administration of the question: student populations and prior instruction

We have given the Spacecraft question as a written question before and after traditional
instruction to severd hundred students in over a dozen non-physics, introductory, and advanced
undergraduate physics courses. The question has also appeared on the graduate qualifying exam
for doctoral candidacy. In addition, we have conducted interviews with about 20 graduate and
advanced undergraduate physics students.

In al cases in which the Spacecraft question was given after instruction, the relativity of
smultaneity had been introduced either by means of the Lorentz transformations, as a
consequence of length contraction, or by a discussion of a paradox such as Eingtein’s train
paradox.® The train paradox approach was favored in less advanced classes, presumably because
it requires a minimum of mathematical sophistication; it also has the advantage of proceeding
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solely from basic principles, in particular, causdlity, the invariance of the speed of light, and the
isotropy of free space. The discussions of the train paradox conducted in class or appearing in the
textbook relied on the reception of light signals by certain observers. Almost invariably, for any
particular physical situation that is discussed, the observers of interest are equidistant from the
events in question, so that the order of reception of signas is the same as the order in which the
events occur.

In some introductory courses and in al advanced undergraduate and graduate courses, the
Lorentz transformations were emphasized as one important means of determining (or verifying)
the relativity of smultaneity. Students were introduced to the idea of event coordinates and

expected to apply the Lorentz transformations in standard textbook problems.

2. Explosions question
The Explosions question is the converse of the Spacecraft question. Students are told that
two events occur at different times in a given frame and are asked if there is another frame in

which the events are ssmultaneous.

a. Description of question

In the Explosions question, an explosion occurs at each end of a landing strip with proper
length of 3000 m. In the frame of an engineer at rest on the strip, the explosion at the right end
occurs atime cdt = 1200 m after the explosion on the left end. (In some variations, students were
given a time of dt=(1200m)/c = 4 ns. The converson seemed to present no difficulty.)
Students are asked whether there is a frame in which the explosions are smultaneous, and if so,
to determine the relative velocity of the frame.
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Two harmless explosions occur at the ends of alanding strip whose proper length is 3000 m. Inthe
reference frame of the landing strip engineer (at rest on the strip), the first explosion occurs at the | eft
end of the strip, and the second explosion occurs at the right end of the strip atinedt = 1200 m later.

Isthere areference frame in which the two explosions occur at the sameinstant? If so, determine the
magnitude and direction of the velocity of thisframe relative to the landing strip. If not, explain why
not.

Figure2-5:  The Explosions question.

b. Correct response

A correct answer can be found through use of the Lorentz transformations.”® The spatid
separation between the explosions (dx) is 3000 m and the time separation (cdt) is1200 m. Thus
the time duration between the explosions (cdt’) is zero in a frame that moves from Ieft to right
with speed 0.4c.

cdt” =g(cdt—vdx/c)
0 =g(1200 m — v(3000 m)/c) (positive direction to the right)
v =1200m/ (3000 m/c) = 0.4c

c. Administration of the question: student populations and prior instruction

The Explosons question has been given to about 200 students in introductory and
advanced undergraduate physics courses. The question was given on an examination after
instruction in specid relativity, as described in relation to the Spacecraft question (page 25). We
have adso asked the Explosions question during interviews with advanced undergraduate and
graduate students and on the graduate qualifying exam for doctora candidacy.

3. Seismologist question
a. Description of the question

The Seismologist question probes student understanding of reference frames and
simultaneity within a single reference frame. The context is smilar to that of the Spacecraft
guestion: two volcanoes, Mt. Rainier and Mt. Hood, suddenly erupt and a seismologist at rest
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midway between them sees the eruptions at the same instant. The Seismologist question differs
from the Spacecraft question in that the second observer (the “assistant”) is not moving, but
remains at rest relative to the ground at the base of Mt. Rainier. Students are asked whether
Mt. Rainier erupts before, after, or at the same instant as Mt. Hood in the reference frame of the
assistant.

Mt. Rainier and Mt. Hood, which are 300 km apart in their rest frame, suddenly erupt at the sametime
in the reference frame of a seismologist at rest in alaboratory midway between the volcanoes. The
seismologist's assistant is at rest in another |aboratory at the base of Mt. Rainier.

In the reference frame of the seismologist's assistant, does Rainier erupbefore, after, or
at the same time asHood? Explain your reasoning.

Figure 2-6:  The Seismologist question.

b. Correct response

To answer the Seismologist question correctly, students must be able to apply the definition
of smultaneity and understand the role of a reference frame in establishing a common time
coordinate for observers at rest relative to one another. That is, they must understand and be able
to apply the idea of an intelligent observer, who corrects for signa travel time as necessary to
determine the time of an event. Since the seismologist and the assistant are intelligent observers
in the same reference frame, they obtain the same answer for the order of the eruptions. Since the
seismologist is equidistant from the mountains, the signa travel times are the same. Therefore,

the eruptions occurred at the same time in the frame of the seismologist and the assistant.

c. Modifications to the question

In the course of our efforts to better understand students' approach to this basic material,
we have asked versons of the Seismologists question in which one or more of the following
modifications were made:

Students were asked about the reception events (the arrival of the light at each observer's

location) in addition to the emission events (the eruptions).
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Instead of stating that “the volcanoes erupt at the same instant in the seismologist’ s reference
frame,” the question stated that “the seismologist receives the light from the two eruptions at

the same instant.”

Instead of stating that “the volcanoes erupt at the same instant in the seismologist’s reference
frame,” the question stated that “the seismologist concludes that the volcanoes erupted
simultaneoudly,” and asked students to decide “whether the assistant will conclude that Mt.

Rainier erupts before, after, or at the same time as Mt. Hood.”

The observers were at different locations than those discussed above.

The relevant signals were sound signals instead of light signals.

Results from those modified versions of the question are consstent with the results from the
origind versgon, indicating that students' responses were not gresatly influenced by the wording of

the question. In the discussion following, we combine results from various versions.

d. Administration of the question: student populations and prior instruction

We have given the Seismologist question as a written question before and after traditional
ingruction to severa hundred students in dozens of non-physics, introductory, and advanced
undergraduate physics courses. The question has aso appeared on the graduate qualifying exam
for doctora candidacy, and we have conducted interviews with about 30 graduate and advanced
undergraduate physics students.

In all courses in which we asked the Seismologist question, there was explicit instruction in
basic definitions and procedures relevant to smultaneity and the measurement of the time of an
event. Ingtructors typicaly outlined the construction of a reference frame by describing an
infinite lattice of rods and clocks, discussed the assumption of correcting for signd travel time,
and presented procedures for clock synchronization. These discussions tended to be brief, and
instructors normally assumed that students aready understood or could readily assimilate
technical terms such as event and intelligent observer.
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4. Commentary

At each stage of our study, we tried to determine whether student responses truly reflected
their understanding of the material. For instance, we wanted to determine the extent to which
specific difficulties are linguistic or conceptua and the extent to which mistaken beliefs are easily
addressed or deeply held. To this end, we continualy refined the research tasks. Results from
earlier tasks guided us in designing new questions that would enable us to probe student thinking

more thoroughly.

D. PRELIMINARY INVESTIGATION OF STUDENT UNDERSTANDING OF THE CONCEPTSOF

SIMULTANEITY AND REFERENCE FRAMES

Our preliminary investigation of student understanding of special relativity was based on
two versions of the Spacecraft question: the undirected and the directed versons. The two
versions and the results from each are described below.

1. Failuretorecognize spontaneously that simultaneity isrelative

We refer to the first version of the Spacecraft question, as undirected. We were interested
in finding out whether or not students would recognize, without prompting, that smultaneity is
relative and, if not, the degree of prompting that is necessary for them to apply the relativity of
sSmultaneity.

Spacecraft Question: Undirected version

We administered the undirected version of the Spacecraft question as an interview task to 7
graduate students and later to 20 advanced undergraduate students enrolled in a course in specia
and generd relativity. All the graduate students had had undergraduate instruction in specia
relativity and were studying relativistic kinematics, dynamics, and electromagnetism in their
graduate-level eectricity and magnetism course at the time of the interviews. The undergraduates
had completed ingtruction on the relativity of smultaneity. All had worked with spacetime
diagrams in their current or previous courses.
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All the graduate students correctly drew the worldlines of each object in the spacetime
diagram for each frame. However, only one recognized spontaneously the relativity of
smultaneity in this context. All the others indicated on their spacetime diagrams and in their
verbal explanations that the two eruptions had identica vertica (time) coordinates in the ground
frame and identica time coordinates in the spacecraft frame. (See Figure 2-7 for examples of
correct and incorrect spacetime diagrams.)

t t t
Spacecrait Spacecraft Spacecraft
) Eruption Eruption : Eruption Eruption
Eruption Eruption / pt
p N / « > 7 X \ <
Mt. Rainier Mt. Hood Mt. Rainier Mt. Rainier \
Mt. Hood Mt. Hood
@ (b) ©

Figure 2-7.  Spacetime diagrams for the first (undirected) version of the Spacecraft
question. (a) Correct diagram for the ground frame. (b) Correct
diagram for the spacecraft frame. (c) Typical incorrect diagram for the
spacecraft frame drawn by students.

The results from the undergraduate students were similar. All drew spacetime diagrams
that included the correct features except that about 85% denoted the eruption events as
simultaneous in both frames. Some of the difficulty may have been related to alack of facility in
relating spacetime diagrams for two frames. Nonetheless, the mgority of the students failed to
recognize spontaneoudy that smultaneity is relative and to draw their diagrams appropriately.

These results are summarized in Table 2-1.
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Table2-1:  Results of the undirected Spacecraft question.

Written question
After instruction
Graduate students Advanced undergrads
Sp97 (N=7) Wi97 (N=20)

Correct (Rainier erupts after o 0
Hood) 15% (1) 5% (1)
Mountains erupt
smultaneoudy 85% (6) 85% (17)
Rainier erupts before Hood 0 10% (2

The relativity of smultaneity is arguably the centra result of relativistic kinematics and a
key consequence of the Lorentz transformations. The fact that advanced students do not apply
this idea spontaneoudly is a matter of concern. On the other hand, the fact that the time order of
events is not the same in al frames is among the most counterintuitive ideas in specia relativity.
We wondered whether students might apply the smultaneity of relativity if prompted explicitly to
do so.

2. Failureto apply spontaneously the formalism of a reference framein determining the
time of an event

We decided to develop a new version of the Spacecraft question that would be more
directive than the first. This version was written in collaboration with the course instructor. The

terminology was identical to that used in class.

Spacecraft Question: Directed version

We gave the directed version of the Spacecraft question to 49 students on an examination
in an introductory honors caculus-based physics class. The students had completed the study of
the rdevant material. All students answered that the eruptions are not simultaneous in the

spacecraft frame. (Very few students had done so on the undirected version.) However, only
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about 45% gave the correct time ordering (Hood erupts first in the spacecraft frame) with correct
reasoning.”* About 25% of the students gave the correct time order of events but used incomplete
reasoning to support their answers. About 25% of the class gave the reverse time ordering.
These results are summarized in Table 2-2.

Table2-2.  Results of the directed version of the Spacecraft question.

Written question
After instruction
Introductory physics students
AU98 (N=49)
Correct answer with correct reasoning 45% (22)
C_:orrec'_c answer wi_th incompl ete reasoning 2506 (13)
(including perception reasoning)
Reverse time ordering 25% (12)
Other 5% (2)

Essentially all of the students who gave a correct answer with incomplete reasoning
answered in asimilar way. The responses below are typical.

“Mt. Hood erupted first because the spacecraft is moving towards it, so the
wavefront of the eruption of Mt. Hood will reach the craft first.”
(introductory student)

“Hood first, because the spacecraft will encounter those wavefronts first.”
(introductory student)

We categorize the reasoning given by these students as incomplete since these students
describe only the order in which the signals from the distant events reach the spacecraft. They
make no explicit mention of the relative velocity or the relativity of smultaneity. The sequence
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in which the signals are received does not provide enough information to determine the time
ordering of the eruption events. Different choices of observer location result in different
reception orders and some students might have obtained the correct answer by a fortuitous choice
of observer location €.g., hdf-way between the two volcanoes). We started to suspect the
presence of incorrect ideas when we realized that most of the remaining students (about 25%)
seemed to have made a different assumption about the spacecraft location. These students
obtained the opposite answer for the time ordering of the events but gave explanations similar to
those illustrated above. The following responses were typical.

“The observer will witness Mt. Rainier erupting first because they are directly
over Rainier when the explosion happens, so the light from the explosion has less
distance to travel than the light from Mt. Hood's explosion.” (introductory
student)

“Mt. Rainier would erupt first because the spacecraft is closer to Mt. Rainier and
would therefore receive the wavefront from Mt. Rainier first. If the craft were
flying from Hood to Rainier, Mt. Hood would erupt first, because the spacecraft
would be closer to Mt. Hood and would receive its wavefront first.” (introductory
student)

Severa students regarded both the velocity and position of the spacecraft as important in
the time ordering of the eruption events. However, like the students above, they focused on the
reception of the light signals by the observer. They did not treat the relative motion as the
determining feature of a reference frame but as a factor that complicates the calculation of the
time at which the observer receives the signals. One student claimed necessary information was
missing from the problem statement.

“It would depend on where the spacecraft was when the first explosion occurs. I
it is close enough to Hood that the distance between the ship and Hood plus the
distance the ship travels while the light is en route, then it sees Hood explode
first.” (introductory student)
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The students quoted above all failed to treat the spacecraft observer as representative of a
class of observers, al moving with the same velocity. They seemed to interpret the time of an
event as an observer- (not frame-) dependent quantity. These results suggest that students, on
their own, fall to apply the formalism of reference frames (i.e., a system of clocks and rods) in
defining the time of an event.

3. Commentary

The versions of the Spacecraft question used in the preliminary investigation are similar to
many end-of -chapter questions on relativistic Smultaneity. Students are told that two events are
smultaneous in one frame (S) and asked about the time order of the events in another frame (S9

that moves relative to the first with a given velocity.

In the context of the Spacecraft question, we found that many students fal to apply
spontaneoudly the relativity of smultaneity. When prompted to think explicitly about the order
of the events, essentially al students state that the events are not simultaneous in the spacecraft
frame. However, most reason incorrectly. They tend to focus on the relative position of the
spacecraft and volcanoes and fail to recognize that the relative velocity determines the time order
of the eruptions in the spacecraft frame.

The results from the undirected and directed versions of the Spacecraft question suggested
the presence of serious conceptual and reasoning difficulties with basic concepts in specia
relativity. We considered, however, the possibility that student responses did not reflect what
students actually thought. We needed to probe more deeply into the nature of their conceptions
of time, smultaneity, and reference frames.

E. DETAILED INVESTIGATION OF STUDENT UNDERSTANDING OF THE CONCEPTS OF TIME,
SIMULTANEITY, AND REFERENCE FRAMES

This section is divided into three inter-rdated and inter-dependent parts. Part 1deals
primarily with a prevaent and persistent student interpretation of simultaneity that is observer-

dependent. Many students believe that the time order of distant events is determined by the time



A

order in which signals from the events are perceived by an observer. Part 2 presents evidence that
many students have a deeply held underlying belief that smultaneity is absolute. Part 2 dso
describes how students often attempt to reconcile these two contradictory beliefs with each other
and with what they have been taught about the relativity of smultaneity. Student interpretations
and beliefs about simultaneity described in Parts 1 and 2 have direct implications on student
understanding of the role of an observer in a given frame. Part 3 is devoted to an exploration of

student beliefs about the concept of areference frame.

1. Beélief that eventsaresimultaneousif an obser ver receivessignalsfrom theeventsat the

same instant

We decided that the Spacecraft question would be a better probe of student thinking about
smultaneity if two changes were made: (1) specifying not only the velocity but also a location
for the moving observer and (2) rewording the question to describe the eruptions as spacetime
events. By choosing the observer location appropriately, we sought to distinguish between
students who obtained a correct answer for correct reasons and students who thought the
observer’s location affects the time ordering of the events. By describing the eruptions as events,
we tried to make clear to students that the time interval of interest is not that between the
reception of the light signals by the moving observer, but rather that between the emission of the

signals by the volcanoes.

Spacecraft Question: Location-specific version

In the third (location-specific) version of the Spacecraft question, students are told that the
gpacecraft, which is flying from Mt. Rainier to Mt. Hood, is over Mt. Rainier a the instant
Mt. Rainier erupts. The eruption events, which are smultaneous in the ground frame, are
explicitly labeled as Event 1 (Mt. Rainier erupts) and Event 2 (Mt. Hood erupts). Students areto
determine whether, in the reference frame of the spacecraft, Event 1 occurs before, after, or at the

same time as Event 2.

Table 2-4, Table 2-5, and Table 2-6 summarize the results of the location-specific
Spacecraft question when given as an ungraded written question to non-physics students,
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introductory students, and advanced undergraduate students. In most cases, the question was
posed after lecture instruction on the relativity of simultaneity. As can be seen from the tables,
prior ingtruction had little effect on student performance.™

The question was aso given as an interview task to advanced undergraduates and physics
graduate students. Table 2-7 summarizes these results.

Table2-4:  Results of the location-specific version of the Spacecraft question given to
non-physics students.
Written question
Non-physics students
Before After
ingtruction instruction
Au98 (N=23)"* | Au98 (N=16)
Correct answers (Hood erupts first)
with correct reasoning or incomplete 15% (3) 15%(2)
reasoning
Simultaneous eruptions (reasoning
consistent with being based on absolute 45% (10) 30% (5)
smultaneity)
Rainier erupts first (reasoning consi stent
with being based on the times at which 35% (8) 45% (7)
signals are received by the observer)
cher (g.g., gudent stated not enough 10% (2) 15% (2)
information given)
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information given)

Table2-5:  Results of the location-specific version of the Spacecraft question given to
introductory students.**
Written question
Introductory students
Before After
ingtruction instruction
Sp98, Au99 Sp97, Augs,
(N=67) Sp99™ (N=73)
Correct answers (Hood erupts first)
with correct reasoning or incomplete 5% (3) 10%(8)
reasoning
Simultaneous eruptions (reasoning
consistent with being based on absolute 20% (12) 5% (5)
smultaneity)
Rainier erupts first (reasoning consi stent
with being based on the times at which 65% (46) 75% (55)
signals are received by the observer)
Other (e.g., student stated not enough 10% (6) 5% (5)
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Table2-6:  Results of the location-specific version of the Spacecraft question, given to
advanced undergraduate students.

Written question

Advanced undergraduate students

After
Before ingtruction
ingtruction Wi98, Augs,
Wi98 (N=20) Au99, Sp00™,
Au00 (N=93)
Correct answers (Hood erupts first)
with correct reasoning or incomplete 15% (3) 25% (24)
reasoning
Simultaneous eruptions (reasoning
consistent with being based on absolute 25% (5) 20% (19)

smultaneity)

Rainier erupts first (reasoning consistent
with being based on the times at which 45% (9) 40% (39)
signals are received by the observer)

Other (e.g., student stated not enough 15% (3) 10% (11)
information given)
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Table2-7.  Results of the location-specific version of the Spacecraft question, given to
advanced undergraduate and graduate students as an interview task.

Interview task
Advanced undergrad.
& grad. students
P99 (N=11)
Correct answers (Hood erupts first) 25% (3)
with correct reasoning or incomplete reasoning
Simultaneous eruptions (reasoning consistent 0

with being based on absolute Ssmultaneity)

Rainier eruptsfirst (reasoning consistent with
being based on the times at which signals are 55% (6)
received by the observer)

Other (e.g., student stated not enough

information given) 20% (2)

In every student group, less than 25% of the students gave a correct response (ignoring
reasoning). Only a few students who gave the correct order used incomplete reasoning similar to
that in the prdiminary investigation (e.g., “Hood erupts first since the spacecraft is flying towards
Hood.”). The mgority of students answered incorrectly. Anaysis of student responses revealed
two related modes of incorrect reasoning.

a. Tendency to associate the time of an event with the time at which an observer receives a

signal from the event

Despite having been told explicitly that the events of interest are Event 1 (Mt. Rainier
erupts) and Event 2 (Mt. Hood erupts), most students attributed the time of each eruption to the
time at which a given observer sees the eruption. Both the advanced students in the interviews
and the introductory students on the written problems made this error. The following statements
aretypical.
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“The spacecraft is near Rainier, so he gets the signa about the same time Rainier
erupts. So the spacecraft pilot would say Rainier erupts before Hood.” (graduate
student)

“Mt. Rainier erupts first because the light from Mt. Hood takes time to reach the
spaceship.” (introductory student)

Some students hcluded the motion of the spacecraft relative to the ground as a factor
complicating the timing of an observer's reception of relevant sgnals.  The following
conversation with a graduate student exemplifies the issue;

S.  The distance between the two mountainsis d, and thisis c timest, this
distance would be traveled by light, ¢ timest. He would see event 2 at the
timet, a thetimet = d/c later. And now we have to figure out which
distance Mt. Hood travelsin thistimet, because he' s traveling withv. And
then | would draw it like, thisis Mt. Hood, and then he would see it explode.

I: Soisthisapictureof...?

S: Theeruption of Mt. Hood. The signal traveled in that time from Hood to
here, but Mt. Hood is moving too, so the spacecraft would move allittle bit
more in that direction, and then the space craft pilot will see this guy [Hood]
erupt.

b. Tendency to regard the observer as dependent only on his or her personal sensory

experiences

The failure to distinguish between the time of an event and the time at which an observer
sees that event occurring did not seem to be a superficia error but seemed to have deep roots.
Many students failed to recognize that an observer is not isolated but has access to information

provided by other observersin his or her frame.

“For example if he looks at [the volcano, it] looks peaceful. There is nothing
going on. So hewould say it hasn't erupted. | would say, to State that something
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happened you have to have any evidence, and he hasn’t got any evidence that
something happened. So it hasn't happened.” (graduate student)

c. Commentary

The third, location-specific verson of the Spacecraft question provided insights into
student thinking about simultaneity that the first two versions had not. The responses to the
written questions and interviews show that many students very strongly associate the time of an
event with the time at which an observer receives a signa from the event. Whether or not distant
events are smultaneous is, therefore, judged by many studerts only on the basis of the time order
of the received signals. The difficulties seem to be intimately tied to their ideas of reference

frames.

The tendency of students to interpret simultaneity in terms of signa reception had, thus far,
prevented us from determining whether or not the students recognized that the events themselves
are not smultaneous in al frames. We thought, however, that the misidentification of the
reception events with the emisson events might be easy to correct with upper-leve
undergraduate students and graduate students. We wondered whether students would apply the
relativity of smultaneity properly if, during interviews, it were pointed out to them that the
reception events are not the ones to consider.

2. Beélief that simultaneity is absolute

As described earlier, we found that many students fail to apply spontaneoudy the idea of
relativity of smultaneity after instruction. On the other hand, we aso found that many students
appear to believe in a type of redivity of smultaneity that we would term excessive. Students
often clam that observers at different locations determine different time orderings for events
based on the reception of signals from the events. We now present evidence that these apparently
contradictory bdliefs (that smultaneity is absolute, and that smultaneity is “excessvely” relative)
often coexist harmoniously. Our results suggest that many students believe that smultaneity is
relative only in the limited sense that signals from events arrive at different observers at different
times — and that fundamentally, smultaneity is absolute.
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Spacecraft Question: Explicit version

We wanted to ensure that students were not hindered by semantic misinterpretations of
technical terms such as “intelligent observer” and “reference frame.” In an effort to remove
possible ambiguity from the task and to probe even more explicitly than before, we designed a
fourth version of the Spacecraft question. Werefer to it astheexplicit Spacecraft version because
it makes explicit the correction for signd travel time employed by intelligent observers. We gave
the question as an interview task so that we could carefully observe and correct, as necessary, the
way in which students interpreted the question. We probed both quditative and quantitative
reasoning. The question aso appeared on the graduate qualifying exam for doctoral candidacy.

In the explicit version of the Spacecraft question, students are told that “observers are
intelligent observers, i.e., they correct for signa travel time in order to determine the time of
eventsin their reference frame. Each observer has clocks that are synchronized with those of all
other observers in his or her reference frame.” In the course of the interview, students were
reminded repeatedly to consider al observers as making corrections for signal travel time. When
students used technical terms such as “reference frame,” the interviewer probed their
understanding of the term. If a student’s interpretation differed from the conventional
interpretation, the interviewer attempted to correct the student, and asked the student to
reconsider his or her response in light of the accepted interpretation. (We did not offer such
corrections to students responding to the question on the quaifying exam.)

a. Tendency to regard the relativity of simultaneity as an artifact of signal travel time

During the interview, many students seemed to resist thinking about simultaneity in terms
of emission, rather than reception, of the signals. As the interviews progressed, we realized that
part of the difficulty was that they believed strongly that the two events were smultaneous in
every reference frame. Many seemed to treat the non-smultaneity of the reception of the signals
as away of reconciling this belief with what they thought they had learned about the relativity of
sSmultaneity.

As shown in Table 2-8, four of the seven advanced undergraduate and graduate students
who responded to the explicit Spacecraft question clearly articulated the idea that the order of
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events in the spacecraft frame is determined by the order in which the signals from the events
arrive at the spacecraft. The pattern of responses to the question administered on the qualifying
exam is nearly identical. This similarity suggests that students take the interview tasks serioudly,
that their answers represent their best understanding of the subject matter, and that the interview
sampleisfairly representative of the population of graduate students as a whole.

Table2-8  Results of the explicit version of the Spacecraft question, given to advanced
undergraduate and graduate students as an interview task and to graduate
students on the qualifying examination for doctoral candidacy.

Interview task | Qualifying exam

Advanced
undergrad. & | Graduate students
grad. students Au00 (N=23)

S99 (N=7)
Correct answers (Hood erupts first)
with correct reasoning or incomplete 40% (3) 30% (7)
reasoning
Simultaneous eruptions (reasoning
consistent with being based on absolute 0 10% (2)

smultaneity)

Rainier erupts first (reasoning consi stent
with being based on the times at which 55% (4) 60% (14)
signals are received by the observer)

Other (e.g., student stated not enough 0 0
information given)

Students explanations were similar to those quoted previously in response to the other
versions of the Spacecraft question. When reminded to consider the spacecraft observer as
making corrections for the signa travel time, al of these interview subjects claimed that after
making such corrections, the intelligent observer in the spacecraft would determine the eruptions
to have been smultaneous.
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“Using her correction, assuming she'sintdligent...l mean if she measured the
effect relativistically, she would measure them happening at the same time if she
subtracted the time she calculated.” (graduate student)

“If we are in relative motion we will measure different distances and so on but if
we are al intelligent observers we will dl figure out that the events were
smultaneous in our rods-and-clocks reference frame.” (graduate student)

An advanced undergraduate reached a smilar conclusion after some clarification:

Can you tell which order the eruptions occur in, in the spacecraft frame?
Considered separately from the time of the light hit[ting] the spacecraft.

I’m not redly sure how to do that. It would seem to me that just logicaly, it
doesn't matter, it would still go Rainier, Hood.

You're speculating, if | can paraphrase you, that after the spacecraft [observer]
made corrections for the fact that it took the Hood signal some time to get to him,
after he made those corrections he would wind up concluding that Rainier went
first?

If he did everything right then he would have appropriately come up with the
amount of time the signal would have traveled, the distance between the two
mountains would probably aso have been different to him, and so he'd have to
account for that too, but once he made al of those accounting things then he
would have to say that yes, they went up at the sametime.

Oh, at the sametime. | thought you said Rainier went first.

No, no, no, he would see Rainier go up first, but he would eventually after doing
al of the math would agree with [two observers at rest on the ground], that they
went up at the sametime. (advanced undergraduate student)
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These students appeared to believe that events smultaneous in the ground frame would be
simultaneous according to an observer in any reference frame who made appropriate corrections
for signa travel time. In the following example a graduate student compared the spacecraft
observer to an observer on the ground under the spacecraft, at Mt. Rainier:

“There is no real difference between the spacecraft and the [observer on the
ground under the spacecraft]. Because | said the signals reach [that observer] at
different times, but he can determine at which times the signals were emitted.
...S0 | can do the same thing on the spacecraft: | might see the signals at
different times but | can figure out that they happened at the same time.”
(graduate student)

Such responses indicated students' belief that smultaneity is absolute. Yet students, in
their discussion of reativigtic effects, appeared to have heard the idea of the relativity of
smultaneity. How could these incompatible ideas coexist so openly? The resolution to this
apparent contradiction came from in-depth probing.

S. There are redlly two separate kinds of reference frames. There is the kind of
reference frames with al those rods and clocks extending to infinity, likein [the
textbook]. But in practice, nothing happens except right where you are. So
redly, your reference frame is something you carry around with you ...

I:  Thereis thisthing about smultaneity being relative, about events that are
simultaneous in my reference frame not necessarily being simultaneousin

another reference frame. Which kind of reference frame does that refer to?

S Rdativity of smultanety isthislocal thing. It's not the rods and clocks thing,
because if we are intelligent, we correct for that. 1t'sthisthing that if | see them
at different times, they occurred at different timesin my reference frame.
(graduate student)

Responses such as these seemed to indicate that the bdief that smultaneity is absolute is
deeply hdd."” Any appearance to the contrary is only that —a visua appearance due to



45

differences in the reception of signals from the events.® This belief was typical among students

who asserted that the order of events in the spacecraft frame is the order in which signals arrive at

the spacecraft.

This thing about events that are simultaneous in one reference frame, not being
simultaneous in another reference frame? Do you have a sense of where that
comes from?

Light has afinite speed, so it’s going to take some time for the information to
travel from point A to point B wherever the observer is. Thisis a pretty good
example actualy. One observer is right between the mountains and he sees them
at the same time, the other observer is not and so he sees them at different times.
(graduate student)

b. Tendency to regard the Lorentztransformation for time as correcting for signal travel time

In deiving the rdativity of smultaneity, many ingructors invoke the Lorentz

transformation for time. We found that conceptual difficulties with reference frames and the time

of an event can prevent students from interpreting appropriately the terms in the Lorentz

transformations.  In particular, many students appeared to believe that the Lorentz

transformations congtitute a correction for signal travel time:

S

In the reference frame of the spacecraft, does Event 1 occur before, after, or at
the sametime as Event 2? ... Before. Even though the spacecraft is traveling
very fast, | would say that it's right next to Mt. Rainier so it's going to see

Mt. Rainier go off, and even though it’ s traveling towards Mt. Hood and the light
from Mt. Hood is traveling towards it, it will still take some amount of time for
the information of Mt. Hood exploding to reach it.

Okay, soit’'ll see Mt. Rainier first. In the spacecraft’s reference frame, after he

makes any corrections for signa travel time that might be appropriate —
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S.  Areweincluding Lorentz transformations in that?
(advanced undergraduate student)

The “desynchronization term” in the Lorentz transformation for time (— vdx/c?) presented
particular difficulty for students™® Several cited that term in support of the idea that the time of

an event is influenced by the position of an observer relative to the event:

“[This term] is the correction for the travel time of the light. Thetime | have to

wait in my frame to see one event and then the next one.” (graduate student)

The student above went on to express his confuson about the fact that the term is
proportional to the speed of the spacecraft. He thought it should be inversely proportiona since
the travel time for the signal from Hood is reduced as the speed of the spacecraft in the ground
frame is increased.

Other students had difficulty with the dt term in the Lorentz transformation for time,
interpreting that term as equal to the signal travel time from Hood to the spacecraft:

S [Student haswrittent” = g(t — vx/c®).] X in the ground [frame] would be this

300 km, we know v, and c, but we don’t know t.
I:  Could you say what t isin words? What does it mean, it'sthe t of what?

S. For the eruptions. This is the time which goes by while light travels from
Hood to the spacecraft. So that the spacecraft receives the signal from
Hood...It'satimein the ground frame. The time between Hood erupts and
the space pilot sees the signal.

c. Tendency to treat simultaneity as independent of relative motion

Some students stated explicitly that relativity of simultaneity is not directly related to
relative motion. Even graduate students expressed thisidea. As in the preliminary investigation,

some students appeared to believe that relative motion does play arole in the timing of events in
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the spacecraft frame — but only to the extent that it influences the reception of signas by the
spacecraft.

d. Commentary

We have found that students often incorporate the relativity of smultaneity into their own
conceptua framework in a way that alows them to continue to believe in absolute smultaneity.
They do so by treating the time of an event as the instant at which that event is seen to occur by
an observer and attributing the relativity of smultaneity to signal travel time. Such incorrect
beliefs can insulate students from gaining an understanding of the relativity of Smultaneity as a
consequence of the invariance of the speed of light. Instructors and textbooks often admonish
students to distinguish between the corrections of a finite signal travel time and the inevitability
of the relativity of Smultaneity.”® Apparently, such admonitions are insufficient.

3. Belief that every observer constitutes a distinct reference frame

The Spacecraft question discussed thus far had originally been designed to probe student
understanding of simultaneity. We found, however, that student conceptions of simultaneity and
reference frames are strongly intertwined. We therefore developed other questions to probe
student beliefs about simultaneity, reference frames, and the role of observers. Two of these, the
Explosons question and the Seismologist question, are described in Section C of this chapter

(Research tasksand prior instruction).

Explosions question

In the Explosons question, students are given the time interval between two non-
smultaneous events in one frame and asked whether there is a second frame in which the events
are smultaneous. Asin the first two versions of the Spacecraft question, no mention is made of a
specific observer in the second frame. However, students often raised the issue of the observer
location spontaneoudly.
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a. Tendency to treat observers at the same location as being in the same reference frame,

independent of relative motion

The following student correctly determined the relative speed of the frame in which the two
explosions are smultaneous. [The student uses the rule developed in class that clocks in moving
frames that follow (or “chase”) other clocks read earlier times] However, the student places an
additional congtraint on the solution by specifying a location for the observer such that the

observer would see the explosions simultaneoudly.

“If wetravel a a speed in which [one] sideis the chasing side, it will be ahead by
acertain time. Now if we set it to be cdt = 1200 m ahead, and we stand where
the engineer is standing, we'll see the explosions at the sametime. So, you must
be traveling at 0.4c, and must be at the point where the engineer is standing.”
(introductory student — italics added for emphasis)

The student seems to believe that the explosions are simultaneous only for one observer in
the ‘moving’ frame (the observer who sees them simultaneoudly). Another introductory student

answered smilarly.

“Thereisno ‘frame that you will aways see them [the two explosiong] at the
same instant, but there is a position. We can be [a certain number of] meters
from the right [end] and see them at the same time.” (introductory student)

The student seems to have interpreted the question “Is there a frame in which the events are
simultaneous?’ to mean “Is there an observer who sees the events at the same time?” This
student apparently believes that a set of observers at rest relative to one another would not agree
that the explosions are simultaneous since such observers would not all receive light from the two
explosions at the sameinstant. The student was unable to apply the idea of areference frameasa

system for measuring the time of events.

Seismologist question

In the Seismologist question, students are asked about the relative ordering of two events
for a seismologist and an assistant at rest relative to one another. The question was designed to
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probe whether students would incorrectly treat smultaneity as relative, even for two observers in
the same reference frame.

The question has been given to introductory and advanced students both as an examination
question and as an ungraded written question. It has aso been given during interviews to
advanced undergraduates and graduate students. Relatively few students at any level answered
correctly about the time order of eventsin the frame of the assistant. As shown in Table 2-11 and
Table 2-12, even advanced students had significant difficulties. As for the Spacecraft question,
interview responses are nearly identical to responses on the qualifying exam.

Table2-8  Reaults of the Seismologist question given to non-physics students.

Written question

Non-physics students

During After
instruction instruction
Au98 (N=40) Au98 (N=26)

Correct answers (Simultaneous eruptions) 15% (6) 10% (3)
regardless of reasoning

Rainier erupts first 65% (25) 75% (20)

Other (e.g., Hood erupts firgt, student stated

not enough information gjven) 20% (9) 10% (3)
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Table2-9:  Results of the Seismologist question given to introductory students.”

Written question

Introductory students

Before After
ingtruction instruction
$p98, Au99 Sp97, Au98,

(N=88) Sp99* (N=79)

not enough information given)

Correct answers (smultaneous eruptions) 20% (19) 30% (25)
regardless of reasoning

Rainier erupts first 65% (57) 60% (49)
Other (e.g., Hood erupts firgt, student stated 15% (15) 5% (5)

Table2-11: Results of the Seismologist question given to advanced undergraduate

students.
Written question
Advanced undergrad students
After
_Before ingtruction
ingtruction AUGS. ALGY
Wi97, Wi98 33002’3 AuOé
(N=48) (N=90)
Correct answers (smultaneous eruptions) 40% (20) 25% (24)
regardless of reasoning
Rainier erupts first 55% (26) 60% (55)
Other (e.g., Hood erupts firgt, student stated <5% (2) 10% (11)
not enough information given)
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Table2-12: Results of the Seismologist question given to advanced undergraduate and
graduate students as an interview task and to graduate students on the
quaifying exam for doctoral candidacy.

. Qudifying
Interview task exam
Advanced
undergrad. and Graduate
grad. students students
Sp99, Sp0 Au00 (N=23)
(N=17)
Correct answers (Simultaneous eruptions) 60% (10) 65% (15)
regardless of reasoning
Rainier erupts first 40% (7) 35% (8)
Other (e.g., Hood erupts first, student stated 0 0
not enough information given)

b. Tendency to treat observers at rest relative to one another as being in separate reference
frames

Essentidly al of the students who answered the Seismologist question incorrectly stated
that Mt. Rainier erupts first in the frame of the assistant. Some of these students were explicit
about their interpretation of the term “reference frame.”

“Assuming the assistant is his reference frame, Rainier will erupt first because he
will seeitslight firgt, and until he seesits light, effectively it hasn't erupted yet.”
(introductory student)®*

“Thelight needs to travel 1 second before entering his [the assistant’s] frame.”
(introductory student) %

“The volcano will erupt into the assistant’ s reference frame some time after the
eruption occurs at Rainier.” (introductory student) *®
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“Reference frames, they’ re dependent on position, so that’s why [the
seismologist] and [the assistant] measure two different things. | think of them
being in different reference frames smply because some people would say ‘Well,
if they’re in the same reference frame everything should happen the same.” And
it doesn’t happen the same, because they measure two different times. That's
why | am tempted to say athough they’ re both at rest with respect to each other,
they're in different reference frames.” (graduate student)

“... 'inthe reference frame of the assistant’ means you' re sitting there and
waiting for events to happen, and you record them when you see them, and that’s
when you mark them down so that’ s when they happen.”

(graduate student)

In the view of the student above, “the reference frame of the assistant” consists of a single
observer (the assistant). Many students treated a reference frame as being local to the position of

an observer.”’

In one version of the Seismologist question, students are asked explicitly about both (1) the
order in which the light signals from the eruptions reach the assistant and (2) the order of the
eruption events in the reference frame of the assistant. In their responses, some students stated

explicitly that the questions were identical.

“If by his reference frame, you mean, ‘When did he see it? it would be before.”
(advanced undergraduate student) *®

[Student has circled (1) and (2) and written:] “Don’t these mean the same
thing?’ (introductory student) *°

Other students' responses did not make clear whether they were distinguishing between the

emission and reception events:

“If one wave of light reaches them firgt, that would be the one they see flashing
first.” (introductory student)
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“Rainier erupts first because that light hits him sooner.” (introductory student)

“The events seem to occur when the light from the eruption reaches the
assistant.” (introductory student)

“I am just working off the idea that whichever eruption is closer to the observer
is perceived first.” (introductory student) *°

“She [the assistant] perceives that its later arrival means that the event occurred
later.” (introductory student) **

Despite the fact that both observers are in the same frame, some students referred explicitly

to the relativity of smultaneity or to the lack of synchronization of clocks.

“Mt. Rainier eruptsfirst in the assistant’ s frame according to the relativity of
smultaneity.” (introductory student) *?

“Events are smultaneous in reference frame of seismologist for an observer
located [a certain distance] away from Mt. Rainier (in dir of Hood). No other
such reference frame exists because of the relativity of smultaneity.”
(introductory student)

“According to the assistant Mt. Rainier erupted first because the two clocks
(eruptions) are unsynchronized according to him and the light from Rainier is
closer.” (advanced undergraduate student)

The belief that each observer constitutes a separate reference frame was common and

seems to be quite strongly held. The dia ogue below, provides an example.

S, Theassistant is at Mt. Rainier, and Mt. Rainier erupts, and Mt. Hood erupts at the

same time. But he can’t seeit the same time, because if you look at this

mountain you always see in the past.
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I:  Soif he made measurements of [times and distances|, and he knew the speed of
the signal and so on, what would he conclude about the eruption times? ...

S For the assistant Mt. Rainier would erupt before Mt. Hood. Thisiswhat | would
say.

I:  Inthe assistant’s reference frame Rainier would erupt first?
S. Yeah, definitely.

I:  Andwhat if the assistant made measurements, and had assistants of his own,
whatever measurements he needed to make to reach a conclusion about the
timing of the eruptions? After al those measurements, the assistant would say,

“In my reference frame, Mt. Rainier erupted first?’
S. Yes. (graduate student)

Unlike some of the introductory students, nearly all of the advanced students distinguished
clearly between emission events (the eruptions) and reception events (the arrival of the light from
an eruption at a particular observer). They aso recognized that the travel time of light is relevant.
However, many of the students indicated a belief that such corrections were not appropriate for
observers to make in attempting to determine the time of an event in their reference frames. The
students expressed the view that “reference frame” describes what an observer perceives a a
particular location. One student went so far as to express the belief that the time ordering of
events in an observer’ s frame depends on which signals that observer is able to detect:

“Within norma human ability to comprehend time, | would say that the eruptions
aregoing to be at the sametime. But if he's blind, he’ s going to hear Rainier for
sure go off before Hood. And so he's going to say that Rainier went off before
Hood because it’s going to take much longer for the sound from Hood to get
there.” (graduate student)

The student quoted above was also asked to sketch pictures of the explosions as they
happen in the seismologists reference frame.  She responded, “Which seismologist? The one at
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the base of the mountain, or the one in the middie?” At the interviewer’s cautious response of
“Both,” she sketched two sets of pictures — one for the seismologist in the middle, and one for the
assistant at Mt. Rainier. (See Figure 2-8) She explicitly indicated that the eruptions were
simultaneous according to one observer but not the other.

"Seismologist's frame" "Assistant's frame"

T

Rainier Hood

Rainier Hood

Figure2-8: Student response to the Selsmologist question. The student has
indicated that the eruptions are smultaneous in the reference frame of
the seismologist (in the middle), but that in the reference frame of the
assistant (at Mt. Rainier), Mt. Rainier erupts first.
Some students argued that observers at rest disagree on the time of an event even when the
sgna from that event explicitly contains the time of that event. The following exchange is

illustrative.

Students who believed that a “reference frame” consists of a single observer at a particular
location typicaly aso believed that observers at different locations (but at rest relative to one
another) were “in different reference frames” in the sense that they reached different conclusions
about the times of events. Below is an example:

I: Let'ssay ... you arein the middle, with your fancy Rolex [watch], and I’'m at
Mt. Rainier, with my fancy Rolex. And you determine that at exactly noon, you
took your vitamins. And suppose | wanted to figure out what time you took your

vitamins.
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S If you'relooking a me through atelescope you will look at my clock and it will
say 12, but you will look at your clock and it will say 12 plus ?t.

I:  Soinmy reference frame, did you take your vitamins at 12? Or at 12 plus ?t?

S. Tweve plus ?t. (advanced undergraduate student)

c. Commentary

When students remarked that the assistant can only know what happens at his own location,
they were indicating that they had not advanced beyond the most rudimentary understanding of
the concept of areference frame. They had not recognized that intelligent observers at rest with
respect to one another can communicate about the spacetime coordinate events at each location.
Instead, these students seemed to think that each observer is restricted to the information that he
or she can obtain directly.

F. SUMMARY

This invedtigation has identified widespread difficulties that students have with the
definition of the time of an event and the role of intelligent observers. After ingtruction, more
than 2/3 of physics undergraduates and 1/3 of graduate students in physics are unable to apply the
construct of a reference frame in determining whether or not two events are simultaneous. Many
students interpret the phrase “relativity of smultaneity” as implying that the smultaneity of
events is determined by an observer on the basis of the reception of light Sgnals. They often
atribute the reativity of smultaneity to the difference in sgna travel time for different
observers. In this way, they reconcile statements of the relativity of simultaneity with a belief in

absolute smultaneity and fail to confront the startling ideas of specid relativity.

Experienced instructors know that students often have trouble relating measurements made
by observers in different reference frames. It is not surprising that students, even at advanced
levels, do not fully understand the implications of the invariance of the speed of light. What is
surprising is that most students apparently fail to recognize even the basic issues that are being
addressed. Students at al levels have dgnificant difficulties with the ideas that form the
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foundations of the concept of a reference frame. In particular, many students do not think of a
reference frame as a system of observers that determine the same time for any given event. Such
difficulties appear to impede not only their understanding of the relativity of smultaneity, but
aso their ability to apply correctly the Lorentz transformations.

Specid relativity offers ingtructors an opportunity to channe student interest in modern
physics into a chalenging intellectua experience. For most people, the implications of specia
relativity are in strong conflict with their intuition. For students to recognize the conflict and
appreciate its resolution, they need to have a functiona understanding of some very basic
concepts. Formulating an appropriate measurement procedure for the time of an event involves
recognizing the inherently loca nature of measurement, applying a well-defined measurement
procedure in a given reference frame, and understanding the relationship between measurements
made by different observers. These ideas are crucia in contexts ranging from the rolling of a
sted bal on a level track to the motion of objects in the vicinity of massve sars. This
investigation documents prevalent modes of reasoning with these fundamental concepts as a first
step toward making specia relativity meaningful to students.
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CHAPTER THREE:

ADDRESSING STUDENT DIFFICULTIESWITH TIME IN SPECIAL RELATIVITY:

SIMULTANEITY AND REFERENCE FRAMES

Nothing puzzles me more than time and space;
and yet nothing troubles me less, as | never think about them.

— Charles Lamb*

A. INTRODUCTION AND OVERVIEW

In our investigation of student understanding of time in Chapter Two, we found that many
introductory and advanced students who have studied specia relativity do not have a functiond
understanding of basic topics such as simultaneity and reference frames. Issues of smultaneity
are essentia to the study of specid reativity, and addressing these student difficulties is a high
priority.

In this chapter, we describe a series of tutorials that we have developed to address some
specific difficulties with smultaneity. We begin by describing exercises in which students
articulate appropriate procedures for the measurement of the time of an event and the definition
of smultaneity within a single reference frame. We then describe materials in which students
develop the relativity of smultaneity from basic principles and practice its gpplication in a variety
of contexts. We present results from examination questions designed to assess student
understanding of simultaneity in specid relativity.

We have used the two-part series of tutorials described below in courses for non-physics
students, introductory students, and advanced undergraduate students. The materials we describe
are designed for use as a supplement to lecture instruction; the tutorials are not a stand-alone
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curriculum, but assume that students are introduced to certain ideas (e.g., the invariance of the
speed of light) in other parts of the course. The series takes about two hours of class time to

complete.

This series of tutorids is in fact integrated with another series that we will describe in
Chapter Five. We discuss here only those aspects of the instructiona sequence that pertain to the
development of student understanding of time. The complete sequence of integrated exercises is

in Appendix C.

B. ADDRESSING THE BELIEF THAT EVERY OBSERVER CONSTITUTESA DISTINCT REFERENCE
FRAME

It is our experience that the definition of simultaneity and the construction of a reference
frame in Galilean contexts can provide an essential foundation on which students build their
understanding of more advanced concepts. We have designed a sequence of exercises to help
motivate and justify the construction of a reference frame as a system of observers and
measurement devices by which the time of an event may be determined. The sequence is part of
a tutorial titled Events and reference frames, and is designed to guide students to develop
appropriate measurement procedures for event coordinates while addressing the specific
difficulties with the construction of a reference frame that have been identified by research.

1. Tutorial sequence: Eventsand reference frames

a. Eliciting the belief that the time order of events depends on the time order in which an
observer receives signals from the events

In order to elicit students’ incorrect ideas about reference frames, we ask a pretest question
similar to the Seismologists question described in Chapter Two. In this question, shown in Figure
31, two physics students, Alan and Beth, have measured their exact relative distances from
points X and Y. Sparks jump at points X and Y; when each spark jumps, it emits a flash of light
that expands outward in a sphericaly symmetric pattern. Alan, who is equidistant from points X
and Y, receives the wavefront from each spark at the same instant. Students are asked to answer,
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for each observer, (i) whether he or she receives the wavefront from the spark that jumped at X
before, after, or a the same time as the spark that jumped a Y and (ii) whether, in his or her
reference frame, the spark that jumped at point X jumped before, after, or at the same time as the
spark that jumped at point Y.

Two physics students, Alan and Beth, are shownin Beth Alan
the diagram at right. Alan and Beth have measured
their exact relative distances from points X and Y. j X * v

Sparks jump at the points marked X and Y. When
each spark jumps, it emits aflash of light that
expands outward in a spherically symmetric pattern.
Alan, who is equidistant from points X and Y,
receives the wavefront from each spark at the same
instant.

Diagram not to scale.

Answer each of the following questions for the observerslisted.

(i) Does he or she receive the wavefront from the spark that jumped at pointX before, after,
or at exactly the same time asthe wavefront from the spark that jumped at point Y?

(i) Inhisor her reference frame, does the spark that jumped at point X jump before, after,
or at exactly the same time agthe spark that jumped at point Y?

Explain your reasoning in each case.

°Alan ° Beth
() Same time (given). (i)

(i) (if)

Figure3-1.  Events and reference frames pretest.

Correct responses would indicate that although Beth receives the wavefront from spark X
before the wavefront from spark Y, the sparks jump at the same time in her frame as they do in
Alan’s frame. As we have seen in Chapter Two, this question is very effective in éliciting the
belief that the order of eventsin an observer’s reference frame is the order in which that observer
receives signals from the events. Only 20-35% of introductory or advanced undergraduate
students answer correctly after relevant standard instruction. Asking parts (i) and (ii) together is
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particularly effective in highlighting students' ideas about the relationship between an observer’s
reception of signals and that same observer’s conclusion about event ordering.

b. Guiding students in the appropriate deter mi nation of the time of an event

The instructional sequence for Events and reference frames begins with an exercise
designed to guide students to formulate appropriate procedures for the measurement of the time
of an event. In the relevant exercise, shown in Figure 3-2, an observer, Alan, wishes to know the
exact time at which a beeper beeps but is constrained to his present location some distance from
the beeper. Alan is equipped with accurate meter sticks, clocks, and assistants who can help him
as necessary. The tutorial asks students to describe a set of measurements by which Alan can
determine the exact time at which the beeper beeps in two cases: (i) using his knowledge of the
speed of sound in air and (i) without knowing or measuring the speed of sound first. In this way
students articulate for themselves at least two appropriate measurement procedures for the time of
a distant event: they may note the time of arrival of the sound of the beep, measure the distance
from Alan to the beeper, and correct for the signal travel time, or they may place an assistant at
the beeper and have the assistant mark the time at which it beeps. This exercise introduces
students to the loca nature of measurement and motivates the idea of a system of observers
situated everywhere in spacetime that may be used to record the positions and times of events.
The exercise builds on student understanding of the finite nature of signa travel time which, as
we observed during the investigation discussed in Chapter Two, generally appears to be good.



A physics student named Alan and a beeper are

arranged as shown at right. The beeper isabout to Alen

emit abeep, and Alan wants to determine the exact beeper
time at which it does so. However, heisalong way )
from the beeper and isunableto travel to it. m
Alan is equipped with accurate meter sticks and Diagram not to scale.

clocks, and there are anumber of other physics
students available to assist him if necessary.

1. Describe a set of measurements by which Alan can determine the time at which the beepis
emitted using his knowledge of the speed of soundin air.

2. Describe amethod by which Alan can determine the time at which the beep is emittesvithout
knowing or measuring the speed of sound first. Klint: Alan's assistants are free to stand at any
location.)

Figure 3-22  Tutorial exercise to develop a measurement procedure for the time of

an event.

The tutoria exercise is in some ways similar to the pretest question, which many students
answer incorrectly, as we have seen in Chapter Two. However, students are much more
successful on this question in the classroom than on the written pretest question. We attribute the
difference in performance to at least two factors. the emphasis on the development of a
measurement procedure (rather than on the result of an implied measurement) and the suggestion
that the speed of sound may be relevant to the determination of the time of the beep.

c. Guiding students in the appropriate construction of a reference frame

In the next tutorial exercise, students are asked to generalize their measurement procedure
for the time of an event by imagining an arrangement of observers and equipment with which one
may record the position and time of a single arbitrary event. Once students have devised and
articulated such a system of observers, we define the term reference frame to be such an
arrangement.  The technical term “intelligent observer” is aso defined at this time. (See Figure
33)



A fugitivefrom justiceis at large in Seattle. Hisidentity and exact whereabouts are unknown. A
reporter has reason to believe that the fugitive will soon confess to the crime, and wishesto record
as exactly as possible the time and place of the confession.

1. Describe an arrangement of observers and equipment with which the reporter may record the
position and time of the confession.

An observer'sreference frame is an arrangement of assistants and equipment with which the observer
may record the position and time of anything that occurs.

2. Jusitfy the claim that the reporter's arrangement of observers and equipment is her reference frame.

Anintelligent observeris equipped with measuring devices (such as meter sticks, clocks, and
assistants) and is able to use them to make correct and accurate determinations of where and when
something occurs. All observersin the study of relativity areintelligent observers.

Figure3-3:  Tutoria excerpt defining the terms reference frame and intelligent
observer.

d. Addressing the belief that events are simultaneous if an observer receives signals fromthe

events at the same instant

After the term “reference frame” is defined, students are immediately asked to apply the
definition. The context used is one that is known to dicit the belief that the time order of events
in an observer’ s reference frame is the order in which signas from the events are perceived by the
observer. A horn is placed between Alan and the beeper (see Figure 3-4). The beeper beeps once
and the horn honks once; Alan hears the two sounds at the same instant in time. Students are
asked to describe a method by which Alan can measure the time separation between the emission
of the beep and the emission of the honk in his reference frame without knowing or measuring the
speed of sound first. Finally, students are asked whether the beeper beeps before, after, or at the
same time as the horn honks in Alan’s reference frame. The correct answer (that in order for the
signals to reach Alan smultaneoudly, the farther event must have occurred first) guides students
to recognize that when we speak of events being simultaneous, we are not speaking of signals
generated by those events arriving at a certain observer smultaneoudy, but of a comparison of
the measured times of those two events. In the classroom, students typically recognize that the

correct answer is the only one consistent with the definition of reference frame.
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A hornislocated between Alan and the beeper. The Alan

beeper beeps once and the horn honks once. Alan
* beeper

hoe ]

Diagram not to scale.

hears the two sounds at the same instant in time.

1. Describe amethod by which Alan can measure the time separation between the emission
of the beep and the emission of the honik his reference framewithoutknowing or
measuring the speed of sound first.

2. InAlan’sreference frame, isthe beep emittedbefore, after, or at the same instant ashe
honk isemitted? Explain.

Figure 3-4:  Tutorid exercise to develop an appropriate definition of smultanety.

2. Assessing student under standing after Events and reference framestutorial sequence

We assess student understanding of reference frames after the Events and reference frames
tutorial sequence with a question in which the time order of events in an observer’s reference
frame is different from the order in which signals from the events are perceived by the observer.

The context is specid relativity, not Galilean rlativity asin the tutoridl.

a. Description of question

The Events and reference frames post-test is shown in Figure 3-5. In this question, two
spaceships, A and B, pass very close to each other with relativistic speed. The figure shows the
two ships in the reference frame of ship A. Two observers, Alan and Andy, are a res inship A
at the locations indicated; two other observers, Beth and Becky, are at rest in ship B. At the
instant shown, two sparks jump between the spaceships and make “char marks’ on both ships.
One spark marks an X, and the other marks an O. When each spark jumps, it emits a flash of
light that expands outward in a spherically symmetric pattern.  The sparks jump at the same time
in the reference frame of ship A. Students are asked to answer, for each observer, (i) whether he
or she receives the wavefront from the spark that marked the X before, after, or at the same time
as the spark that marked the O and (ii) whether, in his or her reference frame, the spark that
marked the X jumped before, after, or a the same time as the spark that marked the O. Only
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questions regarding the observers on ship A are relevant post-tests of the Events and reference
frames tutorial; the questions about the observers on ship B serve as a pretest for the Relativistic

kinematics tutorial sequence.

Two spaceships, A and B, pass Becky
very closeto each other with Beth

relativistic relative speed. Alanis <@ (— X 0 ]

at rest in the front of spaceship A

and Beth isat rest in the front of ; <

spaceship B. Andy and Becky are ShipA G a Q —~

at rest in the backs of spaceships Andy Alan

A and B respectively.

The diagram shows the two spaceshipsin Alan’sframe. At theinstant showtwo sparksjump
between the spaceships and make char marks on both ships. One spark marks &% and the other
marksan O. When each spark jumps, it emits aflash of light that expands outward in a spherically
symmetric pattern.

The sparks jump at the same instant in the reference frame of ship A.

Answer each of the following questions for each observer.

() Does he or shereceive the wavefront from the spark that marks th& before, after, or
at exactly the same time ashe wavefront from the spark that marks theO?

()] In hisor her frame, does the spark that markstheX jump before, after,or
at exactly the same time ashe spark that markstheO ?

Briefly explain your reasoning for each case.

Figure3-5.  Events and reference frames post-test.

b. Correct response

To answer part (i) correctly, students should recognize that since the sparks jump at the
same time in the reference frame of ship A, each observer receives the wavefront from the spark
that jumps closer to him first. Andy receives the wavefront from the spark that marked the X
first, and Alan receives the wavefront from the spark that marked the O first. To answer part (ii)
correctly, students should recognize that the reference frame of ship A is equivaent to the

reference frame of any observer at rest relative to the ship. Hence, since the sparks jump
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simultaneoudly in the ship frame, the sparks jump smultaneoudly in Alan’s and Andy’s reference
frames. (Correct responses regarding the order of eventsin Beth and Becky’ sreference frame are
discussed in section C.1.a below, where this question appears as the pretest to the Relativistic
kinematics tutorial sequence.)

c. Administration of question

We have given the question described above to assess student understanding of the
construction of a reference frame for observers at rest relative to one another. The post-test has
been given in courses for introductory, advanced undergraduate, and non-physics students. In
some cases, the question was given after traditional instruction in reference frames and served as
apretest of the Events and reference frames tutoria. In other cases, the question was given after
students had completed the Events and reference frames tutorial and served as a post-test of that
tutorial. Student performance after only traditiona instruction was reported in detail in Chapter
Two. We repeat these post-traditional-instruction results below for comparison but not the details
of the adminigration.

When used as a post-test, the question described above was part of the pretest for the next
tutorial Relativistic kinematics, described below). Although the question was not part of an
examination, we have found that the results of questions given as ungraded quizzes and as exams
are typicaly the same.

d. Student performance

Nearly al students answer part (i) correctly for each observer, typically using correct but
incomplete reasoning that the wavefront from the spark that jJumps closer to a certain observer
arrives at that observer first. (Such reasoning is incomplete because the answer also depends on
the fact that the sparks jump simultaneoudly in the frame of interest).

The performance of students on part (ii) of this question after the Events and reference
frames tutorial is improved over their performance without tutoria instruction, as shown in Table
31, Table 3-2, and Table 3-3; introductory and advanced undergraduate students perform at a
level comparable to that of physics graduate students (see Table 2-10). However, many students
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continue to identify the event order in an observer’s frame as the order in which signals from the
events arrive at that observer, consistent with the incorrect belief that a reference frame consists

of an observer a a single location.

Table3-1:  Introductory student performance before and after Events and reference
frames (ERF) tutoria instruction.

Written question

Introductory students

Traditional ingtruction
Sp97, Au9s, Sp9y”
(N=79)

ERF tutorid instruction
Au99 (N=70)

Correct answers
(Smultaneous events) 30% (25) 50% (34)
regardless of reasoning

Closer event occurs first 60% (49) 45% (31)

Other 5% (5) 5% (5)
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Table3-22  Advanced undergraduate student performance before and after Events and
reference frames (ERF) tutoria instruction.

Written question

Advanced undergraduate students

Traditiona ingtruction ERF tutorid instruction
Au98, Au99, 33003, Wi97, Wi98, Au9s,
Au00 (N=90) Au99, Au00 (N=108)

Correct answers
(smultaneous events) 25% (24) 70% (74)
regardless of reasoning

Closer event occurs first 60% (55) 30% (31)

Other 10% (11) <5% (3)

Table3-3:  Non-physics student performance before and after Events and reference
frames (ERF) tutorid instruction.

Written question

Non-physics students

Traditiona instruction ERF tutorial instruction
Au98 (N=26) Au98 (N=16)

Correct answers
(smultaneous events) 10% (3) 25% (4)
regardless of reasoning

Closer event occurs first 75% (20) 45% (7)

Other 10% (3) 30% (5)
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e. Commentary

Correct application of the definition of a reference frame seems to be very difficult for
students. Apparently, a single effort to address known student difficulties with reference frames
is not sufficient for students to perform well on basic questions. Therefore, we revisit these ideas
in later tutorias as described below.

C. ADDRESSING THE BELIEF THAT SIMULTANEITY ISABSOLUTE

Applications of the rdativity of smultaneity typicadly dominate the study of specid
relativity. As we have seen in Chapter Two, student difficulties with the reativity of smultaneity
are serious and prevaent. Addressing these difficulties was perhaps the highest priority of the
tutorials we designed for special relativity. In this section we describe an integrated sequence of
two tutorials that we refer to together as the Relativistic kinematics tutorial sequence (abbreviated
REK). In the Relativistic kinematics tutoria sequence, students develop the relativity of
smultaneity from basic principles and apply it in a variety of contexts. We present evidence
from written questions that student understanding of the relativity of smultaneity is improved
after the REK tutorial sequence.

We aso present evidence that student understanding of the definition of simultaneity within
a single reference frame is enhanced by use of the Relativistic kinematics tutorial sequence. We
have seen (in part B above) that while some students apparently change their beliefs about the
nature of smultaneity by working through the Events and reference frames tutorid, many
students do not. The REK sequence seems to provide students with an experience of the
relativity of smultaneity that is in sharp contrast to the “relativity” they apply in response to the
Events and reference frames pretest (and post-test), and improves their performance on written
questions on this topic.

1. Tutorial sequence: Relativistic kinematics

The specific tutoria sequence described in this chapter focuses on addressing student
difficulties with smultaneity and the measurement of the time of an event. The sequence also
addresses other difficulties, notably difficulties with spatial measurements. However, in this
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chapter, we discuss only the aspects of the tutorials relevant to student difficulties with
simultaneity. The specific difficulties and strategies used to address them are given below. Other
aspects of these tutorials are discussed in Chapter 5.

a. Eliciting incorrect beliefs about simultaneity

The pretest for the Relativistic kinematics tutorial isthe same asthe post-test for theEvents
and reference frames tutorial, except that students are asked about observers in the frame in
which the time ordering of events is not given (the frame of ship B). In order to distinguish
students who reason correctly from those who base their answers on the idea that signal reception
order isidentical to event order in a particular observer’s frame, we anayze student responses for
an observer who receives signals from the events in the opposite order from that in which they
occur in that observer’s frame (e.g., Becky in Figure 3-5, page 68).

To answer correctly for Becky's reference frame, students may deduce that an observer
equidistant from the char marks on ship B receives the wavefront from the spark that marks the X
before the wavefront from the spark that marks the O. (In the frame of ship A, that observer is
moving towards the location of the X spark and hence sees that wavefront first; the fact that that
observer also sees that wavefront first in the frame of ship B is a consequence of causality.
Section ¢ below includes a more detailed discussion of this issue) Since that observer is
equidistant from the two event locations in her own frame, the correction for the signa travel
time is the same for each event, and so the X spark must have jumped before the O spark in her
reference frame, which is equivalent to Becky’s. (The Lorentz transformations may also be used

to obtain this result.)

Student performance on this question is very poor. As reported for the equivaent location-
specific Spacecraft question in Chapter Two, after traditional instruction only about 10% of
introductory students and 25% of advanced students give correct responses with either correct or
incomplete reasoning. Many students (40-75%) state that the O spark jumps first since the light
from the O spark arrives first at the observer’s location. Other students (5-30%) answer
congstent with the idea that smultaneity is absolute.
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b. Guiding studentsto apply the invariance of the speed of light and the i sotropy of free space

Key to understanding the pretest question described above is the observation that the speed
of light isthe same in al inertid reference frames. Most students are able to state this result and
recognize that the speed of light is the same in any direction within a single reference frame. The
REK tutoria helps students to apply this result to analyze a situation similar to that of the pretest.
We have found during ingtruction that few students have the ability to use their knowledge of the
invariance of the speed of light to analyze a relativistic scenario. The following instructiona
sequence begins with an abstract context and then provides students with practice applying the
invariance of the speed of light and the isotropy of free space in increasingly more difficult

physical scenarios.

i Abstract context

The Relativistic kinematics instructional sequence begins with an exercise that asks
students to apply the fact that the speed of light is invariant and isotropic in a relatively abstract
context. In the excerpt shown in Figure 3-6, Alan and Beth move past each other; at the instant
they pass, a spark jumps between them, emitting a flash of light. Students are shown a picture of
Alan, Beth, and the wavefront of the flash of light a short time after the spark jumps in Alan’s
frame. They are asked to identify the features of the diagram that illustrate the fact that Alan
observes the speed of light to be the same in dl directions. They are asked to sketch Alan, Beth,
and the wavefront of the flash of light a short time later in Alan’s reference frame.

Next, students are asked to sketch Alan, Beth, and the wavefront a short time after the
spark jumps in Beth’'s frame.  Students should recognize that since Beth also observes the speed
of light to be the same in al directions, Beth is at the center of a circular wavefront in her frame,
and Alan moves relative to her. Correct diagrams are shown in Figure 3-7.
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Two physics students, Alan and Beth, move past each other. At the instant that they pass, a spark

jumps between them. The spark emits a flash of light that travels outward in a spherically symmetric
pattern.

Thefirst diagram at right
represents the wavefront of
the flash of light a short time A B
after the spark jumpsin e« ob
Alan'sframe.
Wavefront in Alan's frame Wavefront in Alan's frame

A. Explain how thisis consistent with the fact that Alan observes the speed of light to be the
samein al directions.

In the second diagram above, sketch the wavefront at alater timein Alan'sframe. Include
Alan's and Beth's positions in your sketch.

B. Sketch the wavefront
ashort time after the
spark jumpsin Beth's
frame and at alater
timein Beth'sframe.
Include Beth's and
Alan's positionsin
your sketches.

Wavefront in Beth's frame Wavefront in Beth's frame

Isyour sketch consistent with the fact that Beth observes the speed of light to be the samein
al directions? If not, modify your diagram so that it is consistent with this observation.

Figure 3-6:  Tutorial excerpt asking students to apply the isotropy of free space and
the invariance of the speed of light.
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A B A B
o op (] o
Wavefront in Alan's frame Wavefront in Alan's frame
A B A B
<4e o - )
Wavefront in Beth's frame Wavefront in Beth's frame

Figure 3-7.  Correct sketches for the tutorial exercise of Figure 3-6.

In the classroom, we observe that the tutorial exercise shown in Figure 3-6 is not difficult
for students to answer correctly. The exercise lays important groundwork for the next exercise,
described below.

il. Physical context

In the next part of the instructional sequence, students begin to anadyze a modified version
of Einstein's classic train paradox. The anaysis begins with a description of the sequence of
events in the ground frame. The exercise states that sparks jump simultaneoudly in the ground
frame at either end of a long train that moves with relativistic speed relative to the ground. The
sparks leave char marks on the ground and on the train. (The char marks are not part of the

classic statement of the paradox.)

As shown in the excerpt in Figure 3-8, students are asked to draw a diagram for the ground

frame showing the spherical wavefronts of the light from each spark some time after the sparks
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jump. They are told that Beth is on the train at its midpoint. They are then asked whether, in
Alan’s reference frame, Beth receives the wavefront from the front spark (wavefront F) before,

after, or at the same time as the wavefront from the rear spark (wavefront R).

A spark jumps between the front end of atrain and the track (spark F), and another spark jumps
between the rear end of the train and the track (spark R). When each spark jumps, it emits aflash of
light (wavefronts F and R). Each spark also leaves achar mark on both the train and the track.

the char marks on the char marks
track. Wavefronts F and R \ rear . front
hit him at the same instant. . i PR 0 © B

Thediagram at right
representsthisinstant in wavefront wavefront F

Alan’sframe.

Alanisequidistant from /

Alan's frame

The diagram below represents an instant a short time after the spark jumps between the front of the
train and the track in Alan’ sframe (before he receives either wavefront).

Complete the diagram by sketching theentirewavefronts at thisinstanti(e., complete circles).
Where are the wavefronts centered?

Beth stands at rest relative
tothetrain, exactly

halfway between the front rear front
and rear of thetrain. 1]

In Alan’sframe, does i
wavefront F hit Beth
before, after, or at the Alan's frame
same instant as

wavefront R? Explain.

Figure3-8:  Tutorial excerpt describing the physical scenario for the train paradox.

In order to sketch a correct diagram, students should note that the wavefronts from the front
and rear sparks are the same size in the ground frame (since the sparks jumped simultaneoudly)
and that they are circles centered on the char marks on the ground (since the propagation of light
isisotropic). Beth receives wavefront F before wavefront R since in Alan’s frame she is moving
towards the center of the front wavefront. A correct diagram for the situation in Alan’s frame is

shown in FHgure 3-9.
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r i front
=l >

Alan'sframe

FHgure 3-9:  Train paradox: Correct diagram for the ground frame.

c. Addressing difficulties with the consequences of causality

The instructional sequence continues with students now determining the order of events in
the train frame. Issues of causdity are inherent in this determination, and the instructional
sequence is designed to assist students in using causdity to find the time ordering of the events
according to Beth.

In the train frame, the train is at rest, and the wavefronts from the sparks are spheres
centered on the ends of the train. Correct anaysis of the situation in the train frame requires
recognition that causality requires that in the train frame as in the ground frame, Beth receives
wavefront F before wavefront R.  Since the front wavefront reaches Beth's location first in her
frame and in her frame she is equidistant from the event locations, the front spark must jump first
in her frame.

Many treatments of the train paradox devote little attention to the transtion from the
ground frame to the train frame. Our interactions with students as they work through the tutorials
in this sequence, however, indicate that the above sequence of reasoning is highly nontrivia for
students. Many students fail to recognize that events with a possible causa relationship in one
frame must have a possible causal relationship in dl frames. In particular, they fail to recognize
that events that occur at the same location in one frame in a certain time order must occur in that
same time order in al reference frames.

In order to assst students in applying the idea of causdity, we have introduced into the

tutorial a device that makes the issue of causaity more immediate to the students. The deviceis a
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cassette tape player that sits at Beth's feet and operates as follows. When wavefront F hits the
tape player, it plays music at top volume. When wavefront R hits the tape player, it is silenced.
If both wavefronts hit the tape player at the same instant, it remains slent. As shown in the
excerpt in Figure 3-10, students are asked whether the tape player plays (i) in Alan’s frame and
(i) in Beth's frame. The analysis of the scenario in Alan’s frame indicates that Beth receives
wavefront F before wavefront R in that frame, and therefore the tape player plays in Alan's
frame. Correct anaysis of the situation in the train frame requires recognition that the tape player
playsin the train frame as well.

A cassette tape player sits at Beth'sfeet. In Alan’sframe, when wavefront F hits the tape player, it
plays the opening chords of Beethoven’s Fifth Symphony at top volume; when wavefront R hitsthe
tape player, itissilenced. If both wavefronts hit the tape player at the sameinstant in Alan’sframe, it
remains silent.
Doesthe tape player play the opening chords of the symphony:
° inAlan’sframe?
° inBeth'sframe?
Check that your responses are consistent with your answers to the following questions.
1 Later inthe day, Beth gjects the cassette from the tape player. She descends from thetrain,
and she and Alan examine the cassette together. Will the cassette have wound at all from its

starting position?

2 Will Beth hear the opening chords of the symphony?

Figure 3-10: Tutoria excerpt regarding the tape player on the train.

In the classroom, we observe that this fact is very difficult for students to accept; the
majority of students are quite ready to ignore requirements of causality in order to retain their
incorrect belief that smultaneity is absolute. Although some students redlize that if the music
plays in the ground frame, it must do so in any frame, many claim that the music plays in the
ground frame but not the train frame. They argue vigoroudy that since Beth is equidistant from
the ends of the train, she receives the two wavefronts at the same time. The absoluteness of

smultaneity isimplicit in this argument.
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The subsequent questions in the tutorial address this difficulty by asking whether Beth will
hear the music (assuming her ear is next to the tape player) and whether Beth will later observe
the tape to have wound at al from its starting position. Presented with such concrete physica
applications of causdlity, students begin to recognize the need to discard their belief in the
absoluteness of smultaneity. The trangtion is wrenching for most students. The following
conversation between three students was recorded in the classroom.*

Sl Wejust figured out that the tape player playsin Alan's frame.
But it can't. In Beth's frame they hit her at the same time. So she won't hear it.

But look down here, it's asking if she hearsit and if the tape will have wound
from its starting position. If the tapeis going to play, that'siit, it's going to play.

2. Butit can't play for Beth! She'sinthemiddle! They hit her at the same time!
S1: But wejust figured out that it plays!

2. Right! And then ablack hole opens up! And God steps out! and he points his
finger and says [shouting] “YOU CAN'T DO THAT!”

Other students are tempted to dismiss the consequences of causality and bring in poorly-
understood ideas from quantum mechanics to support the idea that the cassette tape player
somehow both plays and does not play.® [“1” indicates the instructor.]

S1: Wait, so Alan hearsit and Beth doesn’t?
S2: That's so cool!
S1: That's one awesome tape player!

I: But when you take the tape out, when you stop the train and you look at the tape,
has it been wound or has it not been wound?
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S1: Thisiswhat you were telling us last week! That in some universe Sarawas
wearing purple and in another one she was wearing blue or something,

S2: Oh oh oh, parallel universes! Yeah!

Eventudly, most students are able to recognize that they can retain faith in the
consequences of causdlity if they are willing to give up their belief in the absolute nature of
simultaneity. Students acquiesce to the idea that wavefront F hits Beth first in her frame as well
asin Alan's, and conclude that the front spark must have jumped first in Beth's frame, since Beth
is equidistant from the ends of the train (the locations of the sparks in her reference frame).
Students illustrate their conclusions with a diagram of the wavefronts in Beth's frame, shown in

Figure 3-11, in which the wavefronts are centered on the ends of the train and the front wavefront
islarger.

rear * front

N

Figure 3-11: Train paradox: Correct diagram for the train frame.

Beth's frame

We have observed with interest that difficulties with the consequences of causality rarely
arise in traditiond treatments of the relativity of smultaneity. We believe that they rarely arise
because students rarely reach the level of sophistication required to consider them. For example,
students who believe that smultaneity is a matter of signa perception accept immediately that
Beth records the events in a different time order than Alan does; causdlity is irrelevant to their
analysis. We think that one of the great successes of the described instructional sequence is its
capacity to bring students to the intellectua heart of special relativity.®
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d. Addressing the belief that a reference frame consists of a single observer

We have seen in Chapter Two that before completing the tutorial sequence described
above, many students believe that the smultaneity of events is independent of reference frame.
Many believe that any appearance to the contrary is an artifact of observers at different positions
receiving signals from the events at different times. Student understanding of the relativity of
smultaneity may be profoundly affected by having worked through the exercises described
above. It is crucia that they reexamine their earlier conclusions about the meaning of reference
frame in light of their new understanding.

In order to provide an opportunity for this reexamination, the tutoriad describes an
additional observer, Becky, at rest on the rear of the train and asks whether, in Becky’s frame, the
front spark jumps before, after, or at the same time as the rear spark. Students should be able to
articulate that even though Becky sees wavefront R first, wavefront F jumps first in her frame as
it doesin Beth's.

e. Reinforcing the relativity of simultaneity in new contexts

The ideas developed in the REK tutoria sequence are unfamiliar and counterintuitive to
most students. The tutoria helps them to deepen their understanding by applying these concepts
in avariety of other situations.”

i. Relativity of smultaneity as a consequence of Lorentz contraction of length

Students are typically introduced to Lorentz contraction of length by means of lectures and
guantitative problems before they participate in the Relativistic kinematics tutoria sequence.
They appear to have little difficulty accepting the idea that the length of an object is longest in the
frame in which it is at rest (athough, as we shall see in Chapter 4, they have substantia difficulty
in applying length contraction appropriately). The following exercise makes use of length
contraction to reinforce the conclusion that smultaneity is relative.

The exercise shown in Figure 3-12 describes two ships (A and B) in relative motion. In the
reference frame of ship A, dhip B (which is moving) has the same length as ship A. Alan and
Andy are at the front and back of ship A; Beth and Becky are at the front and back of ship B.
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Students are asked to draw event diagrams for the three events “Alan is next to Beth,” “Alan is
next to Becky,” and “Andy is next to Beth” in both the frame of ship A and the frame of ship B.
In the frame of ship A, the ships have the same length, and the second and third events occur
smultaneoudy. In the frame of ship B, ship B is longer than ship A, and the second and third
events are not simultaneous. Correct event diagrams for frames A and B are shown in Figure
3-13. (For adetailed discussion of event diagrams, see Appendix A.)

Figure 3-12: Tutorid exercise to reinforce understanding of the relativity of
smultaneity.
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Figure 3-13: Correct event diagrams for the tutorial exercise shown in Figure 3-12.
(a) Frame of ship A. (b) Frame of ship B.

Tutorial exercises such as the one described above use event diagrams to support and
illustrate the analysis of relativistic scenarios. We have found that event diagrams are particularly
useful for helping students to relate event coordinates to the physical context in which they occur.
Additiona exercises help students to relate their conclusions to other representations, including
algebraic representations (particularly Lorentz transformations and the invariance of the
spacetime interval) and spacetime diagrams.

il. Relativity of smultaneity as the resolution of a classic paradox

In the homework associated with the Relativistic kinematics tutorial sequence, students
analyze a variation of a classic paradox in which a moving object of rest length greater than the
contracted length of a container fits within the container (see Figure 3-14). Students are required
to illustrate their anadysis with event diagrams, and to show that their conclusons lead to
consistent physical outcomes in both reference frames of interest. A correct anaysis of the
paradox requires application of the relativity of smultaneity.



A train moves with constant velocity down a straight track that passes through atunnel. When the
trainisat rest with respect to the tunnel, the train is exactly the same length asthe tunnel. However,
thetrain in this case is moving relative to the tunnel at nearly the speed of light.

The engineer on thetrain says: "Thetunnel is Lorentz-contracted and is shorter than the train;
therefore at no time can the train be wholly within the tunnel.”

The keeper of thetunnel says: "Thetrain isLorentz-contracted and is shorter than the tunnel;
therefore, there will be atime at which the train is wholly within the tunnel.”

They are both infuriated by their failure to reach an agreement.

A. The engineer decidesto settle the issue by placing rockets on the front and rear of thetrain,
equipped with timing devices such that the rockets will be launched simultaneously, in a
vertical direction, when the midpoint of the train passes the midpoint of thetunnel. (The
engineer synchronizes these timing devices while the train is approaching the tunnel )

1 Sketch event diagramsfor the train frame and the tunnel frame, showing the train and the
tunnel at the instant(s) associated with the following events. Show qualitatively correct
relative lengths of objects and relative times of events.

° The midpoint of thetrain is at the midpoint of the tunnel
° Thefront rocket fires
° Therear rocket fires

2. Do therocketsfireinside or outside the tunnel in the train frame? in the tunnel frame?

Figure 3-14: Tutoriad homework excerpt: Analysis of avariation of aclassic
paradox.

2. Assessing student under standing of the relativity of simultaneity after Relativistic

kinematics

We have given a variety of examination questions to assess student understanding of the
relativity of amultaneity after the Relativistic kinematics tutorial sequence. We report student
performance on questions in which the time order of events in an observer’s reference frame is
different from the order in which signals from the events are perceived by the observer. Student
performance on questions regarding observers in motion relative to the ground frame (about
which information is given) is much improved over performance after traditional instruction by
lecture, textbook, and practice in solving typical problems in relativity.



a. Description of question

A typicd Relativistic kinematics post-test is the location-specific version of the Spacecraft
question described in Chapter Two, reproduced in Figure 3-15. Two volcanoes, Mt. Rainier and
Mt. Hood, erupt at the same time in the reference frame of a seismologist in a laboratory exactly
midway between the two mountains, at rest relative to the ground. A very fast spacecraft moves
at a given relativistic speed relative to the ground as it flies past Mt. Rainier towards Mt. Hood,
and is over Mt. Rainier a the instant it erupts. (The question is identical to the location-specific
Spacecraft question described in Chapter Two, so termed because the location of the moving
observer is specified.) Students are asked whether Mt. Rainier erupts before, after, or at exactly

the same time as Mt. Hood in the spacecraft frame, and to explain their reasoning.

Mt. Rainier and Mt. Hood, which are 300 km apart in their rest frame, suddenly erupt at the sametime
in the reference frame of aseismologist at rest in alaboratory midway between the volcanoes. A fast
spaceship flying with constant speed = 0.8c from Rainier toward Hood is directly over Mt. Rainier
when it erupts.

In the reference frame of the spaceship, does Rainier erupbefore, after, or at exactly the sametime as
Hood? Explain your reasoning.

Figure 3-15. Relativistic kinematics post-test.

b. Correct response

As in the examples discussed earlier in this and other chapters, the event that is farthest
ahead of the spaceship (Mt. Hood's eruption) occurs first in the spaceship frame. To obtain this
result, students may use qualitative reasoning such as that described in section 1.c (page 78) or
another method.

c. Administration of question

We have given the question described above to introductory and advanced undergraduate
students. In some cases, the question has been given after traditiona instruction in the relativity
of smultaneity; in other cases, the question was given after students had completed the
Relativistic kinematics (REK) tutorial sequence. Student performance on the question given after

traditiona instruction was reported in detail in Chapter Two; we reproduce these post-traditional
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instruction results below for comparison but do not discuss the details of the administration.
When the question was given after tutorial instruction, it appeared as an examination question.

d. Student performance

Table 3-4 summarizes student performance on the post-test after traditiona instruction and
after the Relativistic kinematics tutoria sequence. Both introductory and advanced students
benefited from tutoria instruction. After tutorial instruction, introductory students performed at a
level comparable to that of advanced students. Both introductory and advanced students did
substantially better than graduate students who had not had tutorial instruction.®
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Table3-4:  Introductory student performance before and after Relativistic kinematics
tutorial ingtruction. Graduate student performance without tutoria
instruction is included for comparison.

Written question
- . . REK tutoria
Traditional instruction instruction
Intro students | Graduate students Irétg?stggggts
Sp97, Au9s, (quaifying exam) Au99’ AuOé
Sp99° (N=73) Au00" (N=23) (N:’173)

Correct answerswith
correct reasoning or 10% (8) 30% (7) 50% (89)
incomplete reasoning

Simultaneous
eruptions (reasoning
consistent with being 5% (5) 10% (2) <5% (2)
based on absolute
smultaneity)

Rainier erupts first
(reasoning consistent
with being based on 0

the times &t which 75% (55) 60% (14) 40% (70)
signals arereceived
by the observer)
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Table3-5:  Advanced undergraduate student performance before and after Relativistic
kinematics tutorial instruction. Graduate student performance without
tutoria instruction is included for comparison.

Written question
T ; : REK tutoria
Traditiona instruction indruction
Adv, students
Wi98, ALOS, Graduate students | Adv students

S0t (qudifying exam) Wi98, Au99,
o0 (eog) | AU0DY(N=23) | AU0D(N=T0)

Correct answers with
correct reasoning or 15% (15) 30% (7) 55% (38)

incompl ete reasoning

Simultaneous
eruptions (reasoning
consistent with being 20% (19) 10% (2 10% (8)
based on absolute
smultaneity)

Rainier erupts first
(reasoning consistent
with being based on .
the times at which 40% (39) 60% (14) 35% (24)
signals arereceived
by the observer)

3. Assessing student under standing of reference frames after Relativistic kinematics

We have given examination questions to assess student understanding of observers at rest
relative to one another after the Relativistic kinematics tutorial sequence. We discuss student
performance on questions in which the time order of events in an observer’s reference frame is
different from the order in which signals from the events are perceived by the observer.



a. Description of question

We have given the Events and reference frames post-test, described in detail on page 67, to
assess student understanding of reference frames after the Relativistic kinematics sequence. In
the Events and reference frames post-test, two volcanoes, Mt. Rainier and Mt. Hood, erupt at the
same time in the reference frame of a seismologist in a laboratory exactly midway between the
two mountains, at rest relative to the ground. The seismologist’s assistant is at rest at the base of
Mt. Rainier; we ask whether Mt. Rainier erupts before, after, or at exactly the same time as Mt.
Hood in the assistant’ s frame.

b. Correct response

As described in detail on page 68, Andy receives the wavefront from the spark that marked
the X first, Alan receives the wavefront from the spark that marked the O first, and the sparks
jump simultaneoudly in Alan’s and Andy’ s reference frames.

c. Administration of question

We have given the Events and reference frames post-test after traditional instruction, after
the Events and reference frames (ERF) tutorial sequence, and after the Relativistic kinematics
(REK) tutorial sequence. Student performance on the questions given after traditional instruction
is reported in detail in Chapter Two. Student performance on the questions given after
completion of the Events and reference frames tutorial sequence isreported above (section B.2.d,
beginning on page 69). We reproduce these results below for comparison but do not discuss the
details of the administration. The question has been given as a post-test of the tutorial sequence
to non-physics students, introductory students, and advanced undergraduate students.

d. Student performance

We have shown above that student performance on the Events and reference frames post-
test is somewhat improved dter the Events and reference frames tutorial sequence. After
students have completed the Relativistic kinematics tutorial sequence as well, their performance
on the Events and reference frames post-test is very good. Table 3-6, Table 3-7, and Table 3-8
summarize these results. It isour belief that the Relativistic kinematics tutorial sequence provides
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an important opportunity for students to confront their incorrect ideas about Smultaneity, and that
this confrontation and its resolution help many students to improve their understanding of the

meaning of smultaneity within asingle frame.

Table3-6:  Introductory student performance on the Events and refer ence frames post-

test after various levels of instruction.

Written question
Introductory students
No Traditiond ERF ERF and REK
instruction instruction tutorid instruction
P98, Sp97, Au9s, instruction Sp97, 098,
Au99 3 only Au99 | Au98, Au99,
(N=88) (N=79) (N=70) Au00 (N=197)
Correct answers
(Smultaneous 20%(19) | 30%(25) | 5006(34) | 85% (167)
events) regardless
of reasoning
Closer event
oceurs first 65% (57) 60% (49) 45% (31) 15% (28)
Other 15% (15) 5% (5) 5% (5) 0




Table 3-7:
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frames post-test after various levels of instruction.

Advanced undergraduate student performance on the Events and reference

Written question

Advanced undergraduate students

" ERF tutorial ERF and
'nstl\lgt' . -.I;]rg't(':?ni instruction REK
INSIructio INSTLclio only Wi97, ingruction
Wi97, Au98, Au99, Wigs Aus | wios
Wig8 | Spoot Augo | o AU, 198, 5p99,
(N=48) (N—190) Au99, Au0O | Au99, Au00
- B (N=108) (N=98)
Correct answers
(smultaneous 40% (20 25% (24
events) regardless (20) (24) 70% (74) 85% (82)
of reasoning
Closer event
oceurs first 55% (26) 60% (55) 30% (31) 15% (14)
Other <5% (2) 10% (11) <5% (3) <5% (2)
Table3-8:  Non-physics student performance on the Events and reference f rames post-

test after various levels of instruction.

Written question
Non-physics students
Traditiona ERF tutorial ERF and REK
instruction ingtruction only instruction™
Au98 (N=26) Au98 (N=16) Au98 (N=28)

Correct answers
(Smultaneous 10% (3) 2506 (4) 50% (14)
events) regardless
of reasoning
Closer event
oceurs first 75% (20) 45% (7) 35% (10)
Other 10% (3) 30% (5) 15% (4)
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e. Effect of repeated administration of the same question

In a few cases, the Events and reference frames post-test question was given, in effect,
more than once to the same students.  Although we did not administer exactly the same question
twice in the same course, we did sometimes ask questions that were different only in context. For
example, in Autumn of 1998, we gave the Events and reference frames pretest described on page
62 after traditiond instruction. We then gave the (very similar) question described on page 90 on
the final examination for the course, after tutoria instruction.

We do not believe that student performance on this question improves smply as a result of
practice. When the question is given as an ungraded quiz during class time (as pretest questions
typically are), they are not graded or returned to students with feedback. Although students are
welcome to discuss the question with one another or with the course instructor, there is not
usualy any formal treatment of the question.

We have had few opportunities to test whether any of the improvement we have observed
is due only to students additional practice responding to questions of this type. However, in one
advanced undergraduate physics course, we gave nearly identical questions as ungraded quizzes
during class time on two successve days. As shown in Table 3-9, the results are essentially
identical, suggesting that the changes in performance discussed above are effects of instruction,
not practice.
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Table3-9:  Results of repeated administration of the Events and reference frames
pretest on successive days.

Written question

Advanced undergraduate students Wi98 (N=21)

Day 1 Day 2

Correct answers
(simultaneous events) 65% (14) 70% (15)
regardless of reasoning

Closer event occurs first 30% (6) 30% (6)
Other 5% (1) 0
D. SUMMARY

Guided by the research described in Chapter Two, we developed a two-part series of
tutorials to address students' difficulties with reference frames, smultaneity, and the relativity of
smultaneity. The series focuses first on the development of the concept of a reference frame,
measurement procedures for the time of an event, and simultaneity. The second part develops the
concept of the relativity of smultaneity from basic principles. We have found that students who
have completed this series are more likely to answer correctly basic questions about simultaneity,
both for observers at rest relative to one another and for those in motion relative to one another.

Although difficulties with reference frame and the measurement of the time of an event are
persistent, it appears that it is possible to address them successfully with a few hours of tutorial
ingtruction. After completion of the first tutoria in the series, student performance is comparable
to that of graduate students without specia instruction. After completion of the second tutoria in

the series, student performance is excellent.

Unsurprisingly, difficulties with the relativity of smultaneity are harder to address, only
about haf of the students are able to answer our most chalenging questions correctly after
tutorial instruction. However, student performance improves substantially with completion of the
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tutoria sequence. Even introductory students who have completed the sequence significantly
outperform graduate students who have not completed the sequence. In this sense, the tutorial

sequence as a whole is successful in addressing student difficulties with simultaneity and
reference frames.



NOTESTO CHAPTER THREE

1 C. Lamb, Letter to Thomas Manning, 2 January 1806, quoted in A Dictionary of Scientific Quotations,
edited by Alan L. Mackay (Institute of Physics Publishing, Bristol and Philadelphia, 1991), p. 145.

2 Data from Oregon State University.
3 Datafrom The Ohio State University.

* The conversation is between three students in a course for prospective K-12 science teachers. The course
used a Physics by Inquiry adaptation of the tutorial sequence described in this chapter. S1 and S3 are
advanced undergraduate physics students; S2 is afirst-year graduate student in physics.

® This conversation was recorded in a modern physics course in a California high school that served as a
pilot site for the tutorials.

® For a theoretical discussion of the circumstances under which encounters with new ideas produce

dissatisfaction with an existing conception, see G. Posner, K. Strike, P. Hewson, and W. Gertzog,
“Accommodation of a scientific conception: Toward a theory of conceptual change,” Sci. Ed. 22, 211
(1982).

The author is grateful to T.E. O'Brien-Pride, B.S. Ambrose, and C. Richardson for their pioneering work
in the development of the exercises described in this section. See T.E. O'Brien-Pride, “An investigation
of student difficulties with two dimensions, two-body systems, and relativity in introductory mechanics,”
Ph.D. dissertation, Department of Physics, University of Washington, 1997.

8 The graduate student data is for the explicit version of the Spacecraft question, which is similar but not
identical to the tutorial post-test (the location-specific version). See Chapter Two for a detailed
discussion of each version of the Spacecraft question.

° Datafrom Oregon State University.

10 See note 8.

1 Datafrom The Ohio State University.
12 See note 8.

13 Datafrom Oregon State University.
14 Datafrom The Ohio State University.

15 These students had completed a version of the Relativistic kinematics tutorial sequence that did not
include the reinforcements described in part C.1.e (due to external constraints). There is evidence that
student performance on the Events and reference frames post-test is improved by completion of the
reinforcing exercises.
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CHAPTER FOUR:

STUDENT UNDERSTANDING OF SPATIAL MEASUREMENTSIN SPECIAL

RELATIVITY

What time does this place get to New York?
— Barbara Stanwyck, during trans-Atlantic

crossing on the steamship Queen Mary*

A. INTRODUCTION

In this chapter, we present results from an investigation into student performance on
questions related to spatiad measurements in specia relativity. We began the with standard
quantitative questions to probe student ability to apply the Lorentz transformations appropriately
in the context of length and displacement. We observe that students frequently do not apply the
Lorentz transformations to answer quantitative questions. Instead, they often apply the formula
for length contraction, even in Stuations where the gspatiad quantity in question does not
correspond to the length of an object. This error appears to have its basis in the belief that the
distance between the locations at which two events occur is identical to the distance between two
objects associated with those events. Students equate these quantities even in contexts in which
the events are not s multaneous and the associated objects are moving.

Students' incorrect beliefs about object length suggested the presence of underlying
difficulties with reference frames and, in particular, the determination of the position of an event.
We examined these difficulties in greater depth through the use of specialy designed questions.
We found that students often do not spontaneously apply the formalism of a reference frame
when measuring spatial quantities. Instead, they tend to ascribe the position of an event to the
position of an object associated with the event. This association is correct as long as the object is
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not moving in the reference frame of interest. Many students, however, appear to be unaware of
the conditions under which the location of an object uniquely specifies the location of an event.

Among their incorrect claims s that the location of an event can move with time or be at rest.

B. REVIEW OF PREVIOUSRESEARCH

There is only a smdl body of research on student understanding of relativity that is relevant
to the findings reported in this chapter. Sdtid and Magrange have found in Gdilean contexts
that students at al levels tend to identify motion as intrinsic to an object, rot a quantity that is
measured relative to a reference frame;? results presented in section E.2.b.ii may be related to this
finding. Villani and Pacca have identified smilar issues in relaivistic contexts and have also
observed that student difficulties with Galilean relativity present a major obstacle to the study of
specia relativity.® Section E.1.a of this chapter adds further weight to this observation.

O'Brien-Pride has conducted interviews similar in form to the Measurement interviews
described in section C.3" However, the emphasis in her interviews was on measurements of
speed, rather than length or the position of an event. Studentsin her interviews were largely able
to articulate correct procedures for measuring the speed of a moving train in the reference frame
of the station platform, but had difficulty describing an analogous procedure for measuring the
speed of the platform in the train frame.

C. RESEARCH TASKSAND PRIOR INSTRUCTION

This investigation into student understanding of spatiadl measurements in specia relativity
has made use of three research tasks which we call the Eruptions question, the Ratios question,
and the Measurement question. The contexts for some of these questions are similar to the
contexts for some of the questions described in Chapters Two and Three. All involve two
reference frames in relative motion. Several versions of each question were used in the course of
the study. In the Eruptions and Ratios questions, students are given the spatia separation
between two events in one frame and asked about the spatial separation of the events in a second
frame moving with given speed relative to the first. 1n the Measurement question, students are
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asked to describe measurement procedures for spatia quantities. All three tasks probe student
ability to interpret spatid quantities, i.e., to relate them to the physical context in which they
appear. The questions and their solutions are described below. A brief discussion of prior
ingtruction is aso provided.

1. Eruptionsquestion

a. Description of the question

Results from three versions of the Eruptions question are discussed in this chapter. Al
involve two volcanoes, Mt. Rainier and Mt. Hood, that erupt a given times (ether
simultaneoudly or nonsimultaneoudy) in the reference frame of the ground. A spacecraft moves
a relaivistic velocity from Mt. Rainier to Mt. Hood; the distance between the volcanoesis given.
Each version either contains implicit information about the order of events in the spacecraft frame
or requests the order of events in that frame explicitly. Oneversonisinanonrelativistic context
in which the order of events is not frame-dependent. In all three versions, students are asked first
about the time order of the eruptions in the frame of the spacecraft. Second, students are asked to
calculate the spatia separation between the eruptions in the spacecraft frame.

b. Correct response

In each of the versions administered, the events are (by construction) not simultaneous in
the reference frame of the spacecraft. Appropriate methods by which to determine the order of
the events in the spacecraft frame are detailed in Chapter Two. A brief description of how
students could determine the time order of the events in the spacecraft frame is given following
each version of the question. A generd description of how to calculate the spatial separation
between the eruptions is given below.

Students could calculate the spatial separation between the events in the spacecraft frame
by application of the Lorentz transformation dx = g(dx — vdt) (which reduces to the Gdlilean
transformation dx” = dx — vdt in the nonrdativistic limit). In what follows, the unprimed frame is
the ground frame, the primed frame is the frame of the spacecraft, and the positive direction is

from Rainier to Hood. In each version of the question, the spatial separation dx and time duration
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dt between the events in the ground frame and the relative velocity v of the two frames of interest

are given. The caculation of dx” is a straightforward application of the relevant transformation.

In each version, the spatial separation between the events is greater than the distance
between the volcanoes in the spacecraft frame. This is the case because the volcanoes move
away from the location of the first eruption in the time between the eruptions. An event diagram
for the spacecraft frame appears in Figure 4-1. (Event diagrams were not required of the
students.)

Event 1
B (Rainier erupts)
Event 2
(Hood erupts)

Figure4-1:  Event diagram for the Eruptions question.

c. Versions of the question
i. Implicit verson

In the implicit version of the Eruptions question, students are told that Mt. Hood erupts a
given amount of time before Mt. Rainier in the ground frame. They are asked (i) whether there is
a reference frame in which the eruptions are simultaneous, if so, they are to determine the
velocity of that frame relative to the ground. Next, students are asked (ii) to determine the spatia
separation between the eruptions n the frame of the spacecraft. The implicit version of the

Eruptions question is shown in Figure 4-2.
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Two volcanoes,Mt. Rainier and Mt. Hood, suddenly erupt on the same day. The volcanoes are 300
km apart in their rest frame. In the frame of a seismologist at rest on the ground, Mt. Hood erupts
first; Mt. Rainier eruptsat atime c2t =120 km later.

1. Isthere aframein which the eruptions occur simultaneously? If so, determine the magnitude
and direction of the velocity of thisframerelative to the ground. If not, explain why not.

2. A spacecraft flies with constant speed past Rainier towards Hood at v ©.8c. Determine the spatial
separation between the two eruptionsin the reference frame of the spacecraft. Show your work.

Figure4-2:  Implicit version of the Eruptions question.

A correct answer to part (i) may be obtained by observing that the events have a spacelike
separation, so there is a frame in which the events are smultaneous. The speed of that frame
relative to the ground may be obtained by application of the Lorentz transformations. Note that
dx = xy — Xg is pogtive, but dt = ty — tx is negative for the situation described.

cdt” =0 =g(cdt — Vdx/c)
=g (-120 km~ V (300 kmy/c)
V =-04c

Determination of the frame in which the events are smultaneous (the “double-primed”
frame) also establishes the simultaneity (or lack thereof) of the events in the spacecraft frame.
Since the events are simultaneous in a frame moving with speed 0.4c relative to the ground, they
are not simultaneous in the frame of the spacecraft, which moves at 0.8c relative to the ground.
Student responses to this version of the question thus contain implicit information about their
determination of the smultaneity of events in the spacecraft frame. This information will be
useful in interpreting student responses to part (ii) of this version of the question, discussed in
section D below.
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A correct answer to pat (i) may aso be obtained through use of the Lorentz
transformations:

dx" =g(dx—vdt)
= 5/3 (300 km- (0.8c) (=120 km))
=660 km

il Explicit verson
The explicit verson of the Eruptions question is similar to the implicit version except that

students are requested to state explicitly the order of events in the spacecraft frame. In addition,
the eruptions are smultaneous in the ground frame in this version.

Two volcanoes,Mt. Rainier and Mt.Hood, erupt simultaneously in the reference frame of a seismol
ogist at rest midway between them. The volcanoes are 300 km apart in their rest frame. A spacecraft
flying with constant speed v =0.8c past Rainier towards Hood is directly over Rainier when it erupts.

1. Inthereference frame of the spacecraft, does Rainier erupt before, after, or at the sametime as
Hood? Explain your reasoning.

2. Determinethe spatial separation between the two eruptionsin the reference frame of the space
craft. Show your work.

Figure4-3:  Explicit version of the Eruptions question.

Asin the first version, the spatia separation between the eruptions in the spacecraft frame
may be calculated with the Lorentz transformations.

dx" =g(dx—vdt)
= 5/3 (300 km)
=500 km

iii. Nonrelaivistic verson
The nonrelativistic version of the Eruptions question is smilar to the other versions except

that the spacecraft is replaced by an airplane that passes over the volcanoes at nonrelativistic
speed relative to the ground. Students are asked to calculate the distance between the locations of
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the eruptions in the reference frame of the airplane. The nonrdativistic version of the Eruptions
question is shown in Figure 4-4.

Two volcanoes,Mt. Rainier and Mt. Hood, suddenly erupt on the same day. The volcanoes are 300
km apart in their rest frame. In the frame of a seismologist at rest on the ground,Mt.Hood erupts
first; Mt. Rainier erupts exactly 100 minutes (6000 seconds) |ater.

An airplane flies with a constant speed of 50 m/s past Rainier towards Hood. Determine the spatial
separation between the two eruptionsin the reference frame of the airplane. Show your work.

Figure 4-4:  Nonrdativigtic version of the Eruptions question.

Since the airplane moves at nonrelativistic speed relative to the ground, a correct answer to
this verson of the Eruptions question may be obtaned by application of the Galilean
transformation for spatial separations.

dx* =dx-—vdt
= 300 km — (50 m/s) (—6000 s))
= 400 km

d. Administration of the question: student populations and prior instruction

We have administered the Eruptions question as a written question to about 150 students in
four introductory and advanced undergraduate physics courses. We have also conducted
interviews with 16 physics graduate students.

In al cases, the question was administered after traditiona instruction in the Lorentz
transformations. Both introductory and advanced courses prepared students for application of the
Lorentz transformations with an introduction to the technical definition of events and event
coordinates. In introductory courses, the Lorentz transformations were either postulated or were
introduced by analogy to spatial rotations; in advanced courses, the transformations were derived
from basic principles including linearity and the invariance of the spacetime interval. Students at
al levels were required to perform applications of the Lorentz transformations in the context of
quantitative problems such as those found in Resnick, Halliday, and Krane® (introductory course)

or Griffiths® (advanced course). Although most textbooks discuss procedures for determining
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event coordinates,” very few include explicit discussion of measurement procedures for spatial
quantities such as length or displacement.?

Both introductory and advanced courses emphasized length contraction as a striking
consequence of Einstein’s postulates and a means for resolution of some classic paradoxes.
Length contraction was derived either by a qualitative argument (such as that in Taylor and
Whesler®) or by a quantitative argument proceeding from the Lorentz transformations (such as
that outlined in the introduction to this dissertation).

2. Ratios question
a. Description of the question

Results from three versions of the Ratios question are discussed in this chapter. All involve
two spaceships (A and B) that pass one another with given relative speed. Alanis at rest in the
front of spacecraft A and Beth is at rest in the front of spacecraft B. Andy and Becky are at rest
in the back of spacecraft A and B respectively. (See Figure4-5.) Events1, 2, and 3 are defined
to be “Alan and Beth are adjacent,” “Andy and Beth are adjacent,” and “Alan and Becky are
adjacent,” respectively. In two versions, students are asked to determine numerical values for the
ratios (i) dx,.®/dx,,.”™ and (i) dx;s*/dx5®. In the third version they were asked to find the
quantities (i) dx.,® and (i) dx.s™. The setup for each version isidentical and is shown in Figure
4.5,

Beth Becky
- ——
Alan Alan

Figure4-5.  Setup for the Ratios question.
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b. Correct response

Unlike the reativistic versions of the Explosions question, the Ratios question does not
depend on student understanding of the relativity of simultaneity. In al three versions, dx;.® is
zero and the ratio dx,,®/dx;,™ is equal to zero. Events 1 and 2 both occur at Beth's location, so
the quantity dxy, is equal to Beth's displacement. The quantity dx;,® is Beth's displacement in
frame A (which is not zero). Beth is at rest in frame B, so the quantity dx;,® iszero. Thus, the

ratio is equal to zero as well.

Similarly, events 1 and 3 both occur a Alan’s location, and the quantity dx;s is equd to
Alan’s displacement. Alan is at rest in frame A, so the quantity dx,s™ is zero. The quantity
dx1® is Alan’s displacement in frame B, which is not zero. The value of the numerator and thus

theratio dx,s”/dx,5® is zero.

Event diagrams for the Ratios question are shown in Figure 4-6.

EV':I\
Beth Evenrl
~— :
EVENT 2
) 2 E 3 —_
VENT VENT AE
- - EVENBT3
_ p e ——
@ (b)

Figure4-6. Event diagrams for the Ratios question. (Lengths are contracted as for
the relativistic version of the question.)

c. Versions of the question

The three versions of the question differ in the relative speed of the ships and in the
quantities that students are requested to calculate.
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I Reativistic version
In the relativistic version of the Ratios question, the relative speed of the two spaceshipsis

relativistic and students are asked to determine numerical values for the ratios (i) dx;»®/dx;,™

and (ii) dxes™/dx,s®,

In Alan’sframe, the speed of spaceship B is0.6¢ (g= 1.25) and spaceships A and B each have length
120 c-ns. (One light-nanosecond, abbreviatedc-ns, is the distance light travelsin one nanosecond.)

Determine numerical valuesfor the following ratios, in which, for example,
dx23(B) = x3(B) — xo(B) = the spatial separation between events 2 and 3in Beth’ s frame.

1. dxg2(B)dxqo(A) 2. dx13A)/ dx13(B)

Figure4-7:  Rdativistic version of the Ratios question.

il. Nonrdativistic verson
The nonrdativistic version of the Ratios question is similar to the relativistic version except

that the relative speed of ships A and B is honrelativigtic.

In Alan’s frame, the speed of spaceship B is 25 m/s and spaceships A and B each have length 12 m.

Determine numerical values for the following ratios, in which, for example,
dx23(B) = x3(B) — xo(B) = the spatial separation between events 2 and 3 in Beth's frame.

1. Xmz(B)/Cklz(A) 2. dX13(A)/ dX13(B)

Figure4-8:  Nonrdativistic version of the Ratios question.

iii. Numerator version

The numerator version of the Ratios question is identical to the nonrelativistic verson
except that instead of being asked to calculate the value of the ratios dx,,®/dx,,™ and
dx.s®/dx5®, students are asked to determine the values of the numerators only (dx.,® and

dx15™). The motivation for the development of this version is discussed below (section E.1.a).
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In Alan’ sframe, the speed of spaceship B is 25 m/s and spaceships A and B each have length 12 m.

Determine numerical valuesfor the following quantities,
inwhich, for example, dx23(B) =x3(B) —x2(B) = the spatial separation between events 2 and 3
in Beth’'sframe.

1 dx12(B) 2. dx 13(A)

Figure4-9:  Numerator version of the Ratios question.

d. Administration of the question: student populations and prior instruction

We have administered the Ratios question as a written question after instruction to about
one hundred students in six introductory, and advanced undergraduate physics courses. We have
also conducted interviews with about a dozen physics graduate students.

The instruction that students had received was the same as that described in referenceto the
Eruptions question (section 1.d, page 103). Note, however, that understanding of the Lorentz
transformations (or any result of specia relativity) is not necessary for a correct response to the
Ratios question. Instead, the question relies on student understanding of basic Galilean relativity.
All students had had such instruction in the context of the introductory course.

3. Measurement question

a. Description of the question

In the Measurement question, a spacecraft moves at constant speed relative to a long,
draight landing strip.  Students are asked how a person on the landing strip might measure (i) the
speed and (ii) the length of the passing spacecraft. Students were required to describe any
equipment or assistance that that person might need. In cases in which students described highly
technica equipment (e.g., aradar gun for the measurement of speed), they were asked to outline
the operation of the equipment, or to explain how one might perform the measurement using less
sophisticated devices such as meter sticks and clocks. If students' proposed measurement
procedures included simultaneous actions at different locations, students were asked to be
specific about how such actions might be carried out.
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In practice, questions about measurement of speed and length were often interrelated and
arose naturally together. Students who proposed, for example, that one might measure the length
of the spacecraft using prior knowledge of its speed were asked how they might measure the
speed of the spacecraft (and vice versa). Interviewers aso asked students whether their
measurement procedures were equally valid for relativistic and nonrelativistic relative speeds and
whether a person on the spacecraft could use the same procedures for measuring the speed and
length of the landing strip as did the observer on the strip for the spacecraft.

b. Correct response

Many correct procedures for measuring the speed of the spacecraft and for measuring the
length of the spacecraft are possible. The procedures described below are independent of one
another. Each is equally applicable in any frame, and transparently related to events and event
coordinates. Both procedures are valid at relativistic as well as nonreativistic speeds.

An observer on the landing strip could measure the speed of the spacecraft by measuring
the displacement of any point on the spacecraft in a given amount of time. The observer might
prepare to record the displacement by arranging assistants with synchronized clocks aong the
landing strip, equally spaced at known distances as measured by a ruler laid out on the landing
strip — that is, by establishing areference frame. Any two assistants may record the time at which
the specified point (X) on the spacecraft passes his or her location. The two events (1 and 2) —
“Point X on the spacecraft is next to first assistant” and “Point X on the spacecraft is next to
second assistant” — occur at times t; and t, on the assistants' clocks, and at locations x; and x, on
the landing strip ruler. The ratio of the distance between those two assistants to the time between

the two events, (x; — x;)/(t; — t), is the speed of the spacecraft in the landing strip frame.

To measure the length of the spacecraft in the landing strip frame, the team of observers at
rest on the landing strip might make prior arrangements so that each records the times at which
the front and rear of the ship passes each of their locations. A certain observer records the
passing of the front of the ship at time t, (event 3). If the landing strip is long enough, there will
be an observer who recorded the passing of the rear of the ship at the sametimet, (event 4). The
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distance between these two observers measured on the landing strip ruler, [x, — Xs|, is the length of
the spacecraft in the landing strip frame.

c. Administration of the question: student populations and prior instruction

The Measurement question has been administered as an interview task to nine physics
graduate gudents. Relevant prior instruction includes a basic knowledge of events and kinematic
quantities such as velocity.

D. PRELIMINARY INVESTIGATION OF STUDENT DIFFICULTIESWITH SPATIAL
MEASUREMENTS: | NDISCRIMINATE APPLICATION OF LENGTH CONTRACTION

In the preliminary part of our investigation, we used standard quantitative questions to
probe students ability to apply the Lorentz transformations appropriately in the context of spatia
quantities. The implicit and explicit versons of the Eruptions question are examples of such
guestions.

Students at al levels seemed to have similar difficulties with both versions of the Eruptions
question. In part (ii), in which they are asked to calculate the spatial separation between the
eruptions in the spacecraft frame, only a few of the students in each class used the Lorentz
transformations. Most of the students who applied the Lorentz transformations did so correctly.
However, the most common answer, in all classes, was to answer based on the formula for length

contraction. For the implicit version, students often wrote

dx(spacecraﬁ) :dx(ground) /g

= (1000 c-n9g)/(5/3)
=600 c-ns;

the corresponding approach for the explicit verson is
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dx(spacecraft) :dx(ground) /g

= (300 km)/(5/3)
=180 km.

Other incorrect approaches were relatively rare. The results are summarized in Table 4-1.

Table4-1:  Resultsof part (ii) of the Eruptions question, implicit and explicit versons.
The second row is a subset of the first.
Written question Interview task
Introductory Advanced
students undergraduate Graduate
students Sp98,
Au98, S99, students S099 (N=16)
Au99 (N=127) Sp98 (N=34)
Correct approach
(Lorentz 25% (30) 30% (10) 20% (3)
transformations)
Correct answer 15% (21) 25% (8) 20% (3)
Approach based on
length contraction 60% (78) 60% (20) 80% (13)
Other incorrect
approach 15% (19) 10% (4) 0

The agebraic expression for length contraction that most students employed is consistent
with the Lorentz transformations only in the specia case that the events are smultaneous in the
spacecraft frame. In that case only, the spatial separation between the eruptions in the spacecraft
frame would be equal to the distance between the volcanoes in that frame and length contraction

would appropriately relate the two spatial separations.

It might be questioned whether the students recognized that the two events were not
simultaneous in the spacecraft frame. However, the great mgority of students (90%) either
implied or stated explicitly in their responses to part (i) that the events in question were not
simultaneous in the spacecraft frame. Table 4-2 shows the results from part (ii) of the Eruptions
question for the students who indicated correctly in part (i) that the eruptions were not
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simultaneous in the spacecraft frame. The performance of this subset of students is virtualy
identical to that of the entire group (shown in Table 4-1). This result suggests that the difficulty
students had with the Eruptions question is not attributable to a belief that the eruptions are
simultaneous in the spacecraft frame.

Table4-2.  Results of part (ii) of the Eruptions question, implicit and explicit versions.
The second row is a subset of thefirst. Includes only students who imply
or state in part (i) that the eruptions are not simultaneous in the spacecraft
frame.

Written question Interview task
Introductory Advanced
students undergraduate Graduate
students Sp98,
Au98, Sp0, students 099 (N'=16)
Au99 (N'=114) Sp98 (N'=25)
Correct approach (Lorentz
transformations) 25% (29) 35% (9) 20% (3)
Correct answer 15% (20) 30% (7) 20% (3)
Approach based on length
o gt 60% (66) 50% (12) 80% (13)
Other incorrect approach 15% (19) 15% (4) 0

It is interesting to note that the graduate students performance on this task was about the
same as that of the less advanced students. Most undergraduate students who applied the Lorentz
transformations appeared to do so without explicitly considering the relationship between the
individual terms and the physical context. The graduate students were more likely to identify
mathematical expressions with physical quantities. In the process of doing o, they tended to
associate incorrectly the spatial separation between the events with the distance between the
volcanoes and hence used length contraction to relate spatia separations. We will discuss their
reasoning in greater depth later in this chapter.

Students a so tended to apply length contraction inappropriately in the context of the Ratios
question. Table 4-3 and Table 4-4 indicate that the majority of students at dl levels are unable to
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answer the relativistic version of the Ratios question correctly. Most state that the ratios are equal
to the factor g or its reciprocal. Student performance seems to be dightly better in part (i), in

which the numerator of the ratio is a quantity measured in the frame of ship A (about which

information is given directly).

Table4-3:  Reaults of the relativigtic version of the Ratios question, part (i), in which
students determine the value of the ratio dx,s™/dxy5®.
Written question
Introductory students Advanced undergraduate students
Sp98, Au98, Sp99'°, Au98, Sp99
Au99 (N=51) (N=19)
Correct (zero) 20% (9) 45% (9)
Incorrect: gor 1/g 60% (31) 55% (10)
Other incorrect 20% (11) 0

Table4-4:  Results of the rdativistic version of the Ratios question, part (ii), in which
students determine the value of the ratio dx,®/dx,,™.
Written question Interview task
Advanced
Introductory students undergraduate Ethag;]atts
$p98, Au98, Sp99, Au99 students Sp98, S99
(N=65) Au98, Sp99 (N:,12)
(N=26)
Correct (zero) 10% (5) 40% (10) 0
Incorrect: gor 1/g 75% (49) 60% (16) 100% (12)
Other incorrect 15% (11) 0 0

Commentary

The versions of the Eruptions question used in the preliminary investigation are similar to
many end-of-chapter questions on relativistic smultaneity. Students are given the spatial
separation and time duration between two events in one frame (S) and asked about the spatia
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separation between the events in ancther frame (S that moves relative to the first with a given
velocity. The Ratios question, while less standard, is aso smpler in that it relies only on idess of
relative motion, not the results of specia relativity.

In the context of these two questions, we found that many students fal to apply
spontaneoudly the Lorentz transformations. Instead, they apply the formula for length contraction
in contexts in which it is not valid. The errors do not seem to result from difficulties with the
relativity of smultaneity. The results from the Eruptions and Ratios questions suggest the
presence of underlying difficulties with basic concepts in specia relativity. To understand better
the nature of these difficulties, we needed to probe more deeply into the nature of students
conceptions of events and reference frames.

E. DETAILED INVESTIGATION OF STUDENT UNDERSTANDING OF THE CONCEPTSOF SPATIAL

MEASUREMENTS

1. Difficulty interpreting the spatial separation between events

a. Tendency to associate the distance between two co-moving objectswith the spatial separation

between nonsi multaneous events involving those objects

As illustrated in the previous section, many students inappropriately apply the formula for
length contraction in response to the Eruptions and Ratios questions. In order to probe more
deeply into student reasoning, we carefully analyzed students interpretations of the gpatial
separation between two events. We aso asked an additional question in order to understand
whether students' incorrect ideas were limited to relativistic scenarios.

In responding to the Eruptions question, most students explained their reasoning only
briefly. However, their explanations plainly state their belief that the spatial separation between

the eruptionsis identical to the distance between the mountains.

“The distance between the mountains is the distance between the eruptions, in
space. The eruptions occur at the mountains!” (graduate student)
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“?z would correspond to this distance [indicates on a diagram the distance

between the mountains as measured in the ground frame], ?z" would correspond

to the distance that the spacecraft pilot measures between the two mountains.”
(graduate student)

“The explosions are separated by 600 c-ns [dx/g] by the observation of the pilot

because that is the distance between the mountains as seen by him.” (introductory
student)

The difficulties of the students did not seem to result from the particular phrasing of the

guestion. For mogt, the phrases “distance between the eruptions,” “how far apart in space the

eruptions are,” and “spatia separation between the eruptions’ appeared to be equivalent. The

following excerpt from an interview with a graduate student is illustretive.

S

In the rest frame of the ship [the spatia separation] would appear to be
smaller...You will seethe ground contracted, and | think if it's going to be
contracted then you divide the distance that you' re looking at by gamma.
And you would get 180 km [dx/g] for the distance between the mountains,

[I5] the distance between the mountains...how far apart in space the
eruptions are in the spacecraft frame?

How far the eruptions are apart in space... |'m assuming the distance apart in

space is the distance between the mountains. | guess that’s what it is.

Other ways to put this would be ‘the distance between the location at which
the first eruption occurs in the spacecraft frame and the location at which the
second eruption occurs in the spacecraft frame.’

Yeah, | would say that the eruption occurs at each mountain, and then the
distance between the mountains is the distance in space between the

eruptions. And measured from the spacecraft that distance would be
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shortened by this factor to 180 km. That'swhat | would guessisthe
distance. (graduate student)

Some students recognized that the identification of spatial separation with object length is
problematic in some cases. In one interview, a graduate student considered the spatial separation
between the events “the spacecraft is over Mt. Rainier” and “the spacecraft is over Mt. Hood”
(which is zero in the spacecraft frame). Although he recognized that an inconsistency existed, he

was unable to resolve the contradiction during the interview.

“If Rainier erupted and then some time later Hood was immediately underneath
me and it erupted, then they would be both at the same place. And | know that
they’re not at the same place cause | know that they’re moving. So the spatial
separation between the mountains | wouldn’t compute as zero. My interpretation
or my understanding of what spatial separation means is breaking down.
Because in the rest frame of the ship, yeah, they would occur at the same — the
spatial separation in that frameis zero. But | can calculate the distance between
the mountains and say that the two events occurred here and here.” (graduate
student)

Another student, considering a smilar Stuation, tried to resolve the contradiction by

insisting that the spacecraft pilot record positions using the ground coordinate system.

I:  Suppose the spacecraft pilot, he's got his ruler and his coordinate system
laid out, and zero is right under hisfoot. And positive numbers go in the
front and negative numbers go in the back. So at the time that he is right
above Mt Rainier, what will he record the position of Mt Rainier to be?

S. If herecordsthis as zero, then he' s going to say that this distance [to Mt.
Hood)] is negative 180 km.

I: What would he record for the position of Mt. Hood when it’s right under
him?
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S. He s going to record zero [when Rainier is beneath him] becauseit's
right underneath him. And then he’ s going to record zero down here
[when Hood is beneath him]. But it hasn't just been zero because he's
been moving relative to — | mean the things that marking as zero, he
can’'t mark two different points as the origin. (graduate student)

Such responses indicate the strength of students’ tendency to associate the spatial separation
between events with the distance between the mountains. (This belief may be intertwined with a
fallure to recognize that displacement is a frame-dependent quantity and/or difficulty visudizing

object motion in different reference frames. We discuss these possibilities further in section 2.)

Student responses to the Ratios question are also consistent with this tendency. Although
students explanations of the Ratios question are typicaly extremely brief, conssting only of a
citation of the formula for length contraction, most identify spatid separation with length either
implicitly or explicitly.

“I want to say that the ratio is either gamma or one over gamma. Because |
would expect the distance to be shortened...and it would be shortened by
gamma.” (graduate student)

“The ratio between these two is just going to be gamma. Because we have
L" =L/g” (graduate student)

In interviews, a few students did not explain their answers in terms of contraction of the
length of objects, but instead claimed that spatial separations are inherently proportional:™*

“I use the measurement in Alan’s frame to find the spatia differencein Beth's
frame, and | use the relation dx,,"™ = dx;,®/g” (advanced undergraduate student)

These students appear to believe that spatia separations are proportiona regardless of
whether they are equal to the length of an object. In the context of written questions, these two
different explanations are not easily distinguishable from one another, and we assume that either

may be present in student responses to the Ratios question.
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We have presented evidence that, in relativistic contexts, many students responses are
consistent with the belief that the spatial separation between events is identically equd to the
length of an object whose ends are |located at the events. Even students who answered correctly
regarding the relativity of smultaneity appeared to hold this belief. However, as illustrated in
Chapter Two, difficulties with the relativity of smultaneity are difficult to pinpoint without the
aid of specificdly targeted questions. Students may state that simultaneity is relative without a
genuine understanding of what the term implies.

In order to probe whether difficulties with the relativity of smultaneity are responsible for
difficulties with spatial measurements, we have asked questions similar to those described above
in entirely nonrelativistic contexts. The nonrelativistic verson of the Ratios question is one
example. As shown in Table 4-5, the mgjority of students at al levels are unable to answer the
nonreativigic verson of the Ratios question correctly. Mot state that the ratio is equal to one.
This response is consistent with identification of the spatial separation between events with the
length of the spacecraft.

Table4-5:  Resultsof parts (i) and (ii) of the nonrelativistic version of the Ratios

question.
Written question
Introductory students Advanced undergraduate students
Sp98 (N=18) Au99, Au00 (N=38)

Part (i): dx;s® Part (ji): dx;,™

Correct (zero) 15% (3) 35% (14) 40% (16)

Incorrect: one 85% (15) 45% (18) 40% (15)

Other incorrect 0 15% (6) 20% (7)

We were further concerned that posing the Ratios question in terms of a quotient might
inadvertently trigger a length contraction response. For this reason, we administered a version of
the “Ratios’ question that did not contain any ratios, but instead asked students for the values of

the numerators only (dx;,® and dxs™). As shown in Table 4-6, the resuilts of this question are
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smilar to the results of the other versions, suggesting that students beliefs are larrgely
independent of the format of this question.

Table4-6:  Results of the numerator version of the Ratios question.

Written question
Advanced undergraduate students
Au98 (N=21)
dx,,® dx ™
Correct (zero) 40% (8) 40% (8)
Incorrect: length of ship 60% (13) 55% (12)
Other incorrect 0 5% (1)

b. Tendency to reject coordinate transformations in favor of length transformations

We found that students consistently treated the spatial separation between two events as
being identicaly equa to the distance between objects associated with the events. This
conceptud difficulty seems to be responsible for the indiscriminate application of the formula for
length contraction. We have aso found that some students' identification of spatial separation
with object length is so strong that they may reject the Lorentz (or Gdlilean) transformation in
cases in which it contradicts the result they expect.

In responding to the Eruptions question, some students recognized that the relation
dx" =dx/g is in generd inconsistent with the Lorentz transformations and struggled to reconcile
the inconsistency. In the following excerpt from an interview with a graduate student, the student
has assigned the primed frame to be the spacecraft frame and the unprimed frame to be the
ground frame and has written the relation ?z° = ?z/g.

“Okay. Thisisapart that confuses me. | know length contraction. And so | set
up thisformula[?Z = ?2/q...If | were to write down the full Lorentz
transformation it's 27 = g (?z — v?t/c®) [siq]...if | pick aframe where two things

happened at the same time, where my original frame had two things happening at
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the same time but different places, then | see that the length in the moving frame
is dso longer than the length in the rest frame [writes ?Z° = g?2], to which | say

no, length contraction, so | usethis[?Z =?2Z/g.” (graduate student)
The student did not reconcile the inconsistency during the interview.

When the Eruptions question was administered as an interview task, the interviewer
sometimes asked students to produce an event diagram for the situation. Most students were
eventualy able to produce a correct event diagram, including a representation of the fact that the
eruptions are not simultaneous in the spacecraft frame. However, not al students were able to
accept the idea that the distance between the eruptions could be different than the distance
between the mountains, even though they themselves produced a diagram illustrating that fact.
The following student drew a correct event diagram (see Figure 4-1), correctly calculated the
spatial separation between the eruptions in the spacecraft frame by means of the Lorentz
transformations, and yet rejected the correct answer based on her conviction that length
contraction was the relevant relationship.

“That [application of the Lorentz transformation] says that [the spacecraft pilot]
sees alonger distance between the two mountains — a greater spacing between
the mountains than Alan and Bob [on the ground] do. Which doesn’'t quite seem
right, but | don't see what's wrong with this procedure. 1t doesn’'t seem
congistent with the pictures [event diagrams] on the one hand and it doesn’t seem
consistent in a different way with time-dilation-length-contraction...Hm. So if
thiswere atest | would go with my length contraction and set it up in that
manner.” (graduate student)

Such responses illustrate the strength of the belief that the distance between the eruptions is equal
to the distance between the mountains, regardiess of the time order of the eruptions. Other
students were unable to relate the event diagram to the formalism they had learned:

“I don’t see much connection with this picture [event diagram] and this label
[?Z] and these equations. But | think they’re both right.” (graduate student)
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Examples from section a above illustrate that students incorrectly equate spatial separation
with length in nonrelativistic as well as relativistic contexts. As illustrated below, students reject
the Galilean transformation in contexts in which it contradicts their belief that spatial separation is
equd to length.

In all of the classes in which the nonrelativistic verson of the Eruptions question was
administered, about two-thirds of the students answered the question correctly (or nearly
correctly, mistaking only the sign of the velocity). In each class, the most common incorrect
answer was that the distance between the events in the airplane frame is equa to that in the
runway frame, consistent with the idea that the distance between the eventsis identically equal to
the length of the runway. This answer was given by 25-30% of each class. Other incorrect
answers included incorrect identification of the spatial separation between the events with the
displacement of the runway in the airplane frame. This response was given by about 10% of
students. The results of the nonrelativistic version of the Eruptions question are summarized in
Table 4-7.
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Table4-7.  Reaults of the nonrelativigtic version of the Eruptions question.

Written question
Advanced
Introductory students undergrad.
students
. , After
Before After ingtruction | . :
ingruction | Sp99?, Auga®, '”irl‘j%(’”
Sp98 (N=11) | Au99 (N=108) (N=27)
Correct (Galilean transformation: 0 0 0
dx’ = dx — vd) 55% (6) 35% (40) 35% (9)
Nearly correct
(dX’ = dx + vat) 0 15% (14) 20% (5)
Condg gtent with identifying spetia 0
seoaration with length (dx’ = dx) 25%(3) 30% (31) 30% (8)
Consistent with identifying spetial 0 0
sep. with displacement (dx =vdr) | 0D 15% (15) 15% (4)
Other 10% (1) 5% (8) 5% (1)

One student discussed the Galilean transformation for spatial separations but asserted that it

does not affect the distance between two events:

“At nonrelativigtic velocity, we smply use the Galilean transformation x — vt, but
this does not affect thedistance between two observed events with respect to their
measured separation in anon-moving frame.” (introductory student; emphasisin
origind)

Other students responses indicated difficulties with the nature of events. Some, for
example, claimed that “the eruptions are at rest in the runway frame.” Such difficulties are
discussed in section 2.b below.
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2. Difficultieswith reference frames and the deter mination of the position of an event

We have seen that students’ indiscriminate use of length contraction appears to be based on
an incorrect belief that the spatial separation between two events isidentically equa to the length
of the object associated with those events. Our observations led us to consider whether other
difficulties underlie that inappropriate identification. In order to gain additiona insight, we
carefully probed student understanding of basic ideas of spatial measurements in a given
reference frame: e.g., measurement procedures for the length of an object and the determination
of the position of an event. Our observations suggest the presence of student difficulties with
reference frames in the context of spatial measurements.

a. Failureto apply spontaneously the formalism of a reference frame in measuring spatial
guantities

In the Measurement question, detailed in section C.3 (page 107), we ask students to
identify or describe an appropriate procedure for measuring the length and speed of an object.
The results indicate serious and persistent difficulties with these measurements that suggest
difficulties with the concept of a reference frame. In particular, students fail to recognize that a
reference frame by its nature has spatia extent.™

The correct responses we expected for the Measurement question all rely on using events
that occur at different locations to determine the length or displacement of the described object.
Hence, these correct answers rely on the concept of a reference frame that has spatial (as well as
temporal) extent. The spatial extent is among the defining features of a reference frame.

In responding to the Measurement interview task, only one of the nine graduate students
initidly suggested using events at different locations to measure the speed or length of the ship.
Not all of the methods students suggested were incorrect; two students, for example, initialy
stated that if you knew the speed of the spacecraft, you could measure its length by timing how
long it took to pass you. One of these students, however, seemed to fedl that this was the only
way to measure the length of the spacecraft:

I: How could he [the observer on the landing strip] measure the length of the ship?
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S If hedidn’t know how fast it was moving? It seemsto me he would need to
know either the length — if he knew the length of Beth’'s ship, then he could
figure out how fast it was moving. And if he knew how fast it was moving, he
could measure the length of the ship.

I:  Soisthere away that he could measure the speed of the ship without knowing its
length or measuring its length first?

S [long pausg] | can't think of anything off the top of my head...l guess| can’t
think of any easy way to do it. (graduate student)

Another student was explicit aout his inability to use clocks at different locations. In his
effort to limit his measurement procedure to a single location, he explored and discarded severa
possible approaches.

I: How would Alan [on the landing strip] go about measuring Beth's speed [in the
spacecraft]?

S. Trying to think...I have something in the back of my head that tells me | want to
be making two time measurements; if I’m able to make two time measurements
and | know the distance between | can get avelocity. However, | aso have
something in the back of my head that saysin order to get a measurement of the
time interval rlativigticaly you need to be using one clock to measure both the
initia and final time. In which case, the way | can see that would be to have to
revise things to have Alan not actually making any of the measurements but to
have Beth...there can be a clock in here in the spacecraft and Beth could then
record the measurement t; and t, when she crossed these lines [on the landing
strip]. The measurement she would be making would be on the same clock.
However her clock will be running at a different rate than the clock on the
landing strip. So | could use this clock [on the landing strip]... It would appear to
me that | somehow want to use light. In looking at different clocksin any
reference frame, wouldn’t constitute a measurement in that frame. Light,

however, will travel at the speed of light independent of frame, so...
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I:  Soyou are saying that Alan would have to use this clock over here? Alan would
have to use asingle clock? Could Alan use this clock and that clock? [Indicates
clock at rest with respect to landing strip at a point further down the landing strip
from Alan.]

S. Um, | want to say only if there’'s something correlated, and | don’t know what |
mean by that. | guess| don’t know why I’'m holding to the idea that he needs to
use only one clock aside from the fact that if there’ s no problem to using two
separate clocks it would appear that the measurement would be the same as the
measurement is classically, which | relatively strongly feel is not the case.

(graduate student)

This student seemed to feel that the considerations of specid reativity limited him to the
use of a single clock. Although he had a recollection of something that may have been clock
synchronization, he remained convinced that a relativistic measurement would be inherently
different than a nonrelativistic one in that it would necessarily involve only one clock. It may be
the case that this student had the belief described in Chapter Two that each clock on the landing
strip constitutes its own reference frame. In any case, his ideas about clocks at different locations
prevented him from recording the locations of two simultaneous events at different locations.

In stating the Measurement question, we did not explicitly ask students to consider a lattice
of rulers and clocks by which to determine the position and time of events. We expected students
to generate such a lattice spontaneoudly in order to make the measurements we requested. Very

few students applied this formalism in determining the length or speed of an object.

b. Tendency to associate the location of an event with the location of an object

In the discussion of the determination of the position of an event in the introduction to this
dissertation, we spoke in terms of a coordinate system and associated each position with a
number. In responding to the Measurement question, students did not typically describe locations
in terms of coordinates. Instead, they tended to describe locations in terms of objects. In
particular, they mostly limited themselves to events that occurred at the location of one of the

very few objects distinguished in the problem statement: the observer on the landing strip.
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Such an identification of event locations with objects is not incorrect. An object that is (1)
co-located with the event and (2) is at rest in the reference frame of interest specifies the position
of the event as fully as does a coordinate label. In the reference frame of the ground, for example,
it is equally legitimate to say that a certain event occurred in Seattle “at 6" and Pine” or “in front
of the Convention Center.” We will refer to an object such as the Convention Center as a

»n15

“marker object. In this section, we examine the extent to which students associate event

locations with objects.

i. Belief that the location of an event can change with time

In cases in which the Eruptions question was administered as an interview task,
interviewers often requested that students draw an event diagram showing the eruptions in the
spacecraft frame. Interviewers introduced students to the features d event diagrams during the
course of the interview. Students typically began by drawing the relevant objects (the spacecraft
and the volcanoes) without indicating event locations on their diagram. In these cases, the
interviewer prompted students to indicate the event locations, typicaly with a numerica label
(eg., “Event 1" for the eruption of Mt. Rainier). A complete event diagram for the spacecraft
frame of the Eruptions question appears in Figure 4-1 (page 100).

Severd students indicated multiple locations for one or the other eruption, which could be
interpreted as a location that was changing with time. The following excerpt is from an interview
with an advanced undergraduate; the italics indicate vocal emphasis.

I:  Where does event 1 [Mt. Rainier’s eruption] happen?

S. Here. [Indicates Mt Rainier erupting; writes “event 1.”] And it happened here.
[Indicates Mt Rainier at alater instant; writes “event 1 happened” (see Figure
4-10).]

I And how about event 2 [Mt. Hood's eruption]?

S Okay, ‘event 2’ [indicates Mt. Hood erupting], and ‘event 2 will happen’
[indicates Mt. Hood at an earlier instant]. (advanced undergraduate)
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The student’ s incorrect event diagram is shown in Figure 4-10.

A

“ Event 2 will happen* “Event1”

A

“ Event 2" “ Event 1 happered”

—

—

Figure 4-10: Incorrect event diagram drawn by a student for the Eruptions question.

A graduate student, in producing an event diagram similar to the one shown above, had the

following interaction with the interviewer:
I What's event 1?
S. [Draws event 1 twice, at each appearance of Mt. Rainier in the diagram.]
I:  Soevent 1ismoving to the left?

S. Because the spacecraft is moving to theright in the rest frame. (graduate
student)

Students who responded like the two above seemed to strongly associate the position of the
eruption with the position of the volcano. They apparently believed the event was moving in the
spacecraft frame, just as the volcano was moving in that frame. Other students described the

eruptions as being “at rest” in a certain reference frame:

“?t would be the time difference between the two eruptions as seen by somebody
in the rest frame of the eruptions. Of course that would be complicated if the two
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weren't in the same frame to begin with — if the mountains were moving relative
to each other.” (graduate student)

“?zand ?t are the time interval and the space interval in the rest frame of the two

explosions.” (graduate student)

“Same reference frame as the event means you' re not moving relative to them.”
(graduate student)

Students who answered as though the locations of the eruptions were “attached” to the
volcanoes had a strong (incorrect) basis that they used to claim that the spatial separation between
the eruptions was equal to the distance between the mountains. An introductory student,

responding to the Eruptions question, stated explicitly that dx and L were “equal” because

“...Event 2 occurs at Hood regardless of when and event 1 occurs at Rainier
regardless of when. Since Hood and Rainier are both “moving” relative to Beth
[on the spacecraft] the same, relativity does not affect thisfor her.” (introductory
student)

The belief that the location of an event can change with time was apparent in nonrelativistic
contexts as well as relativistic ones. In section 1.b we illustrated that in the nonrelativistic
version of the Eruptions question many students claimed that the spatia separation between the
eruptions was equd to the distance between the mountains in the airplane frame. Some students
stated explicitly that the events moved with the mountains:

“An observer in the airplane’ s frame would know that the locations of the
explosions were moving relative to the airplane (rather than attached to the
airplane’ s frame) and would be able to transform the two points using the 2t and
speed.” (introductory student)

“As the west explosion location becomes further away the location of the right
(east) explosion gets closer at the samerate.” (introductory student)

“The two explosions are at set places, the mountains.” (introductory student)
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The apparent belief that the spatial separation between events is identically equa to the distance
between objects associated with the events is consistent with the tendency to inappropriately

associate the location of an event with the location of a moving object.

ii. Failure to recognize the motion of an object associated with an event

We have seen that students tend to associate event locations with marker objects rather than
coordinate systems. We have seen further that in some cases students inappropriately associate
event locations with objects that they recognize as moving in the reference frame of interest. In
other cases, students associate the location of an event with a moving object without apparently
recognizing that the object is moving. For example, in interviews with the Eruptions question,
students were asked to produce an event diagram for the spacecraft frame. About one-quarter of
the students failed to represent the spacecraft at rest in the spacecraft frame. Instead, they
sketched an event diagram for the spacecraft frame in which the ground was at rest and the

spacecraft was moving, as shown in Figure 4-11.°

A

—

A

Figure4-11: Incorrect event diagram for the spacecraft frame of the Eruptions
guestion.
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Table4-8  Results of the Eruptions question administered as an interview task, in
which students drew an event diagram for the spacecraft frame.

Interview task
Graduate students
Sp99 (N=10)
Correct: spacecraft at rest, mountains moving 30%*
Incorrect: mountains at rest, spacecraft moving 70%*
Other incorrect 0

*  These results represent students’ initial responses. All students corrected their event
diagrams during the course of the interview, with assistance from the interviewer.

All of the graduate students who drew incorrect event diagrams eventually corrected their
responses with prompting from the interviewer. However, it is interesting that seven out of ten
graduate students do not spontaneoudly treat an object as not changing position in its own rest
frame. Such difficulties with relative motion are consistent with an apparent lack of functiona

understanding of the concept of a reference frame.

Additional evidence that many students do not treat an object as stationary in its own frame
arose in responses to the Measurement question. An appropriate measurement procedure for the
length of an object includes consideration of the motion of the object in the frame of interest. In
particular, if the frame of interest is one in which the object is moving, the ends of the object must
be marked smultaneoudly in order for the spatial separation between the events to equa the
length of the object. We have observed that students proposing measurement procedures for the

length of a moving object tend to neglect the motion of the object in their discussion.

None of the students interviewed initially proposed a method for measuring the length of
the spacecraft involving simultaneous measurement of the ends of the spacecraft. Three students
initialy proposed other correct methods that depended on prior knowledge of the speed of the
spacecraft. Asked if there was a means by which one might measure the length of the spacecraft
without prior knowledge of its speed, one student (who was attempting the equivalent
measurement of the length of the landing strip in the spacecraft frame) replied,
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“Hold on, this might be easier than it looks. Let’'s[assume] that somebody has
put some reflectors onto the runway. There are reflectors on the end of the
runway, and here's Beth coming in [on the spacecraft]. Beth sends out a short
pulse of light, the pulse of light propagates down, hits the first reflector, comes
back, some of it heads on down hits the second reflector, and what Beth gets
back istwo pulses, separated in time. She knows that the time between these
pulses divided by ¢ should give her the — better watch that — divided by 2¢c. Cdll
L the length of the runway. T isthistime delay, between these two pulses.
That's what Beth thinks the length of the runway isin her frame.” (graduate
student)

In addition to erring by a factor of two, the student fails to account for the fact that in the
frame of the spacecraft (Beth's frame), the landing strip will move forward in the time between
the two reflections. The time between the spacecraft observer’s reception of the two pulses will
be less than the time it would take light to travel the length of the landing strip.  Another student
suggested a similar method.

Two other students proposed to measure the length of the spacecraft in the runway frame
by means of a photographic image. This method, while sufficient for spacecraft moving with
nonrelativistic speed relative to the observer, is inaccurate for large relative speeds. Light that
reaches the camera while the shutter is open would leave the different locations on the object at
different times, during which the object would move relative to the observer.

F. SUMMARY

We have seen in the course of our investigation that students do not spontaneously apply
the formalism of a reference frame when measuring kinematical quantities. Asked to measure the
length or speed of an object, students do not automatically generate the concept of a coordinate
system by which to mark the position of events. Students not fluent with the means by which one
measures the location and time of events distant from one another lack a functional understanding
of reference frame. 1t seems likely that such students would have difficulty interpreting quantities

such as the spatial separation between events. Furthermore, students who do not spontaneously
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generate appropriate coordinate systems may have limited means by which to judge whether an
object isin motion or at rest in a certain frame of reference.

Lacking the concept of areference frame, students resort to marker objects to specify event
locations. This potentialy useful approach is problematic for students who are unable to apply
the idea that a marker object must be at rest in the frame of interest in order to specify an event
location properly. Some students appear not to recognize whether an object is moving in the
frame of interest; other students inappropriately associate an event with a moving object, to the
extent of claiming that events, like objects, may be in motion or at rest. These errors may prevent
students from correctly identifying event locations or interpreting quantities such as the spatial

separation between events.

The strong association of event locations with marker objects may be the basis for the
apparent belief that the spatial separation between two events is identically equd to the distance
between two objects. This inappropriate equation appears to be at the root of the indiscriminate
gpplication of length contraction and the failure to apply the Lorentz transformations.
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14 See also S. Panse, J. Ramadas, and A. Kumar, “ Alternative conceptions in Galilean relativity: frames of
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151t is possible to classify a coordinate label as a special case of a “marker object.” In this chapter,
however, we will reserve the term “marker object” to refer to a physical object.

18 These results are consistent with results in refs. 2 and 3that suggest student belief in a preferred frame of
reference. However, the results of the Ratios question (section D), in which students perform poorly on
questions about both frames, suggest that belief in a preferred frame is not solely responsible for the
difficulties we observe.
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CHAPTER FIVE:

ADDRESSING STUDENT DIFFICULTIESWITH SPATIAL MEASUREMENTS

Our imagination is stretched to the utmost, not, as in fiction, to imagine things
which are not really there, but just to comprehend those things which are there.

— Richard Feynman*

A. INTRODUCTION

The investigation of student understanding of spatial measurements discussed in Chapter
Four suggested that many introductory and advanced students who have studied specia relativity
do not have a functional understanding of basic spatid quantities such as length and
displacement. The observed tendency to apply length contraction indiscriminately appears to be
related to a failure to apply the formalism of a reference frame in determining the position of an
event. Specific difficulties include treating the location of an event with a moving with an object
associated with the event.  Such errors appear to prevent students from correctly applying the
Lorentz transformations.

This chapter describes the development and assessment of a series of tutorials that we have
designed to address some of the specific difficulties with spatiad measurements that were
identified in our study. We begin by describing a tutoria sequence in which students articulate
appropriate procedures for spatial measurements in nonrelativistic contexts. We then describe a
tutorial sequence that guides students to interpret spatial quantities in more chalenging
relativistic contexts. In the process, students begin to recognize the conditions under which
spatial separations are related by the formula for length contraction and when a more general
relationship (e.g., the Lorentz transformations) is appropriate. Assessment of each part of the
series of tutoriasis given immediately following the description of the curriculum.
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We have used the series of tutorials described below in courses for introductory students
and advanced undergraduate students. The materials are designed for use as a supplement to
lecture ingtruction; the tutorials are not a stand-alone curriculum, but assume that students are
introduced to certain ideas (e.g., length contraction) in other parts of the course. The series of
tutorials takes about two hours of class time to complete. Associated homework, completed
outside of class, follows each tutorid.

The series of tutorias on spatial measurements is in fact integrated with the tutoria series
described earlier (Events and refer ence frames and Rel ativisti ¢ kinematics, Chapter Three). Many
of the contexts that we will describe in this chapter are similar to those presented in Chapter
Three. We discuss here only those aspects of the instructional strategies that pertain to helping
students develop an understanding of spatial measurements. The complete sequence of integrated
exercisesisin Appendix C.

B. ADDRESSING STUDENT DIFFICULTIESWITH SPATIAL MEASUREMENTSIN

NONRELATIVISTIC CONTEXTS

Evidence presented in Chapter Four indicates that many student difficulties with spatial
measurements may have their basis in difficulties applying the formalism of a reference frame
and, in particular, determining the position of an event. We have designed a tutoria sequence,
titled Spatial measurement, to help students develop a functiona understanding of event location
in the context of measurement procedures for spatial quantities such as length and displacement.

The tutorial sequence is specificaly designed to address some of the underlying difficulties
with events and their spatial coordinates that were discussed in Chapter Four. Among these
difficulties is the tendency to associate the location of an event with the location of an object that
is associated with that event, even if the object is moving in the reference frame of interest. In
some cases, students appear not to recognize the motion of the associated object. In other cases,
students claim that the event itsdf is moving. The Spatial measurement tutorial sequence

contains exercises specifically designed to challenge these beliefs.
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1. Tutorial sequence: Spatial measurement

a. Elicitingthe belief that the spatial separation between two eventsisidentically equal to the

length of an object

In order to dicit students incorrect ideas about spatial measurements, we ask a pretest
question identical to the nonrdativistic verson of the Eruptions question described in
Chapter Four. In this question, shown in Figure 5-1, students are given the spatial separation and
time duration between two events in the ground frame and are asked to calculate the spatia
separation between the events in the frame of an airplane that moves with nonrelativistic speed
relative to the ground.

Two volcanoes, Mt. Rainier and Mt. Hood, suddenly erupt on the same day. The volcanoes are 300
km apart in their rest frame. In the frame of aseismologist at rest on the ground, Mt.Hood erupts
first; Mt. Rainier erupts exactly 100 minutes (6000 seconds) later.

An airplane flies with a constant speed of 50 m/s past Rainier towards Hood. Determine the spatial
Separation between the two eruptionsin the reference frame of the airplane. Show your work.

Figure5-1:  Spatial measurement pretest.

Since the speed of the airplane relative to the ground is nonrdativistic, a correct answer to
the Spatial measurement pretest may be obtained by application of the Galilean transformation
for spatial separations. Choosing the unprimed frame to be the ground frame, the primed frame to
be the frame of the airplane, and the positive direction to be the direction of the airplane's
velocity in the ground frame:

dx’ =dx—vdt
= 300 km — (50 m/s) (—6000 s))
=600 m

As described in Chapter Four, student performance on this pretest is typicaly poor, with
only about haf of the students a introductory or advanced levels responding correctly or nearly
correctly. The most common incorrect answer is that the distance between the locations of the

explosions in the reference frame of the airplane is equal to the distance in the ground frame.
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b. Guiding students to identify events

Andysis of the Measurement interview task described in Chapter Four indicated that even
students who are able to use correct measurement procedures for spatial quantities such as length
and displacement can have difficulty relating those procedures to events and their coordinates.
The Spatial measurement tutorial sequence thus begins with an exercise in which students
identify specific events, distinguish between related events, and recognize the differences
between events, objects, locations, ingants, etc. The exercise is designed to help students
articulate and apply a definition for events.

The context for the exercise is one described in Chapter Three, in which a student, Alan, is
some distance from a beeper that beeps once. Students are informed that in special relativity we
commonly refer to material objects, locations in space, instants in time, and events. An event is
described as being associated with a single location in space and a single ingtant in time.
Students are presented with the list of items shown in Figure 5-2 and are asked to identify

whether each item is an object, alocation, an event, or none of these.

Inthe study of relativity werefer to materia  objects, locationsin space, instantsintime, and events
An eventis associated with asingle location in space and asingle instant in time.

State whether each of theitemsbelow is anobject, a location,an instant, an event, or none of these.

 The beeper of Part | » The exact time at which the beeper beeps
* The beeper emits abeep * A sound wave travels from the beeper to Alan
« Alan hearsthe beep » Two beepers beep at the sametime

Figure5-2:  Tutorid exerciseto identify and distinguish events.

Students should recognize that a beeper is an object; that “the beeper emits a beep” and
“Alan hears abeep” are events (and in fact are distinct events, since they occur at different times
and places); that “the exact time at which a beeper beeps’ is an instant; and that “a sound wave
travels from the beeper to Alan” and “two beepers beep at the same time” are combinations of
events (in one case a series of events, and in the other case a pair). Students exhibit fttle
difficulty with this task.
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c. Guiding students to construct and analyze event diagrams

We have found event diagrams to be a powerful tool for helping students understand
events. In the process of constructing event diagrams, students must decide when and where to
place a specific event in its physical context. The Spatial measurement tutorial sequence makes
heavy use of event diagrams in addition to other representations (e.g., algebraic).

Students are formally introduced to event diagrams in an exercise in which a 12-meter-long
train moves with constant nonrelativistic speed aong a long, straight stretch of train track. Alan
stands at rest relative to the track. His assistant, Andy, is also at rest relative to the track and
stands 12 meters from Alan as shown in Figure 5-3. Beth stands at rest on the train. Events 1, 2,

and 3 are defined to be “the front of the train is next to Alan,” “the front of the train is next to
Andy,” and “the rear of the train is next to Alan.” Students are asked to sketch a picture showing
Alan, Andy, Beth, and the train at the instant of each event in Alan’s frame, to correctly represent
the motion of each object in that frame, and to indicate the location of each event on the

appropriate picture. A correct event diagram is shown in Figure 5-4.

A train moves with constant nonrelativistic speed along astraight track. Thetrainis 12 meterslong.
Alan and Andy stand 12 meters apart at rest on the track (see figure). Beth and Becky stand at rest
at the front and rear of the train, respectively.

Defineevents 1, 2, and 3 asfollows: i Beth o
Event 1: The front of thetrainis next to Alan =
Event 2: The front of the train is next to Andy il
Event 3: Therear of thetrainisnext to Alan Alan Andy

Sketch an event diagram showing Alan, Andy, Beth, and Becky at the instants of events 1, 2, and 3
inAlan’sframe. (That is, sketch a separate picture for each different instant; sketch picturesfor
successive instants one below the other; and indicate the location of each event on the appropriate
picture.)

Figure5-3:  Tutorial exercise to introduce students to event diagrams.
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Event 1

iBecky Bethi

f

Alan

Event 3

§

Andy

Event 2

EBecky Beth i

f

§

Alan

Andy

Figure5-4:  Correct event diagram for the tutorial exercise of Figure 5-3.

We ask students severa questions intended to help them interpret event diagrams and to
extract information from this representation. The questions aso provide practice with
distinguishing events from objects and instants. First, we ask under what circumstances more
than one event would appear in a single picture in an event diagram. Students usually recognize
that events that are simultaneous occur in the same picture (i.e., a the same instant), typically at
different locations. A correct answer to this question can help students answer the more difficult
guestion of whether the first picture in their event diagram represents an object, a location, an
ingtant, an event, or none of these. (Many students initially identify the picture as an event, but
eventualy recognize that it must represent an instant since it includes al locations and can
contain more than one event.) Finally, we ask students whether it is possible for asingle event to
occur in more than one picture in an event diagram. To answer this question correctly (that it is
not possible, since an event only exists at a single instant) students must distinguish an event from
an object associated with the event.

d. Addressing the failure to recognize the motion of an object associated with an event

Event diagrams aso present a context in which to address difficulties that some students

seem to have in recognizing the motion of objects in a certain reference frame. Once students
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have produced and analyzed an event diagram for the ground frame, we ask them what features of
their diagram indicate that it is a diagram for Alan’s frame. Most students quickly recognize that
the fact that Alan is at the same position at every instant indicates that the diagram is for Alan’s
reference frame. Next, we ask students to produce an event diagram for the same context but in
Beth's reference frame.  Students are reminded explicitly to represent correctly the motion of the
train in thisframe. Thisexerciseis shownin Figure 5-5.

» What feature(s) of your event diagram indicate that it isadiagram for Alan’ sreference frame?

« Sketch an event diagram showing events 1, 2, and 3 in Beth’ sframe. Be sure your diagram
correctly represents the motion of thetrain in thisframe.

Figure5-5:  Tutorid exercise regarding relative motion in an event diagram.

Event 1

& -3
~f <~

Alan Andy

Event3 Event 2

i o
4 <

Alan Andy

Figure5-6:  Correct event diagram for the exercise shown in Figure 5-5.

It has been our experience that students often neglect to indicate the train as being at rest in
the train frame. However, they appear to be familiar with the idea when reminded of it, and are
usualy quick to correct their diagrams with prompting from an instructor. It is worth noting that
there is no explicit ingtruction on relative motion in the Spatial measurement tutorial sequence
due to time congtraints.
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e. Addressing the belief that the spatial separ ation between nonsimultaneous eventsisequal to

the length of an object involving those events

As we have seen in Chapter Four, the belief that the spatial separation between two events
is identically equa to the length of an object is widespread and persistent. The Spatial
measurement tutorial sequence attempts to address this belief in Galilean contexts, before the
complications of length contraction, relativity of smultaneity, and so on arise.

i. Guiding students to identify event locationsin an event diagram

Event diagrams present advantages over other representations of events (such as spacetime
diagrams) in that events are situated in the physical context in which they occur. In order to help
students identify the locations of events, we ask students to calculate spatial separations between
pairs of events in the event diagrams shown in Figure 5-4 and Figure 5-6. The exerciseis shown
in Figure 5-7. In the classroom, we find that many students are surprised to find that the spatia
Separation between events 1 and 3 is zero in Alan's frame, as is the spatial separation between

events 1 and 2 in Beth's frame.

How far apart are the locations of the following pairs of eventsin Alan’ sreference frame?
- Events1land 2
- Events2and 3
- Eventsland 3

How far apart are the locations of the following pairs of eventsin Beth’ sreference frame?
- Events1and 2
- Events2and 3
- Eventsland 3

Figure5-7:  Tutoria exercise to calculate spatia separations between events.

il. Guiding students to appropriate interpretations of spatial separation

Spatia separations between events can, in general, have different interpretations depending
on the events to which they refer; e.g., they may be equa to the length of an object, the
displacement of an object, or neither. The next exercise in the tutorial sequence introduces
notation for spatial separations: for instance, dx,™ = x,® — x,*) denotes the spatial separation

between events 1 and 2 in Alan’s frame. Students are then asked to provide inter pretations for
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each spatia separation relevant to the physical context described above. An interpretation is
described as telling the meaning of the number in the physical context. One interpretation is
provided as an example: the quantity dx,,” is the displacement of the train in Alan’s frame, since
events 1 and 2 occur at the front of the train. Students are told that some quantities may have
more than one valid interpretation. The exercise is shown in Figure 5-8.

The symbol Xmz(Alan) indicates the spatial separation between events 1 and 2 as measured in

Alan' sreferenceframe: dxgo(Alan) = x,(Alan) _ x; (Alan) \where x;(AlaN) and xp (Ala) are the posk

tionsof events 1 and 2 in Alan’ sreference frame. Note that the spatial separation between events
isasigned quantity (it may be positive or negative).

Give interpretationsfor the magnitude of each of the following quantities; that is, tell the meaning
of the number in this physical context. One has been provided as an example. Some quantities
may have more than one interpretation.

« dxyo(Ala) The displacement of the train « dxp(Beth)
. dxyg(Alan) » dxy3(Beth)
. dx23(A|an) ° dx23(Beth)

Figure5-8:  Tutorial exerciseto interpret spatial separations between events.

Students should be able to recognize that dx;,® is the displacement of the train in Beth's
frame; dx;5s™ and dxy;® are Alan’ s displacement in Alan’s and Beth' s frames respectively; dx,s™)
is the distance from Alan to Andy, which is equal to the length of the train, dx,s®. Other correct

interpretations are possible.

Most students find this exercise very chalenging. They have not been asked to provide
interpretations for spatial separations previoudy, and tend to answer by caculating the value of
the spatial separation (often incorrectly) instead of by sating its relaionship to physica
guantities. Students eventually arrive at appropriate responses with assistance from instructors
and each other.

f. Guiding students to recognize correct measurement procedures for object length

Once students have been introduced to spatial separations and their possible interpretations
in aphysica context, the tutorial guides them to construct an appropriate measurement procedure
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for object length. Next, Sudents generdize by identifying the circumstances under which the
spatial separation between two eventsis equal to the length of an object.

i. Guiding students to apply the formalism of areference frame in constructing
measurement procedures for object length

The tutorial describes a train of unknown length that moves with constant nonrelativistic
speed on the same track as that described above. Alan and his assistants are described as standing
shoulder to shoulder along the track. (This explicit establishment of a reference frame servesas a
hint for students in this exercise) The tutoria asks students to describe a method by which Alan
can determine the length of the train in his frame (i) if he knows the speed of the train in his
frame and (ii) without knowing or measuring its speed first. In each case students are asked to
specify the two events relevant to the measurement procedure by describing them in words. The
exerciseis shown in Figure 5-9.

A train of unknown length moveswith constant nonrelativistic speed on the sametrack. Alan’s
assistants stand shoulder to shoulder along the track.

i. Describe amethod by which Alan can determine the length of the train in hisframe if he knows
the speed of thetrainin hisframe. Specify two events associated with this measurement proce
dure.

ii. Describe amethod by which Alan can determine the length of thetrain in hisframe without
knowing or measuring its speed first. Specify two events associated with this measurement pro
cedure.

Figure5-9: Tutorid exercise guiding students to construct an appropriate

measurement procedure for length.

A correct answer to part (i) should include a description of events that occur at the same
location, e.g., “the front of the train is next to Alan” and “the rear of the train is next to Alan.”
The length of the train may be calculated by multiplying the time between these two events by the
speed of the train. The fact that students are usually quick to recognize this method is consi stent
with the results of the Measurement interview task reported in Chapter Four.

A correct answer to part (ii) should refer to events that occur at front and rear of the train at
the same time, e.g., “the front of the train is next to Alan at exactly noon” and “the rear of the
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train is next to another assistant a exactly noon.” The length of the train in the ground frame is
identically equal to the spatial separation between these two events in the ground frame.
Although this second method is more difficult for students to develop, the previous exercises lay
useful groundwork for their discussions in class.

il. Guiding students to recognize the circumstances under which the spatial separation
between two events is equal to the length of an object

In the next exercise, students are asked to articulate the conditions under which the spatial
separation between two eventsis equa to the length of an object. Event X occurs at the front of a
spaceship, and event Y occurs at the rear of the spaceship. Students are asked to describe the
circumstances in which dxxy is equal to the length of the spaceship (i) in the frame in which the
spaceship is at rest and (ii) in aframe in which the spaceship is moving. Students are requested to

sketch event diagrams supporting their answers. The exercise is shown in Figure 5-10.

Suppose event 4 occurs at the front of along ship, and event 5 occurs at the rear of the same ship.
Describe the circumstancesin which dx4s is equal to the length of the ship:

i. intheframeinwhichtheshipisat rest

ii. inframe F, inwhich the shipismoving

Draw event diagramsto support your answers.

Figure5-10: Tutorial exercise guiding students to articulate the conditions under
which the spatial separation between two events is equa to the length
of an object.

Students should recognize that in the frame in which the spaceship is at rest, the spatia
separation between events occurring at the front and rear of the spaceship is aways equal to the
length of the spaceship. In a frame in which the spaceship is moving, the spatial separation
between events occurring at the front and rear of the spaceship is equa to the length of the
spaceship if and only if the events are smultaneous. Illustrative event diagrams are shown in

Figure 5-11.
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Event4
- Event 5 Event4

Event 5

I

Rest frame of ship Frame F, in which the ship ismoving

Figure5-11: Event diagrams illustrating a correct response to the tutoria exercise
shown in Figure 5-10. (In the rest frame of the ship, the events may
have any time ordering or be smultaneous, the spatial separation
between them will gtill equal the length of the ship.)

g. Reinforcing student understanding of the spatial separation between events

Because the concept of spatial separation appears to be so difficult for students, the Spatial
measurement tutorial sequence includes a number of exercises that review and reinforce the key
ideas. These exercises, discussed below, are assigned as homework following the tutoria
sequence described above.

i. Guiding students to recognize an incorrect measurement procedure for length

Students are asked to criticize a statement that gives a suggested method for measuring the
speed of a moving spacecraft. The exercise is shown in Figure 5-12. The method described is
incorrect in that the locations of the ends of the spacecraft are recorded at different times; because
the spacecraft moves in the time between the events, the spatial separation between them is not
equa to the length of the spacecraft.
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A physics student describes an incorrect method for measuring the length of a spaceship that is
moving directly toward him with aspeed v.

"Suppose there is a half-silvered mirror on each end of the spaceship. If I send a
short pulse of light toward the spaceship, some of the light will be reflected back to
me from the near end of the spaceship, and the rest will travel to the far end of the

spaceship and be partially reflected back to me from that end. So I will receive two
light pulses, separated in time. One-half of the time between these pulses times

the speed of light is equal to the length of the spaceship.”

Explain why the method described isincorrect.

Figure5-12: Tutorial exercise in which students criticize a measurement procedure

for object length.

The student statement included in the exercise is adapted from an incorrect student
response to the Measurement interview task (see Chapter Four). We have found that it is often
useful for students to explicitly consider common incorrect student statements as a means to
refine their own understanding.

il. Guiding students to identify an object whose location indicates the location of an event

We have seen that students often associate the location of an event with the location of an
object that is moving in the reference frame of interest. To help address this difficulty, we have
designed an exercise to help students identify appropriate “marker objects’ for events (objects
whose locations are always the same as the locations of the events; see Chapter Four). In this
exercise, firecrackers explode harmlessly at either end of a flatcar that moves on a train track.
The firecrackers explode at different times. Each explosion leaves ash on the end of the flatcar
and on the track at the instant that it occurs. Students are asked to sketch event diagrams for the
scenario in the track and the train frames. They are then asked to identify the object(s) whose
position in that frame is dways the same as the position of each exploson. Findly, students are
asked to generdize their criteria for choosing marker objects by stating the circumstances under
which the position of an object in a certain reference frame indicates the position of an event in
that reference frame. Students are aso asked the corresponding questions about spatial

separation. The exerciseis shown in Figure 5-13.
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Firecrackers explode harmlessly at either end of aflatcar that moves along along, straight stretch
of traintrack. Thefirecracker at the front of the flatcar explodes several seconds before the one at
therear of theflatcar. Ashfrom each firecracker sticksto theflatcar andfalls onto the ground at
the instant each firecracker explodes.

A. Sketch an event diagram for the frame of thetrack. Include all four piles of ashin your
pictures.

1. Identify the object(s) whose position, in thisreference frame, is alwaysthe same asthe
position of:
a. thefirst explosion
b. the second explosion

2. Inthisreference frame, the magnitude of the spatial separation between the explosionsis equal
to the distance between two particular objects. Identify these objects.

B. Sketch an event diagram for the frame of the flatcar. Include all four piles of ash in your
pictures.

In this reference frame, the magnitude of the spatial separation between the explosionsis equal
to the distance between two particular objects. Identify these objects.

C. Under what circumstances does the position of an object in acertain reference frameindicate
the position of an event in that reference frame?

D. Under what circumstances is the distance between two objects equal to the magnitude of the
spatial separation between two events?

Figure5-13: Tutorial exercise in which students identify appropriate marker

objects.

Correct event diagrams for the above exercise are shown in Figure 5-14. Students should
be able to recognize that in each frame, the ashpiles that are at rest in that frame mark the
locations of the explosions in that frame; for example, the ashpiles that stick to the train mark the
locations of the events in the train frame. In genera, the position of an object in a certain
reference frame indicates the position of an event in that reference frame if and only if the object
(1) is at the location of the event at the time the event occurs and (2) is at rest in that reference

frame.
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Figure 5-14: Event diagrams for the tutorial exercise of Figure 5-13.

iii. Addressing the belief that the location of an event can change with time

As we have mentioned, we have found event diagrams to be an especialy useful
representation for events and their spatial coordinates. In the following homework exercise, we
present students with flawed event diagrams and student statements, and ask them to identify and
correct the errors they find. The setup for the exercise is shown in Figure 5-15.
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A city bus moves from left to right relative to the road.

Events1, 2,and 3areasfollows. Event 1. Thebusdriver drops his hat onto the road

Event 2; A passenger on the bus sticks his gum
tothewall

Event 3: A drop of il dripsfrom the rear of the bus
onto theroad

Events 1, 2, and 3 occur one after the other in numerical order. After events1, 2, and 3
have occurred, the hat isto the right of the drop of oil on the road.

Figure 5-15: Setup for tutorial exercise in which students criticize flawed event
diagrams.

In the first part of the exercise (Figure 5-16), the events are incorrectly represented on the
same picture even though they are not smultaneous. In the second part (Figure 5-17), the events
are incorrectly represented as moving along with certain objects. In each case, students are asked

to identify the flaw in the diagram and produce correct event diagrams (shown in Figure 5-18).

A student sketches the event diagram shown below for the road frame. The diagram isflawed.
Identify the error(s) in the event diagram. Draw acorrect event diagram for the road frame.

(I
QO 1

&P

O <— Gum O
(just dropped to ground) hat
(on the wall) (just dropped)

Figure 5-16: Tutorid exercise in which students criticize aflawed event diagram.

The events are incorrectly represented on the same picture even though
they are not s multaneous.
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Another student sketches the event diagram shown at

right for theroad frame. The diagram isflawed. T EEEEEEEEN
Identify the error(s) in the event diagram. Correct
the diagram appropriately.

(G I
Event 2@d
<=
Event 1
QN N N

vent 2

Event 3

Figure5-17: Tutoria exercise in which students criticize a flawed event diagram.

The events are incorrectly represented as moving along with certain
objects.
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Figure5-18: Corrected event diagrams for the situations of Figure 5-16 and Figure

5-17.

In the third part (Figure 5-19), fictiona student statements incorrectly equate the length of

an object with the spatial separation between events at the front and rear of the object.

responding to question 1, students should recognize that athough the hat is dropped from the
front of the bus and the oil drips from the back, the spatial separation between events 1 and 3 in
the road frame is not equal to the length of the bus, because the bus moves in the time between
the events. In responding to question 2, students should recognize that athough the hat moves in
the time between events 1 and 3, the location of event 1 does not change; the distance between

the locations of events 1 and 3 is, therefore, the length of the bus.
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Criticize the following statements.

1. "The hat is dropped from the front of the bus and the oil drips from the back. So
the spatial separation between event 1 (the hat drops) and event 3 (the oil drips) in
the road frame is approximately equal to the length of the bus."

2. "The distance between the location of event 1 and the location of event 3 in the
bus frame is definitely less than the length of the bus, because the hat moves
toward the back of the bus in the time between the events."

Figure5-19: Tutorid exercise in which students criticize fictional student

statements regarding the spatial separation between events.

This exercise has proved to be quite a difficult one for students, even with the preparation
provided by the earlier tutorial exercises. On the homework, only about haf of the students
answer either question 1 or question 2 correctly; about a third answer both parts correctly. In
guestion 1, many students redraw the events as occurring at separate instants (in separate
pictures) but fail to label them as occurring a a specific location (Figure 5-20). In question 2,
some students redrew the event labels to indicate the events (e.g., event 1, “the bus driver drops
his hat onto the road”) as being at rest in that frame (Figure 5-21(a)). Other students redrew the
hat (and its label, “Event 17) to indicate its being at rest in the bus frame (Figure 5-21(b)). These
students are failing to distinguish events from the objects associated with them.
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Figure 5-20: Incorrect student response to question 1 of the exercise shown in
Figure 5-19. The student has failed to label the events as occurring at
specific locations.
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Figure5-21: Incorrect student responses to question 2 of the exercise shownin
Figure 5-19. (a) The student has indicated the event as being “at rest”
in the bus frame, as though an event could exist for an extended period
of time. (b) The student has indicated the hat as being at rest in the bus
frame, and has labeled the hat “Event 17 at each instant.

Interestingly, severa students explained their responses with statements that are not

incorrect:

“Event 1 in reference to the bus occurs at the front of the bus and does not move

to the left.” (introductory student)

“The hat may be moving backward relative to the bus, but in the bus frame the
location of the event stays constant at the front.” (introductory student)

The students superficially acceptable explanations conceal the errars in thinking that their
incorrect event diagrams make clear. We often find that students' thinking is best illustrated by

use of avariety of representations.
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2. Assessing student under standing after the Spatial measurement tutorial sequence

We have assessed student understanding after the Spatial measurement tutorial sequence
with a variety of questions. Three are discussed below. The first two are in a nonrdativistic
context; the third is in a rlativigtic context. One question, the “calculation post-test,” assesses
student ability to calculate the spatial separation between two nonsimultaneous events.  Another
question, the “marker-object post-test,” student recognition of the motion of objectsin a
given reference frame. The third question, the “relativistic post-test,” assesses student ability to
extend their understanding of spatial separation to relativistic scenarios. In that question, students
are asked to compare the spatial separation between events to the length of an object moving with
relativistic speed in the frame of interest.

a. Question requiring calculation of spatial separation

i. Description of question

In the calculation post-test for the Spatial measurement tutorial, students are given the
gpatial separation and time duration between two events in the ground frame and are asked to
caculate the spatial separation between the events in the frame of an airplane that moves with
nonrelativistic speed v relative to the ground. The post-test isidentical to the pretest described on

page 135 (Figure 5-1). However, no student saw the same question twice.

ii. Correct response

As detailed on page 135, a correct answer to the caculation post-test may be obtained by
application of the Galilean transformation for spatial separations.

dx* =dx—vdt
= 300 km — (50 m/s) (—6000 s))
=600 m

As discussed in Chapter Four, students tend to fail to caculate the spatia separation
correctly because of their intuitive idea that the spatial separation between the events is equal to
the distance between the objects associated with the events.
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iii. Adminigtration of question

The post-test described above has been given in courses for introductory and advanced
undergraduate gudents. In some cases, the question was given after traditiona instruction in
Galilean relativity and served as a pretest of the Spatial measurement tutoria. In other cases, the
guestion was given after students had completed the Spatial measurement tutorial and served asa
post-test of that tutorial. Student performance after only traditiona instruction was reported in
detail in Chapter Four. We repeat these post-traditional-instruction results below for comparison
with post-tutoria-instruction results.

When used as a post-test, the question described above was either part of the homework
following the Spatial measurement tutorial or part of the pretest for the next tutoria (Length
contraction, described below). The results were very similar. Therefore, they have been

combined.

iv. Student performance

Student performance on the calculation post-test is substantially improved after completion
of the Spatial measurement tutorial sequence. The proportion of students answering correctly is
gpproximately doubled in both introductory and advanced courses. The fraction of students
claming that the spatial separation between the events is invariant and equal to the distance
between the mountains is reduced by about half.
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Table51: Resultsof the calculation post-test of the Spatial measurement tutoria
sequence.
Written question
Traditiona ingtruction SPM tutorid ingtruction
Introductory
students Advanced Introductory uAncé\granf;?
Sp9%’, Au9?®, |  undergrad. students ALEO %\UOO
Au99 Au00 (N=27) | Au98 (N=37) N—’ 48
(N=108) (N=48)
Correct
35% (40 0 0
(A = dx — vat) (40) 35% (9) 60% (22) 65% (31)
Nearly correct 15% (14 0 0
(0 = dx + vel) (14) 20% (5) 15% (5) 5% (2)
dx” = dx 30% (31) 30% (8) 15% (6) 15% (7)
dx” = vdt 5% (8) 15% (4) 5% (2) 10% (5)
Other 15% (15) 5% (1) 5% (2) 5% (3)

The results of the cdculation post-test are especialy notable in that the focus of the tutorial
sequence is on qualitative comparisons, not quantitative applications. The fact that completion of
the Spatial measurement tutorial strengthens student performance on the calculaion post-test
provides additional evidence that student difficulties with this question are in part conceptual

difficulties with measurement procedures for object length.

b. Question about the motion of “ marker objects”
i. Description of question

In the marker-object post-test of the Spatial measurement tutorial sequence, two volcanoes,
Mt. Rainier and Mt. Hood, suddenly erupt at the same time in the reference frame of a
seismologist at rest in a laboratory midway between the volcanoes. A spacecraft flies drectly
from Mt. Rainier to Mt. Hood with constant relativistic speed relative to the ground. Students are
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asked, among other tasks, to sketch an event diagram illustrating the scenario in the spacecraft
frame. We observe particularly whether students correctly represent the motion of objectsin the
spacecraft frame. The marker-object post-test, shown in Figure 5-22, is Smilar to the explicit
version of the Eruptions question described in Chapter Four. However, no student saw the same
guestion twice.

Two volcanoes, Mt. Rainier and Mt. Hood, erupt simultaneously in the reference frame of a seismol-
ogist at rest midway between them. The volcanoes are 300km apart in their rest frame. A spacecraft
flying with constant speed v =0.8c past Rainier towards Hood is directly over Rainier when it erupts.

Sketch an event diagram for the spacecraft frame.

Figure 5-22: Marker-object post-test for Spatial measurement tutorial sequence.

ii. Correct response

A correct response is shown in Figure 5-23. A correct event diagram has severa key
features. For the purposes of this question, we observed only whether students indicated that in
the spacecraft frame, the positions of the volcanoes change with time while the spacecraft
remains a rest.

Event 1
B (Rainier erupts)
Event 2
(Hood erupts)

Figure 5-23: Correct event diagram for the marker-object post-test.
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iii. Adminigtration of question

We have administered the marker-object post-test as a written question to about 200
students in six introductory and advanced undergraduate physics courses. The question was
administered after the Spatial measurement tutorial, as part of the pretest for the following
tutorial (Length contraction, described below).

iv. Student performance

Three-quarters of students answered the marker-object post-test correctly. Such
performance represents substantial improvement over the results of the graduate student
interviews discussed in Chapter Four, suggesting that the Spatial measurement tutorial provides

effective ingtruction regarding marker object motion.

Table5-2.  Results of marker-object post-test of the Spatial measurement tutorial

sequence.
Interview , ,
task Written question
Traditiona _ .
instruction SPM tutorid instruction
Introductory Advanced
iruadd;a:[tse students undergraduates
099 (N=10) Au98, Au99, Wi98, Wi99, Au99,
Sp99* (N=142) Au00 (N=93)
Correct: spaceshipat rest, | gy (¢ 70% (100) 75% (72)
mountains moving
Incorrect: ground at rest, *
o g . 70% (7) 15% (23) 15% (16)
Other incorrect 0 15% (19) 5% (5)

*  These results represent students’ initial responses. All students corrected their event
diagrams during the course of the interview, with assistance from the interviewer.
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c. Question comparing spatial separation to length in a relativistic context

We have observed repeatedly that students tend to equate the spatial separation between
events with the distance between objects associated with those events. As part of our assessment
of the Spatial measurement tutorial sequence, we asked a question designed to probe this
difficulty directly. In order to observe whether students were able to extend the ideas of the
Spatial measurement tutorial sequence to situations they had not previoudy studied, we set the
question in a reatvigic context. (The students had adready studied relativistic kinematics in
other parts of the course.)

i. Description of question

The relativistic post-test of the Spatial measurement tutorial sequence takes place in the
same context as the calculation post-test, but the speed of the vehicle passing over the mountains
is relativistic, and the eruptions occur simultaneoudly in the ground frame. Students are asked (i)
to determine the order of the eruptions in the spacecraft frame and (ii) to compare the spatial
separation between the eruptions in the spacecraft frame to the distance between the mountainsin
that frame (and explain their reasoning). The relativistic post-test is shown in Figure 5-24.

Two volcanoes, Mt. Rainier and Mt. Hood, erupt simultaneously in the reference frame of a seismol-
ogist at rest midway between them. The volcanoes are 300km apart in their rest frame. A spacecraft
flying with constant speed v =0.8c past Rainier towards Hood is directly over Rainier when it erupts.

1. Inthereference frame of the spacecraft, does Rainier erupt before, after, or at the sametime as
Hood? Explain your reasoning.

2. Determinethe spatial separation between the two eruptions in the reference frame of the space
craft. Show your work.

Figure 5-24: Rdativistic post-test of the Spatial measurement tutorial sequence.

Part 1 of this question is identica to the location-specific Spacecraft question described in
Chapter Two and used to assess the effectiveness of the Relativistic kinematics tutorial sequence
described in Chapter Three. Here, we discuss the results of this part only to the extent that they
relate to student performance on part 2 of the question, which relates to the materia in the Spatial

measur ement tutoridl.
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ii. Correct response

In the spacecraft frame, Mt. Hood erupts first. (For a detailed discussion of the
determination of the order of events in the spacecraft frame, see Chapter Two.) Because
mountains move away from the location of Hood's eruption in the time between the eruptions, the
spatial separation between the eruptions is greater than the distance between the mountains. An
event diagram illustrating the situation in the spacecraft frame appears in Figure 5-23 (page 157).

iii. Adminigtration of question

We have administered the relativistic post-test of the Spatial measurement tutoria as a
written question to about 200 students in five introductory and advanced undergraduate physics
courses. The question was administered after the Spatial measurement tutorial, as part of the
pretest for the following tutorial (ength contraction, described in section C.1 below). For
reasons that will be discussed in section iv below, it is important to note that the question came
after students had completed the first haf of the Relativistic kinematics tutoria sequence
described in Chapter Three.

iv. Student performance

About one-third of students answered part 1 correctly.® (For a detailed discussion of the
results of part 1, see the discussion of the (identical) location-specific spacecraft question in
Chapter Two and the Relativistic kinematics post-test in Chapter Three.)

Student performance on part 2 of the reativistic post-test (comparing dx, the spatial
separation between the eruptions in the spacecraft frame, to d, the distance between the mountains
in that frame) is poor. Although we have no pretest data with which to compare the results, it is
difficult to imagine that much improvement could have taken place as a result of Spatial
measurement tutorial instruction. Many students claimed that the spatial separation between the
events was equal to the distance in the spacecraft frame. They failed to recognize that this would
only be true if the events were smultaneous. A smaller group of students claimed that the two
quantities were related by the formula for length contraction, even though the two quantities are

measured in the same frame of reference. Student approaches are summarized in Table 5-3.
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Table5-3:  Results of part 2 of the relativistic post-test of the Spatial measurement
tutorial sequence.

Written question
SPM tutoria instruction
Advanced
Introductory students undergraduate
Au98, Sp99, Au99 students
(N=130) Wi98, Au99, Au00
(N=69)
Correct (dx > d) 5% (8) 10% (7)
Reasoning based on incorrect
measurement of length (dx = d) 50% (63) 60% (41)
Reasoning based on length 0 0
contraction (dx < d) 25% (31) 15% (10)
Other or no reasoning 20% (28) 15% (11)

It might be questioned whether the students recognized that the two events were not
simultaneous in the spacecraft frame. For this reason, we also examined student responses to part
1 of the comparison post-test in this context. Part 1 requests the order of eruptions in the
spacecraft frame. As stated above, about one-third of students answered correctly.® Those
students’ responses to part 2 of the comparison post-test are summarized in Table 5-4. This sub-
group did, in fact, do better on the question; the fraction of students claiming that dx = d is lower
in this sub-group of students. However, overadl performance is ill not impressve. Only 15
20% answered correctly. This result is consistent with our observations in Chapter Four that
student difficulties with spatiad measurements are apparently not limited to difficulties with the
relativity of smultaneity.
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Table54:  Results of part 2 of the relativistic post-test of the Spatial measurement
tutoria sequence. Includes only students who answered correctly regarding

the relativity of smultaneity.
Written question
SPM tutoria instruction
Advanced
Introductory students
Au98, S99, AU undergraduate
(N'=44) students )
Au99, Au00 (N'=35)
Correct (dx > d) 20% (8) 15% (5)
Reasoning based on incorrect 0 0
measurement of length (dx = d) 25% (10) 45% (16)
Reasoning based on length 0
contraction (dx < d) 30% (13) 25% ()
Other or no reasoning 30% (13) 15% (5)

Although an understanding of length contraction is not necessary for (or relevant to) a
correct answer to this post-test, the idea appears to present a major distraction for students. The
Spatial measurement tutoria sequence, which dedls only with nonrelativistic contexts, does not
present opportunities to confront incorrect applications of length contraction. The above results
suggest that explicit consideration of this idea may be essentid to improving student
understanding of measuring length.

V. Commentary

The Spatial measurement tutoria sequence appears to be fairly effective in addressing
some common student difficulties with spatiad measurements in nonrelativistic contexts. For
example, after completion of the tutoria sequence, 60-65% of students apply the Galilean
transformations correctly to calculate a spatial separation between events, as compared with about
35% correct dafter traditiona instruction. However, about one-third of students ill do not
calculate spatial separations correctly after the tutorial. We intend to add quantitative exercisesto
the tutorial sequence to the as a next step in improving the curriculum.



163

It is interesting to note that completion of the Spatial measurement tutorial sequence is not
sufficient for students to successfully respond to questions comparing spatial separation to object
length in relativistic contexts. Other ideas seem to arise in those contexts that prevent students
from applying the ideas of spatial measurement introduced by the tutorial. As discussed below,
the combination of the Spatial measurement and Length contraction tutorials seems to be
necessary to help students apply measurement procedures for length in relativistic contexts.

C. ADDRESSING STUDENT DIFFICULTIESWITH SPATIAL MEASUREMENTSIN RELATIVISTIC
CONTEXTS

1. Tutorial sequence: Length contraction

We have seen that students have difficulty with quantitative relationships among spatial
quantities, especialy in relativistic contexts. In particular, students tend to apply the formula for
length contraction indiscriminately. In the Length contraction tutoria sequence, we try to
address this difficulty by providing experience with Stuations in which the length contraction
formulais not relevant and having students reflect on the conditions that must be met in order that
it can be applied.

a. Eliciting indiscriminate applications of length contraction

The Length contraction pretest serves the purpose of dliciting students' tendency to apply
length contraction indiscriminately. The pretest, shown in Figure 5-25, is identicd to the
relativistic version of the Ratios question described in Chapter Four. Two spaceships (A and B)
pass one another with relativistic relative speed. Students are asked to determine numerical
values for the ratios dx;,®/dx,™ and dx;s*/dx;s®. As detailed in Chapter Four, since the
relevant events for the numerator of each ratio occur at the same location, both ratios are equa to

zero. Event diagrams for the Length contraction pretest are shown in Figure 5-26.
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y closeto each other. Alanisat restinthe front of spaceship A
eship B. Andy and Becky are at rest in the backs of spaceships

Andy Alan

1.25) and spaceships A and B each
he distance light travelsi

Figure 5-25: The Length contraction pretest.

Figure 5-26. Event diagrams for the Length contraction pretest.

The majority of students at al levels are unable to answer the Length contraction pretest
correctly. Most state that the ratio is equal to the factor gor its reciprocal.

b. Addressing the belief that a ratio of spatial separationsis a ratio of lengths

The Length contraction tutoriad sequence begins with an exercise in which students
produce event diagrams for both frames in the same situation used in the Length contraction
pretest.” Students are prompted to include the fact that lengths are contracted in their diagrams
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with subsidiary questions such as “Determine the proper length of spaceship B,” and “In Beth's
frame, is the length of spaceship A greater than, less than, or equa to 120 c-ns?” In the
classroom, students show no difficulty representing contracted lengths in their event diagrams.
The correct event diagrams appear in Figure 5-26.

I. Exercisein which ratio of spatia separationsis zero

After having produced event diagrams, students are asked to determine a numerical vaue
for the ratio dx.,®/dx;,™ and to check that their answer is consistent with their event diagrams.
In the classroom, amost no students answer this question correctly, despite having produced
correct event diagrams on the same page of the tutorial worksheet. For this reason, we have
included a “checkpoint” in the tutorial sequence at this exercise: students are instructed to check
their answers with a tutoria instructor before proceeding to the rest of the worksheet. With such
assistance, students are able to recognize that the value of the ratio requested is zero. The
exerciseis shown in Figure 5-27.

Determine the numerical value of the ratio dx; (B)/dx ,(A).

4 Check your answer with atutorial instructor.

Figure 5-27: Tutorid exercisein which students identify aratio of spatia
separations as being equd to zero.

il. Exercise in which ratio of spatial separations is the reciproca of the expected ratio

The second exercise in the Length contraction tutorial sequence refers to the event
diagrams just described, but is in the form of a student dialogue regarding the ratio dx,s®/dx,s™.
Student 1 claims (correctly) that the length of spaceship A in Beth's frame is less than the length
of spaceship A in Alan's frame, since in Beth's frame, spaceship A is contracted from its proper
length. Student 2 goes on to deduce (incorrectly) that the ratio dx,s®/dx,s™ is therefore less than
one. Students in the classroom are told that student 2’'s conclusion is incorrect and are asked to
identify the error in Student 2'sreasoning. The exercise is shown in Figure 5-28.
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Consider the following student dialogue

Student 1. "The length of spaceship A in Beth's frame is less than the length of
spaceship A in Alan's frame, since in Beth's frame, the length of spaceship A is
contracted from its proper length.”

Student 2:  "Exactly. So dx23(B) / dx23(A) is less than one."

Student 2's conclusion isincorrect. |dentify the error in the student’ s reasoning.

Figure5-28: Tutorial exercisein which aratio of spatial separationsisthe

reciprocal of the expected ratio.

Students can use their event diagrams (Figure 5-26) to determine that the ratio dx,s®/dxs®
is actualy greater than one, since it is the ratio of the proper length of ship B to the contracted
length of ship B. They should recognize that Student 2's error is in equating dx,; with the length
of ship A; in fact, it is equa to the length of ship A only in the frame in which events 2 and 3 are
simultaneous (Alan’s frame).

In the classroom, students have little difficulty identifying the particular error in Student 2's
reasoning. However, they seem to classify Student 2's error as careless, not conceptua; he or she
made a mistake as to which ship length the spatial separations referred to. The exercise provides
an example of aratio of spatid separations that is the reciprocal of the expected ratio, but it is still
aratio of lengths. It is perhaps for this reason that the students find the exercise easy to complete.

c. Reinforcing student understanding of spatial separation in the context of quantitative
relationships

We have found that in specid relativity it is important to provide students with practice in
interpreting quantitative relationships. The practice provides a context in which to reinforce and
extend student understanding of spatial separations between events. Below, we describe
exercises emphasizing applications of the invariant spacetime interval. These exercises are
assigned as homework after completion of the tutorial sequence described above.
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i. Applying the invariance of the spacetime interval to derive the Lorentz transformations

In one exercise, students work through a derivation of the Lorentz transformations. (In
some cases, they have aready seen a smilar derivation in another part of the course.) They use
the invariance of the spacetime interval and basic kinematic relationships (e.g., the definition of
veocity). The exercise describes a situation that includes three events and two reference frames.
The events and frames are chosen so that the spatial and temporal separations between them have
paticular interpretations in the physica context described. Students complete a series of
questions in which they relate these spatia and tempora separations to one another using the
invariance of the spacetime interval and identify certain physicaly meaningful quantities (.g.,
lengths, velocities) in the process. By rewriting spatial and temporal separations in terms of these
physica quantities and assuming linear transformations, students are able to determine the
coefficients for both spatia and temporal Lorentz transformations. Because of the length of the
exercise, it is not included here; the full exercise appearsin Appendix C.

il. Interpreting spatia separations in the context of timelike, spacelike, and lightlike
spacetime intervals

The last exercise that we describe has students consider timelike, spacedike, and lightlike
intervals (e.g., intervals for which the quantity c¢’dt ;,> = — c’dt;, 2 + dx;,P? is positive, negative,
or zero, respectively).® Several short exercises require students to interpret the terms in the
spacetime interva by relating them to a generic physical context. For example, two events that
are measured to occur 10 c-ns apart in frame A are observed to have alightlike interval between
them. Students are asked to determine the time duration between the events. For events that
occur 10 c-ns apart in space and 15 ns apart in time in frame A, students are asked if thereis a
frame in which the events occur at the same place. The complete exercise is shown in Figure
5-29.
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Pairs of events for which the quantityc2dt 12 = —c2dt1(F) 2 + dxo(F) 2 (the “ square of thespacetime

interval between events 1 and 2") is positive are referred to as having aspacelikeseparation; pairs of
events for which that quantity is negative are referred to as having &melikeseparation. If the
spacetime interval between two eventsis zero, their separation is said to bdightlike

Two events, 1 and 2, are measured to occur 10 c-nsapart in frame A.

A.Suppose events 1 and 2 are separated by dightlike interval. Determine the time duration (in ns)
between the eventsin frame A.

B. Supposeinstead that in frame A, event 1 occurs 15nsbefore event 2.

1. Isthere areference frame in which the events occur at the same place? If so, describe the motion of
that framerelativeto frame A. If not, explain why not.

2. Isthere areference frame in which the events occur at the sametime? |f so, describe the motion of
that framerelativeto frame A. If not, explain why not.

3. Isthere areference frame in which event 1 occurs after event 2? |f so, describe the motion of such a
framerelativeto frame A. If not, explain why not.

C. Suppose instead that in frame A, event 1 occurs 6ns of time before event 2. Determinethe
minimumspatial separation (inc-ns) between the eventsin any frame.

Figure5-29: Tutoria exercise regarding interpretation of spatial separations in the
context of timelike, spacelike, and lightlike intervals.

2. Assessing student under standing after Length contraction

We have assessed student understanding after the Length contraction tutorid with both
quditative and quantitative questions that require students to distinguish between spatial
Separation and object length. One, the “comparison post-test,” asks students to compare the
spatia separation between nonsimultaneous events to the length of a moving object. The
“caculation post-test” and “ratios post-test” assess student ability to determine the spatia
separation between events in situations in which the spatial separation does not correspond to the
length of an object.

a. Question comparing spatial separation to length

i. Description of question

The comparison post-test for the Length contraction tutoria isidentical to the reativigtic
post-test for the Spatial measurement tutorial sequence, shown in Figure 5-24 on page 159. In
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that question, a spacecraft flies with relativistic speed relative to volcanoes that erupt
simultaneoudly in the ground frame. Students are asked (i) to determine the order of the eruptions
in the spacecraft frame and (ii) to compare the spatial separation between the eruptions in the
gpacecraft frame to the distance between the mountains in that frame (and explain their

reasoning).

il. Correct response

A correct response to the comparison post-test is described on page 160. Mt. Hood erupts
first in the spacecraft frame. Since, in that frame, the mountains move away from the location of
the first eruption in the time between the two eruptions, the spatial separation between the events

is greater than the distance between the mountains.

iii. Adminigtration of question

We have administered the comparison post-test of the Length contraction tutorial sequence
as an examination question to about a hundred students in three advanced undergraduate physics
courses. The question was given on an examination after the Length contraction tutoria
sequence. (Students had also completed the Relativistic kinematics tutorial sequence described in
Chapter Three at that time.)

iv. Student performance

Student performance on part 2 of the comparison post-test is substantially improved with
completion of the Length contraction tutorial sequence. Table 5-5and Table 5-6 report the
performance of introductory and advanced students, respectively. In each table, N representsal
students taking the podt-test; N” represents the number of students taking the post-test who
responded correctly to part 1 regarding the order of events in the spacecraft frame. (See page 161
for adiscussion of the relevance of event order to this comparison.)
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Table55.  Resultsof part 2 of the comparison post-test of theLength contraction (LC)
tutoria sequence, administered to introductory students. Results after the
Spatial measurement (SPM) tutorial are shown for comparison. N includes
al students responding to the post-test; N” includes only those students who
answered correctly regarding the relativity of smultaneity in part 1.

Written question
Introductory students
SPM tutoria instruction SPM ianrgbciotﬁtonal
Au98, Sp99, Au99 Au99
(N=130) (N'=44) (N=70) (N"=44)
Correct (dx > d) 5% (8) MG | B ?f;;()

Reasoning based on incorrect
measurement of length (dx = d)

Reasoning based on length 2504
contraction (dx < d) 25%(31) | 30%(13) | 3% (J) | (1

Other or no reasoning 20% (28) | 30% (13) 10% (8) 10% (5)

500 (63) | 25% (10) | 20% (15) | 20% (8)
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Table5-6. Resultsof part 2 of the comparison post-test of theLength contraction (LC)

tutorial sequence, administered to advanced undergraduate students.
Results after the Spatial measurement (SPM) tutorial are shown for
comparison. N includes all students responding to the post-test; N” includes
only those students who answered correctly regarding the relativity of

smultaneity in part 1.

Written question

Advanced undergraduate students
S_PM tut(_)rial SPM _and LQ tutorial

instruction instruction
Wi98, Au99, Au00 Wi98, Au9d8, Au99
(N=69) (N'=35) | (N=67) (N'=49)
Correct (dx > d) 10%(7) | 15% (5) | 40% (28) | 55% (27)
22";?;13 e?}fiefdl g:‘g't?fz’(;;ef g | @) | w%as | 15%0) | 10%E
Sfﬁtfoagi?gnl’(ﬁcg'mgth 15% (10) | 25%(9) | 25% (16) | 15% (9)
Other or no reasoning 15% (11) 15% (5) 20% (13) 20% (9)

Student performance on this question is improved after working through the Length
contraction tutorial sequence. Among both introductory and advanced students, the percentage

reasoning based on an incorrect measurement of length (dx = d) is reduced.

The percentage of students reasoning based on length contraction is not dramatically
reduced and in some cases may increase as a result of tutorial instruction. This error on students
part is not well understood; students appear to be applying length contraction to compare two
guantities that are measured in the same frame. Further research is needed to better identify and

respond to this particular student difficulty.
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b. Question requiring calculation of spatial separation
i. Description of question

The calculation post-test for the Length contraction tutoria sequence is identical to the
implicit verson of the Eruptions question described in Chapter Four. In that question, a
spacecraft flies with relativistic speed relative to volcanoes that erupt smultaneoudy in the
ground frame. Students are first asked whether there is a frame in which the events are
smultaneous and, if so, to determine the velocity of that frame relative to the ground. Second,
students are asked to determine the spatial separation between the eruptions in the spacecraft
frame. The calculation post-test appearsin Figure 5-30.

Two volcanoesMt. Rainier and Mt. Hood, suddenly erupt on the same day. The volcanoes are 300
km apart in their rest frame. In the frame of a seismologist at rest on the groundMt. Hood erupts
first; Mt.Rainier erupts at atime c2t =120 km later.

1. Isthere aframein which the eruptions occur simultaneously? If so, determine the magnitude
and direction of the velocity of thisframe relative to the ground. If not, explain why not.

2. A spacecraft flies with constant speed past Rainier towards Hood at v@8c. Determine the spatial
separation between the two eruptionsin the reference frame of the spacecraft. Show your work.

Figure 5-30: Cdculation post-test for the Length contraction tutorial sequence.

Student responses to part 1 of this question reflect their understanding of the relativity of
simultaneity and are discussed in Chapter Two (section E.3). Here, we discuss the results of part
1 only to the extent that they relate to student performance on part 2 of the question, which relates
to the materia in the Length contraction tutorial. The discussion below paralesthat in Chapter
Four (section D).

il. Correct response

Correct responses to parts 1 and 2 may be obtained by application of the Lorentz
transformations. The positive direction is from Rainier to Hood. In the solution to part 1 below,
the unprimed frame is the ground frame, the primed frame is the frame in which the events are
smultaneous, and v is the velocity of that frame relaive to the ground. The eruptions are
smultaneous in a frame moving with speed 0.4c from Hood to Rainier.
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Part 1: dtt =0 =g(dt—vdx/c?)
= 5/3 (400 ns — v (1000 c-ns)/c’)
v =—0.4c

In the solution to part 2 below, the unprimed frame is the ground frame, the double-primed
frame is the frame of the spacecraft, and V is the velocity of the spacecraft relative to the ground.

The eruptions are 2200 c-ns apart in the spacecraft frame.

Part 2. dx~ =g(dx—\Vdt)
=2200 c-ns

iii. Adminigtration of question

We have administered the calculation post-test of the Length contraction tutorial sequence
as an examination question to students in three introductory and advanced undergraduate physics

courses.

iv. Student performance

Table 58 summarizes student performance on part 2 of the post-test. Student performance
isimproved over pretest performance. Two-thirds of introductory students use a correct approach
after tutorial instruction, compared to about one-fourth after traditiona instruction; among
advanced undergraduate students, performance improves from about one-third to about one-half
using a correct approach. Although a significant number of students till use length contraction
inappropriately in response to this question, the fraction of students doing so is reduced. Overall,
student prformance is substantialy better than graduate student performance without tutoria
ingtruction.

As was the case after traditional instruction, most students answer part 1 of the calculation
post-test for the Length contraction tutorial sequence in a mamner consistent with the ideathat the
eruptions are not simultaneous in the spacecraft frame (see Chapter Four). Student performance
among those who recognized the relativity of smultaneity (denoted by N in the table) is dightly
better than the performance of the entire group (denoted by N).
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Table58  Results of part 2 of the calculation post-test of the Length contraction
tutoria sequence given to introductory students. The second row isa
subset of the first. Graduate student results are included for comparison. N
includes all students responding to the post-test; N” includes only those
students who answered correctly regarding the relativity of smultaneity in
part 1.
" . , SPM and LC
Traditiona instruction tutorial instruction
Written question Interview Written question
task
Introductory students Cs;truag;qattse Introductory students
Au98, $p99, Au99 Au98, Au99
S Sp98, Sp99
(N=127) (N'=114) | (N=N=16) | (N=116) (N'=107)
Correct approach 0 0 o o
(Lorentz trans.) 25% (30) | 25% (29) 20% (3) 65% (74) | 65% (72)
Correct answer 15% (21) | 15% (20) 20% (3) | 45% (55) | 50% (53)
Approach based
on length 60% (78) | 55% (66) 80% (13) | 30% (34) | 25% (27)
contraction
Other incorrect 0 0 o o
approach 15% (19) | 15% (19) 0 5% (8) 5% (8)
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Table59: Results of part 2 of the calculation post-test of the Length contraction
tutorial sequence given to advanced undergraduate students. The second
row is asubset of the first. Graduate student results are included for
comparison. N includes all students responding to the post-test; N” includes
only those students who answered correctly regarding the relativity of
smultaneity in part 1.

" . : SPM and LC
Traditional ingtruction tutorial instruction
. Interview .
Written task task Written task
Graduate Advanced
Advage(;i;?grpggduate students undergraduate
P98, S99 students Wi98
(N=34) (N'=25) | (N=N'=16) (N=N"=22)
Correct approach 0
(Lorentz trans)) 30% (10) 35% (9) 20% (3) 50% (11)
Correct answer 25% (8) 30% (7) 20% (3) 35% (8)
Approach based
on length 60% (20) 50% (12) 80% (13) 45% (10)
contraction
Other incorrect 10% (4) 15% (4) 0 5% (1)
approach

c. Question requiring calculation of a ratio of spatial separations
i. Description of question

The ratios post-test for the Length contraction tutorial sequence is identical to part (i) of
the pretest described on page 163 (Figure 5-25). The post-test is dso extremely smilar to the
tutorial exercise described on page 164. In the question, Alan and Andy are in the front and rear
of spaceship A, and Beth and Becky are in the front and rear of spaceship B. The two spaceships
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pass one another with given reativistic speed. Students are asked to determine the numerical
value of theratio dx;,®/dx,,™, where events 1 and 2 both occur at Beth.

ii. Correct response

Because the events in question occur at the same location in the frame of ship B, the value

of the ratio requested is zero.

iii. Adminigtration of question

We have administered the ratios post-test for the Length contraction tutorial sequence asan
examination question to students in one introductory and one advanced undergraduate physics

course.

iv. Student performance

The ratios question appears to be singularly difficult for students. Performance on the post-
test is poor, showing little or no improvement (perhaps even a reduction) from pretest
performance. Thisis despite the fact that students had seen a nearly identical question previoudy
in tutorial or on the pretest. As we have seenin other contexts (e.g., in Chapter Three), repeated

exposure to the same question does not reliably result in improved performance.
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Table5-10: Results of the ratios post-test of the Length contraction tutoria sequence
given to introductory students.

Written question

Advanced undergraduate
students

Introductory students

Treditional .
instruction SPM and LC Traditiona SPM and LC

tutorial instruction tutoria
SS%%% "A‘A\t%% ingtruction Au98, Sp99 ingtruction
' Au99 (N=56) (N=26) Au99 (N=19)

(N=65)
Correct (zero) 10% (5) 15% (7) 40% (10) 30% (6)
Incorrect: gor 1/g 75% (49) 75% (43) 60% (16) 70% (13)
Other incorrect 15% (11) 10% (6) 0 0

Further research is needed to identify instructional strategies that will enable students to
identify spatial separations that are equal to zero.

D. SUMMARY

Based on the research described in Chapter Four, we developed a tutoria sequence to
address students difficulties with event position, spatiad measurements, and gpplications of
guantitative relationships such as length contraction. The two-part sequence focuses first on
applications of the concept of a reference frame to measurement procedures for the spatia
separation between events in general and object length in particular. The second part requires
students to identify the conditions under which length contraction is and is not the appropriate
relationship between pairs of spatia separations. We have found that students who have
completed this sequence are more likely to be able to correctly compare spatia separation to
object length, and are better able to perform caculations of spatia separation by means of the
Gdlilean or Lorentz transformations.

Some difficulties with spatiadl measurements are persistent, and thus far we have only
partidly succeeded in addressng them within a few hours of tutorial instruction. Student
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performance on applications of the Lorentz transformations leaves room for improvement, and
students have particular difficulty recognizing spatial separations that are equal to zero. Further
research is needed to identify effective instructional strategies to address persistent student
difficulties with spatial measurements.
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NOTESTO CHAPTER FIVE

! R.P. Feynman, The Character of Physical Law (MIT Press, Cambridge, MA, 1967), p.127.
2 Data from Oregon State University.

3 Datafrom Massachusetts I nstitute of Technology.

* Data from Oregon State University.

® Students had completed the first half of the Relativistic kinematics tutorial described in Chapter Three
(parts a-d). After completion of the entire Relativistic kinematics tutorial sequence, student performance
is about 50% correct on similar questions.

® Note that part (i) of the comparison post-test is identical to the extremely challenging location-specific
spacecraft question discussed in Chapter Two. By using this version of the question, we hoped to
distinguish students with a genuine understanding of the relativity of simultaneity from those with a
superficial recollection of the idea.

" The same exercise serves as a reinforcement of the relativity of simultaneity (see Chapter Three, section
C.le.

8 Several different definitions of the spacetime interval, timelike intervals, etc. are common in
undergraduate physics courses. Each time we assigned this exercise, we consulted with the instructor to
make sure that the definitions we used were consistent with his or her definitions and with the text for the
course. The resulting modificationsto the exercises were minor.
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CHAPTER SIX:

CONCLUSION

In this dissertation we have presented results from a systematic investigation of student
understanding of specia relativity. This work is part of the ongoing effort of the Physics
Education Group at the University of Washington to establish aresearch base on the teaching and
learning of physics that can serve as a resource for instruction and curriculum development.
During this investigation, which was conducted among students enrolled in physics courses
ranging from the introductory to the graduate level, we identified persstent difficulties with the
definitions of the position and time of an event and with the concept of a reference frame. We
have applied the results from this research to guide the design of instructional materias to address

some of the specific difficulties that we identified.

Our investigation has shown that many students do not think of a reference frame as a
system of observers that determine the same position and time for any event. Instead, they appear
to equate a reference frame with a “point of view.” They interpret statements of the frame-
dependence of the time of an event to mean that observers at different locations receive signals
from events at different times. Popular culture does not distinguish well between relativity and
relativism, and the idea that “everything is relative’” may find expresson in modern physics
classrooms.  However, the difficulties that we identified do not appear to arise simply from
ingppropriately colloquia interpretations of technical terms. Students appear to believe strongly
that it is in the nature of relativity for observers to disagree about the redity that surrounds them.
Such a belief unravels the very fabric of relativity theory, which depends on invariance as much
as it alows for variability. However, the incorrect belief has the tremendous advantage of
dlowing students to avoid the true relativity of smultaneity, which is easily among the most
disturbing results of modern physics.
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Student difficulties with spatial measurements also appear to have their roots in difficulties
with the concept of areference frame. In the context of spatial measurements, however, instead
of being burdened with an incorrect concept of reference frame, students appear to lack such a
concept. For example, they do not spontaneously apply the formalism of a reference frame when
asked to measure the length or speed of an object. They use objects to specify event locations, a
practice that suggests that they imagine space as being “studded” with items of interest, rather
than uniformly blanketed with a coordinate grid. Lacking a reliable sense of what is meant by the
position of an event, students tend to associate events with moving objects, an association that
may be the basis for the apparent belief that the spatial separation between two events is
identically equal to the distance between two objects. This inagppropriate equality seems to be at
the root of the indiscriminate application of length contraction and failure to apply the Lorentz
transformations.

Traditiona ingtruction in relativity appears to have little effect on these ideas, which are
present even among graduate students in physics. In fact, indruction in relativity may
inadvertently reinforce such beliefs. New vocabulary, equations, and dogans such as “moving
clocks run sow” may be assimilated without understanding and may be used incorrectly to justify
aworldview that is Newtonian at best, and may perhaps be better described as medieval.

The results of this investigation strongly suggest that a meaningful understanding of
relativity requires a sound basis in nonrelativigtic kinematics. This generdization has guided us
in the development of tutorias to supplement instruction in special relativity. For example, the
instructional sequence that attempts to address student difficulties with applications of length
contraction begins with applications of the concept of a reference frame to measurement
procedures for the spatial separation between events in nonreativistic Stuaions. Similarly, the
sequence that addresses student difficulties with the relativity of smultaneity focuses first on the
development of the concept of a reference frame and measurement procedures for the time of an
event. Later parts of each sequence work to help students apply these basic ideas in a rigorous
manner to chalenging relativistic scenarios.

After students have completed instruction using the materials that we developed, we have
posed examination problems designed to test student conceptual understanding. By comparing
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student performance on these questions to that after standard instruction, we have been able to
assess the effectiveness of the curriculum. In severa cases, we have found that student
performance on these problems is significantly better in courses in which our materias have been
used than in courses in which students have completed standard instruction. Students who have
completed the series of tutorials on specia relativity are more likely to answer correctly basic
guestions about simultaneity, both for observers at rest relative to one another and for those in
motion relative to one ancther. They are also more likely to be able to compare spatial separation
to object length and to be able to perform caculations of spatia separation by means of the
Gadlilean or Lorentz transformations. We have aso identified other difficulties that appear to be
very persistent. Thus far we have only partially succeeded in addressing these through tutorial
instruction. Further research is needed to identify effective instructional strategies.

The work reported in this dissertation provides an example of the three-part process by
which we attempt to improve the teaching and learning of physics. By investigating student
difficulties, developing curriculum to address these difficulties, and assessing student
performance after instruction is completed, we hope to gain an increasingly detailed and coherent
understanding of how students learn physics. Our experience indicates that the type of research
and research-based curriculum development described gresatly increases the likelihood that there

will be cumulative improvement in the effectiveness of instruction at all levels of physics.
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NOTE TO CHAPTER SIX

1 See A. Crosby, The Measure of Reality: Quantification and Western society, 1250-1600 (Cambridge
University Press, Cambridge, UK, 1997) for an interesting discussion of the medieval conception of
space.
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APPENDIX A:

EVENT DIAGRAMS

In this dissertation (specifically, in Chapters Four and Five), we introduced a new
representation called an event diagram. Event diagrams are comparable to Minkowski
(spacetime) diagrams in that they are a graphical representation of spacetime, providing a visud
means for organizing events, objects, locations, and so on. An event diagram consists of a series
of pictures, each of which represents events and objects at a single instant. Each picture in an
event diagram is therefore a“snapshot” of the objects, with their relative sizes and distances from
one another indicated.” Events that occur a the instant of each picture are indicated in the
appropriate picture at the location of the event. Successive instants appear one below the other.

Event diagrams for different reference frames are drawn separately.

An example of apair of event diagrams for a scenario described in Chapter Four appearsin
Figure A-1. Two volcanoes, Mt. Rainier and Mt. Hood, erupt smultaneoudy in the ground frame
(shown in Figure A-1(a)). Event 1 is “Mt. Rainier erupts,” and event 2 is “Mt. Hood erupts.”
The two events are indicated at the locations at which they occur in the ground frame. The event
diagram for the ground frame contains only a single picture, since there is only a single instant of
interest in this case. In the spacecraft frame, shown in Figure A-1(b), event 2 occurs before event
1.2 Because the spacecraft is at rest in this frame, it appears at the same location at each instant;
the mountains move to the | eft.
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@

—
Event 1 Event 2
(Rainier erupts) (Hood erupts)

i

Event 2
— (Hood erupts)
Event 1

(Rainier erupts)

(b)

Figure A-1:

Event diagrams have much in common with Minkowski (spacetime) diagrams. The
spacetime diagrams corresponding to the event diagrams shown in Figure A-1 appear in Figure
A-2. Events appear as points in ether type of diagram. A vertica line through either diagram
indicates a fixed position over a range of times; a horizonta line indicates a single time at a range
of positions. A line tracing an object’s location at successve times in an event diagram (e.g., a

line connecting Mt. Hood at successive times in Figure A-1(b)), is comparable to the worldline

for that object in a spacetime diagram.

Event diagrams for (a) the ground frame and (b) the spacecraft frame
for the scenario described above and in Chapter Two.
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t t
Specerrdt Specerat
. Eruption Eruption i
Eruption Eruption
ot N / " > / ¥
Mt. Rainier Mt. Hood Mt. Rainier \\K
Mt. Hood
@ (b)

Figure A-2:  Spacetime diagrams for (@) the ground frame and (b) the spacecraft

frame for the scenario described above and in Chapter Two.

The principa difference between event and spacetime diagrams is that spacetime diagrams
present a smplified, abstract, globa representation of spacetime; event diagrams represent events
in a more concrete physical context. Objects such as mountains appear as pictures of mountains
instead of as idedlized points in a coordinate grid. For this reason event diagrams are more
cumbersome than spacetime diagrams. To the same extent, however, event diagrams situate
events more directly in the physical context in which they occur. Event 1, for example, occurs at
the spaceship (and at Mt. Rainier) at the instant that the spaceship is over Mt. Rainer, instead of at
the coordinate location on a grid where the spaceship worldline crosses the Mt. Rainier worldline.

Other differences between event diagrams and spacetime diagrams include the
representation of time as discrete in event diagrams; individual instants are pictured separately
instead of on a continuum. Additiondly, in event diagrams, time progresses vertically downward
instead of upward asis conventional for spacetime diagrams.

Event diagrams are useful in that they dicit student difficulties with events more
effectively than spacetime diagrams do; for examples, see Chapter Four. In addition, they
provide a tool that students can use as they work to relate events to physical objects, particular
observers, measurement procedures, and so on. Chapter Five discusses ways in which we have

used event diagrams in addressing student difficulties with spatial measurements.
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Related graphical representations have been promoted by Boas® and by Evett* as useful aids
to teaching relativity. These authors representations are similar to event diagrams in that they
picture instants separately instead of continuoudly. They each represent objects as idedlized rods
along coordinate axes, and Evett’s diagrams do not show event locations explicitly. We believe
there are advantages to using a representation that closely approximates a physica situation.
Both authors suggest picturing clocks at a range of locations, some at rest and some in motion,
and showing the clocks visudly as being synchronized or not as appropriate. This addition seems
appropriate for students advanced enough to have deduced the relativity of clock synchronization.
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NOTESTO APPENDIX A

! The term “snapshot” is used in its sense of “representation at asingle instant;” an actual photograph of
the objects would differ from the representation shown in the diagram because of angular effects, light
travel time from object to camera, and so on.

2 See Chapters Two and Three for detailed discussions of the relativity of simultaneity.

3 M. Boas, “Events as the key to a graphic understanding of special relativity,” Am. J. Phys. 47,938
(1979).

* A. Evett, “An aid for clarifying space-time conceptsin special relativity,” Am. J. Phys. 39, 44 (1971).
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APPENDIX B:

RESEARCH TASKS

This appendix contains versions of the research tasks discussed in Chapters Two and Four
and some of the post-test questions that appear in Chapters Three and Five. (In the cases that
post-test questions are identical to pretest questions described in Chapters Three and Five, the
guestions appear in Appendix C dong with the tutorials and tutorial homework.) For many of the
tasks, severd versons have been administered that differ in wording, context, etc.; in the cases
that the different versions appear to be equivalent as indicated by student performance, only a
representative version is included here.

The tasks presented here are exact reproductions of tasks administered in classes and in
interviews. Their formatting is preserved from the original. The tasks may differ from those
discussed in the body of the dissertation in the following respects. they may differ in context or
wording in ways that do not appear to affect student performance, and they may appear in
combination instead of singly as they do in the body of the dissertation. For example, the
location-specific Spacecraft question, the Seismologists question, and the relativistic version of
the Ratios question all appear within a single problem given on an examination to an advanced
undergraduate physics class.

Because questions often appear in combination within a single problem, the problems are
numbered with roman numerals to distinguish them from the individua questions described in the
body of the dissertation. The questions contained within each problem are identified in the list
below. Some tasks appear more than once. Other tasks appear within the problems presented

here that are not discussed in this dissertation.



Problem:

Problem I1:

Problem I11:

Problem | V:

Problem V:

Problem VI:

Problem VII:

Problem VIII:
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Written question, advanced under graduate students, Autumn 1999
L ocation-specific version of the Spacecraft question

Seismologists question

Comparison post-test of Length contraction tutorial sequence
Relativigtic version of the Ratios question

Interview protocol, graduate students, Spring 1997
Measurement question
Undirected version of the Spacecraft question

Written question, introductory students, Autumn 1998
Directed version of the Spacecraft question
Explicit verson of the Eruptions question

Interview protocol, graduate students, Autumn 2000
Explicit version of the Spacecraft question
Selsmologists question

Written question, advanced undergraduate students, Spring1998

Implicit version of the Eruptions question

Written question, advanced undergraduate students, Autumn 1998

Numerator version of the Ratios question

Written question, introductory students, Autumn 1998
Relativigtic verson of the Ratios question

Written question, advanced under graduate students, Autumn 2000
Nonrdativistic version of the Eruptions question
Nonrelativigtic version of the Ratios question
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Appendix B: Research tasks Problem

1. Mt Ranier and Mt. Hood, which are 300 km apart in their rest frame, suddenly erupt at the sametime
in the frame of a seismologist at rest in a laboratory midway between the volcanoes.

The seismologist’s assistant is at rest in alab near Rainier when it erupts. A fast spacecraft, flying
directly from Rainier toward Hood &  v=0.8c relative to the ground, is above Rainier when it erupts.
A. Does Rainier erupt before, after, or at the sametimeas Hood:

i. inthe frame of the sismologist’s assistant? Explain.

ii. inthe frame of the space craft? Explain.

B. Sketch event diagrams showing Mt. Rainier, Mt. Hood, and the spacecraft a the instant(s) of the
eruptions. Sketch one diagram for the seismologist’s frame and one for the space creft's frame.

Sketch a different picture for each different ingtant. Indicate the location of each eruption on the
appropriate picture, and indicatethe  motion of each object in eech frame.

Seismologist frame Spece craft frame

C. In the spacecraft frame, is the distance between the eruptions greater than, lessthan, or egual to the
distance from Rainier to Hood? Explain.

D. Let event 1 be “the space craft passes Mt. Rainier” and event 2 be “the spaoecraft passes Mt.
Hood.” Determine the magnitude of the ratio alx,, P2 Y (i, ,F0I - (cf, P B s the gpatial
separation between events 1 and 2 in the space craft'sframe) Explain.

Physics 311 Autumn 1999
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Appendix B: Research tasks Problem 11

Spring 1997

Interview Protocol
(Need 6 copies of blank Spacetime diagrams per interview )

Name, physics and math courses taken at UW or elsewhere.

Part |
Space landing strip/spaceship moving with respect to each other.
Ask for operationa definition of speed of spaceship wrt person on landing strip
Ask for operationa definition of speed of landing strip wrt person on ship

How, if a all, would operationd definition of speed changeif speedsinvolved are
relativistic?

If op. defsarein terms of displacement/distance then ask for operational definition of
displacement/distance

Operationa definition of length of spaceship as measured by person on board spacecraft.
Operationd definition of length of spaceship as measured by person on landing strip.

If length involves simultaneous measurements, ask how one could make such
measurements.

If Vi srip = c/2, what isvstrip,craft? Explain.
Part 11

The space landing strip and the star Hoth are at rest with respect to each other. Alan, at rest
on the landing strip has measured the distanceto Hoth to be 12 light years. Captain
Outbound, on spaceship moving with constant speed v =0.6 ¢ (g=1.25; Don't giveto
interviewee yet), past the landing strip towardHoth, passes Alan, on the strip, at the instant
that both of their clocks read 0.

The (spacetime) diagram at right isone that Alan usesto locate when and where
something happens. Note that a scale for the vertical and horizontal axes has been
provided (1 tick = 2 yearsor 2 light years). On this (spacetime) diagram:

Choose and label the location of Alan when Captain Outbound passes him.

Labd event 1, “Outbound arrives at Hoth.”

Mark the line segment that represents the time lapse on Alan’ s watch while Outbound
moves from Earth to Hoth.

Label event 2, “thereading on Alan’ swatch is equa to ‘whatever the interviewee said’ .”

The (gpacetime) diagram below isthe one Outbound usesto locate when and where
something happens. Note that this diagram uses the same scale for the vertical and
horizontal axes as the diagram for part A. On this (spacetime) diagram:

Mark and label the location of Outbound when Alan passes him.

Label event 1. Explain your reasoning and show your work.

Label event 2. Explain your reasoning and show your work.

On Outbound’s (spacetime) diagram, mark the line segment that represents the time
lapse on Outbound’ s watch while Alan and Outbound move apart. Explain how you
knew to mark this line segment as you did.
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Appendix B: Research tasks Problem 111

1. [25pointstotal]

Mt. Rainier and Mt. Hood, which are 300 km apart in their rest frame (the Earth),
suddenly erupt at the same time as determined by observers on Earth.

A. [8pts] What is the time interval between the two eruptions as determined by

observers in afastspace craft (V=0.8c) flying directly from Rainier toward Hood?
Show your work.

B. [4 pts] Which eruption occurs first according to the observers in thepace craft?
Explain.

C. [5pts] Answer part B if thepace craft were flying from Hood toward Rainier.
Explain.

D. [8 pts] How far apart in space are the eruptions, according to observersin the
space craft of part A? Show your work.

Physics 121BH Autumn 1998
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Appendix B: Research tasks Problem IV

Interview protocol Autumn 2000

In this problem, all events and motions occur along a single linein space. Non-inertial effects o
the surface of the Earth may be neglected.

All observers areintelligentobservers, i.e, they correct for signal travel time to determine the
time of eventsin their reference frame. Each observer has synchronized clocks with all other
observersin his or her reference frame.

Two volcanoes, Mt. Rainier and Mt. Hood, are 300 km apart in their rest frame. Each erupts
suddenly in aburst of light. Alan, a seismologist at rest in alaboratory midway between the
volcanoes, receives the light signals from the vol canoes at the same time. Bob, the seismologist
assistant, is at rest in alab at the base of Mt. Rainier.

Define event 1 to be “Mt. Rainier erupts,” and event 2 to be “Mt. Hood erupts.”

. Carolineisthe pilot of afast space craft flies past Mt. Rainier toward Mt. Hood with consta
velocityv=0.8crelative to the groundd = 5/3). At the instant Mt. Rainier erupts, thmace
craft is directly above it and so Caroline receives the light from Mt. Rainier instantaneously.

i. For each intelligent observer below, does event 1 occuefore, after,orat the same time
asevent 2? Explain.
Alan
Bob

Caroline

ii. For each intelligent observer below, determine the time that elapses between events 1
and 2. Explain.

Alan
Bob

Caroline

II. David isin aspace craft that flies from Mt. Rainier to Mt. Hood with the same velocity as
Caroline's ship (=0.& relative to the ground). David’s shifs directly above Alan at the
instant Alan receives the light signals from the vol canoes.

For David, determine the time that elapses between events 1 and 2.

111. Mt. Baker, which is 360 km from Mt. Rainier in their rest frame, eruptsaifroseconds
after Mt. Rainier as recorded by a geologist at rest in alab midway between Mt. Rainier and
Mt. Baker.

I's there an observer for whom Mt. Rainier and Mt. Baker erupt simultaneously? If so,
determine the velocity of this observer relative to the ground (magnitude and direction). |If
not, explain why not.
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Appendix B: Research tasks ProblemV

#5 (35) For your information, 1 nanosecond, which is abbreviated 1 ns, isequal tc
1° 107°s. A light-nanosecond, the distance that light travelsin one nanosecond,
(3" 10°ms)(1” 10°9 = 0.3 m, will be abbreviated 1 ¢- ns.

Consider the following two eventsin aframeontheground : Atx=0andt=0,a
firecracker goes off at one end of an alley. Forty nanoseconds later another
firecracker goes off at the other end of the alley, a distance 100 c- ns down the
positivex axis. An observer inthe air travels down the positive x axis at a speed
0.8c relative to the ground.

(a)(19) According to this observer, what is the spatial separation, in
light—nanoseconds, between these two events; i.e. what is the distance between
the two places at which the two events occurred?

(b)(8) Isthere aframein which the two events occur at the same place? If so,
what is the speed of this frame relative to the ground?

(c)(8) Isthere aframein which the two events occur at the sametime? If so,

what is the speed of this frame with respect to the ground?

Physics 323 Spring 1998
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Problem VI

Physics 311

Pretest

Name

A 12-meter long train moves with
constant nonrelativistic speed relative
to along, straight stretch of track.

Alan stands at rest relative to the
track. His assistant, Andy, isalso a
rest relative to the track and stands
12 meters from Alan (see figure).
Beth stands at rest on the train.

Define events 1, 2, and 3 as follows:

rear

“A

front

A

Alan

A

Andy

Event 1. The front of the train is next to Alan
Event 2: The front of the train is next to Andy
Event 3: The rear of the train is next to Alan

The spatial separation between events 1 and 2 in Alan’s frame is designated 2
Determine numerical values for the following quantities. Briefly explain your reasoning in each case.

(A)

x12™ and is equal to x,* - X,

o 2x,®

. 2y @

. 2 X1z(A)

o 2 XHW

O Tutorialsin Physics, Department of Physics, University of Washington, Autumn 1998.
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Appendix B: Research tasks Problem ViI

PRETEST: SPECIAL RELATIVITY I Name
Physics 121B(H)

Two spaceships, A and B, pass very close to each other. Alanis at rest in the front of spaceship A and
Beth is a rest in the front of spaceship B. Andy and Becky are at rest in the backs of spaceships A
and B respectively.

In Alan’s frame, the speed of spaceship B is0.6 ¢ (g= 1.25) and spaceships A and B each have length
120 cns. (One light-nanosecond, abbreviated  c-ns, is the distance light travelsin 10 ° seconds.)

Beth Becky
- — *
Ship AG* ~~
Alan

Andy

1. Defineevents 1, 2, and 3 as follows: Event 1:  Alan and Beth pass each other
Event 2: Andy and Beth pass each other
Event 3:  Alan and Becky pass each other

The diagram above represents the spaceships at the ingtant of event 1 in Alan’s frame.

Determine numerical vaues for the following ratios, in which the subscripts refer to the events

defined above. Usethe notation2  xx® = %™ - %® = the spatial separation between events 2 and 3 in
Beth's frame.

Explain your reasoning and show your work.

B A
'2X12()/2X12()

B A
'Ztlz()/ztu()

e 23 M )2y ®

O Tutorialsin Introductory Physics, ~ Department of Physics, University of Washington, Autumn 1998.
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Appendix B: Research tasks Problem VI1I

PRETEST: MEASUREMENT Name

1. A draight runway is 100 m long. A small explosion occurs at the east end of the runway; 10 seconds
later, a small explosion occurs at the west end of the runway. An airplane moves from west to east with
speed 25 m/s relative to the runway.

How far gpart in space are the locations of the explosions:

« in the frame of the run way? Explain.

« in the frame of the airplane? Explain.

2. Two spaceships, A and B, pass very close to each other. Alanisin the front of ship A and Beth isin the
front of ship B. Andy and Becky are at rest at the backs of ships A and B respectively. In Alan’s frame,
ship B moves with speed v = 3 my/s and ships A and B each have length 12 m.

Define events 1, 2, and 3 as follows; Beth Shio B Beck
I —
Event 1:  Alan and Beth are adjacent - S - |
Event 2: Andy and Beth are adjacent — ~—
Event 3:  Alan and Becky are adjacent L= . =3
~— Ship A Alan

The diagram at right represents the ships at Andy
the ingtant of event 1 in Alan’'s frame.

Determine numerical values for the following ratios, in which the subscripts refer to the events defined
above. Usethe notation dx,s* =x,"'— x® = the (signed) distance between the locations of events 1 and 2
in Alan’'s frame. Explain your reasoning.

. dxlz(B) / dxlz(A)

° dxm(A) / dxlz(B)

O Tutorialsin Physics, Department of Physics, University of Washington, Autumn 2000.
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APPENDIX C:

PRETESTS, TUTORIALS AND TUTORIAL HOMEWORK

This appendix presents an integrated sequence of pretests, tutorials, and tutorial
homework that includes the Events and reference frames, Spatial measurement, Relativistic
kinematics, and Length contraction tutorial sequences described in Chapters Three and Five. The
post-tests for each tutorial sequence appear in Appendix B (Research tasks) except in the cases
that they are identical to the pretests included here.

Each time the tutorials are used with a particular group of students, they are modified
dightly to suit the particular circumstances. Notation, wording, and other details may be changed
to match the text or the lecturer’s presentation. The sequence presented here is a representative
version of the tutorials used in the classroom. The exercises are presented in the order in which
students typicaly complete them.

The titles of the tutoriads reproduced here are those used in the classroom and do not
match those in the body of the dissertation. Exercises described in Chapter Three and Five as the
Events and reference frames and Spatial measurement tutorials appear herein the tutoriastitled
Events and reference frames and Measurement. Exercises described in Chapters Three and Five
under the titles Rel ativistic kinematics and Length contraction appear here within the Smultaneity
and Synchronization and causality tutorias. The four pretests shown here are identical to those
described in the body of the dissertation for the Events and reference frames, Spatial
measurement, Relativistic kinematics, and Length contraction tutorials.

Events and reference frames pretest
Events and reference frames tutoria

Measurement pretest
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Measurement tutorial

Measurement tutorial homework
Smultaneity pretest

Smultaneity tutoria

Synchronization and causality pretest
Synchronization and causality tutoria

Synchronization and causality tutorial homework



206

Appendix C-2 Events and reference frames pretest
PRETEST:
EVENTS AND REFERENCE FRAMES Name

Two physics students, Alan and Beth, are

shown in the diagram at right. Alan and eth lan
Beth have measured their exact relative

distances from points Xand Y.

Sparks jump at the points marked X and Y. X Y
When each spark jumps, it emits a flash of = —
light that expands outward in a spherically Diagram not to scale.

symmetric pattern. Alan, who is

equidistant from points X and Y, receives

the wavefront from each spark a the same instant.

Answer each of the following questions for the observers listed.

(i) Doeshe or she receive the wavefront from the spark that jumped at point X before, after, or at exactly the
sametime as the wavefront from the spark that jumped at point Y?

(ii) In his or her reference frame, does the spark that jumped at point X jump before, after, or at exactly the
same time as the spark that jumped at point Y?
Explain your reasoning in each case.

e Alan

0]

(i)

* Beth

M

(i)

O Tutorialsin Introductory Physics, ~ © L.C. McDermott, P.S.  Shaffer, and the Physics Education Group, Department of Physics,
University of Washington, 2000.
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Appendix C-2 Events and reference frames tutorial (page 1 of 3)

EVENTS AND REFERENCE FRAMES  name

. Reference frames

A physics student named Alan and  a beeper are aranged as lan
shown at right. The beeper is about to emit a beep, and beeper
Alan wants to determine the exact time at which it does so. -
However, heis along way from the beeper and unable to '3.@30
travel to it.

A. Alan is equipped with accurate meter sticks and clocks, Diagram not to scale.
and there are a number of other physics students
available to assist him if necessary.

1. Describe a set of measurements by which Alan can determine the time at which the beep is emitted
using his knowledge of the speed of sound in air.

2. Describe a method by which Alan can determine the time at which the beep is emitted without
knowing or measuring the speed of sound first. ( Hint: Alan’'s assistants are free to stand at any
location.)

B. A fugitive from justiceis a large in Sesattle. His identity and exact whereabouts are unknown. A reporter
has reason to believe that the fugitive will soon confess to his crime, and wishes to record as exactly as
possible the time and place of the confession. Her funding for this project is excellent.

1. Describe an arrangement of observers and equipment with which the reporter may record the position
and time of the confession.

An observer's reference frame is an arrangement of assistants and equipment with which the observer may
record the position and time of anything that occurs.

2. Justify the claim that the reporter's arrangement of observers and equipment is the reporter's

reference frame.
C. A horn islocated between Alan and the beeper. The lan
beeper beeps once and the horn honks once. Alan hears
the two sounds at the same instant in time. beeper
. orn _
1. Describe amethod by which Alan can measure the Fy

time separation between the emission of the beep and
the emission of the honk in his reference frame
without knowing or measuring the speed of sound
first.

Diagram not to scale.

2. InAlan's reference frame, is the beep emitted before, after, or at the same instant as the honk is
emitted? Explain.

O Tutorialsin Introductory Physics,  © L.C. McDermott, P.S.  Shaffer, and the Physics Education Group, Department of Physics,
University of Washington, 2000.
1
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Appendix C-2 Events and reference frames tutorial (page 2 of 3)

Events and reference frames

1.
A.

An intelligent observer is equipped with measuring devices (such as meter sticks, clocks, and assistants) and is
able to use them to make correct and accurate determinations of where and when something occurs. All
observersin the study of relativity are intelligent observers.

Events

In the study of relativity we refer to materid ~ objects, locations in space, instantsin time, and events. An
event is associated with a single location in space and a single instant in time.

State whether each of the items below is  an object, alocation, an instant, an event, or none of these.

¢ The beeper of Part | ¢ The exact time a which the beeper beeps
» The beeper emits a beep * A sound wave travels from the beeper to Alan
¢ Alan hears the beep » Two beepers beep at the same time

Sketch a picture showing Alan, the beeper, the horn, ) !
and any other objects of interest at the instant the Event diagram for Alan'sframe
beeper beeps.  Indicate the location of the event “the
beeper beeps’ on the picture.

Below that picture, sketch another picture showing
the objects of interest at the instant the horn honks.
Indicate the position of the event “the horn honks’
on this picture.

Below that picture, sketch picture(s) showing the
objects of interest a the instant(s) of the remaining
events of interest. Sketch a separate picture for each
different ingtant. Indicate the location of each event
on the gppropriate picture.

O Tutorialsin Introductory Physics, ~ © L.C. McDermott, P.S.  Shaffer, and the Physics Education Group, Department of Physics,
University of Washington, 2000.

2
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Appendix C-2 Events and reference frames tutorial (page 3 of 3)

Events and reference frames

C. A diagram such asthe one you drew aboveiscaledan  event diagram. An event diagram has the
following characterigtics:

- The objects of interest are shown at the ingtants of the events of interest.
- Successive ingtants are shown one below the other.
- The location of each event of interest is indicated in the appropriate picture.

1. Doesthe first picture in your event diagram represent an object, alocation, an instant, an event, or
none of these?

2. Isit possible for a single event to appear in more than one picture in an event diagram? Explain why
or why not.

3. Describe the circumstances under which more than one event should appear in a single picture in an
event diagram.

111. Synchronization of clocks

Alan and Beth are exactly 10 meters gpart relaive to the floor. Each of

them wears awatch. Both watches are extremely accurate, run &t the
samerae, and measuretimein  meters. (One meter of timeisthe amount

of time it takes light to travel one meter.) However, the reading on
Beth's watch is not the same as the reading on Alan’s watch.

A. Determine the amount of time, in meters, that it will it take a light signal to travel from Alan to Beth.

Beth and Alan decide in advance that a the instant Alan’s watch reads 50 meters, Alan’s laser pointer will
emit a pulse of light in Beth’s direction.

B. What time will Alan’swatch read at the instant Beth first receives the light from the laser pointer?

C. Describe a method by which Beth could synchronize her watch with Alan's (- i.e., make her watch have the
same reading as Alan’s at every instant).

D. Another physics student, Caroline, is at rest with respect to Alan and Beth but is very far away from them.
Caroline looks a the reading on Alan’s watch with a powerful telescope, and finds that at every instant,
the reading she sees on Alan’s watch through the telescope is identical to the reading on her watch.

Is Caroline's watch synchronized with Alan’s? Explain why or why not.

O Tutorialsin Introductory Physics, ~ © L.C. McDermott, P.S.  Shaffer, and the Physics Education Group, Department of Physics,
University of Washington, 2000.
3
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Appendix C-3 Measurement pretest

PRETEST: MEASUREMENT Name

1. A draight runway is 100 m long. A smal explosion occurs at the east end of the runway; 10 seconds
later, a small explosion occurs at the west end of the runway. An arplane moves from west to east with
speed 25 /s reldtive to the runway.

How far gpart in gpace are the locations of the explosions:

* in the frame of the run way? Explain.

* in the frame of the airplane? Explain.

2. Two spaceships, A and B, pass very close to each other. Alanisin the front of ship A and Bethisin the
front of ship B. Andy and Becky are at rest at the backs of ships A and B respectively. In Alan’s frame,
ship B moves with speed v = 3 m/s and ships A and B each have length 12 m.

Define events 1, 2, and 3 as follows:
i Beth Ship B Becky
Event 1:  Alan and Beth are adjacent | £ L]
Event 2: Andy and Beth are adjacent — ~—
Event 3:  Alan and Becky are adjacent 7D =
' . . — Ship A
The diagram at right represents the ships at Andy Alan

the ingant of event 1 in Alan’s frame.

Determine numerical vaues for the following ratios, in which the subscripts refer to the events defined
above. Usethe notation dx,,® = x,* —x,® = the (signed) distance between the locations of events 1 and 2
in Alan'sframe. Explain your reasoning.

* d<12(B) / dxu(A)

* d(ls(A) / dx-lz(B)

O Tutorialsin Introductory Phygds,C. McDermott, P.S. Shaffer, and the Physics Education Group, Department of Phys
University of Washington, 2000.
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Appendix C-4 Measurement tutorial (page 1 of 3)

MEASUREMENT Name

. Spatial measurements
A. A train moves with constant

nonrelivistic speed along a Beck Bet
straight track. The train is
12 meters long. == 5

Alan and Andy stand 12 meters A A

apart at rest on the track (see

figure). Beth and Becky stand a Alan Andy
rest at the front and rear of the

train, respectively.

Define events 1, 2, and 3 as follows: Event 1: Alan and Beth pass each other.

Event 22 Andy and Beth pass each other.
Event 3: Alan and Becky pass each other.

1. Onalarge sheet of paper, sketch  an event diagram
showing Alan, Andy, Beth, and Becky at the instants of
events 1, 2, and 3 in Alan’s frame. (That is, sketch a
separate picture for each different instant; sketch pictures
for successive instants one below the other; and indicate
the location of each event on the appropriate picture )

Copy event diagram for Alan’sframe
here after discussion.

a What feature(s) of your event diagram can be used to
indicate that it is a diagram for Alan's frame?

b. How would an event diagram for Andy’s reference
frame compare to the one you drew above? Explain.

¢. What procedure could Alan (or Andy) follow to
measure the distance between the locations of events1and 2 ?

d. How far apart in space are the locations of the following pairs of eventsin Alan’s frame?

Events 1 and 2 Copy event diagram for Beth’sframe
Events 2 and 3 here after discussion.
Events 1 and 3

2. Sketch an event diagram showing events 1, 2, and 3 in
Beth's frame. Be sure your diagram correctly represents
the motion of the train in this frame.

How far apart in space are the locations of the following
pairs of events in Beth's reference frame?

Events 1 and 2
Events 2 and 3
Events 1 and 3

O Tutorialsin Introductory Physics,  © L.C. McDermott, P.S.  Shaffer, and the Physics Education Group, Department of Physics,
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Appendix C-4 Measurement tutorial (page 2 of 3)

Measurement

3. How does Beth's procedure for measuring the distance between the positions of two events compare
to Alan’s procedure?

4. On the basis of your answers above, develop a genera rule that uses an event diagram to determine
how far apart the locations of two events are in a given reference frame.

In tutorial, we will use the symbol dx,*'* to indicate the spatial separation between events 1 and 2 as
messured in Alan's reference frame. dx A" = x,A - x A where x*'*and x,*'® are the positions of
events 1 and 2 in Alan’s reference frame. Note that the spatia separation between events is a signed quantity
(it may be positive or negative).

B. Giveinterpretations for the magnitude of each of the following quantities; that is, tell the meaning of the

number in this physical context. One has been provided as an example. Some quantities may have more
than one interpretation.

o dx '™ The displacement of Beth (or o o,
the displacement of the train) as measured
by Alan (or Andy)

.« dx, 3(Alan) . dxn(sem)

o dx, S(Alan) . Cb(23(Bem)
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Appendix C-4 Measurement tutorial (page 3 of 3)

Measurement

C. A train of unknown length moves with constant nonrelativistic speed on the same track. Alan and his
assistants stand shoulder-to-shoulder on the track.

1. Describe amethod by which Alan can determine the length of the train in his frame if he knows the
speed of the train in his frame.  Specify two events associated with this measurement procedure.

Event a
Event b:

2. Describe a method by which Alan can determine the length of the train in his frame without knowing
or measuring its speed first. Specify two events associated with this measurement procedure.

Event c:

Event d:

D. Suppose event 4 occurs at the front of along ship, and
event 5 occurs at the rear of the same ship. Describe the Event diagram for ship frame
circumstances in which the absolute value of  dxss is equal to
the length of the ship:

« in the frame in which the ship is a rest

e inframe F, in which the ship is moving Eventdi forf F
vent diagram for frame

In the spaces provided at right, draw event diagrams to
support your answers.

O Tutorialsin Introductory Physics, ~ © L.C. McDermott, P.S.  Shaffer, and the Physics Education Group, Department of Physics,
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Appendix C-5 Measurement tutorial homework (page 1 of 3)
Homework: Measurement Name
I. Ashpiles

Firecrackers explode harmlesdly at either end of a flatcar that moves along along, straight stretch of train
track. The firecracker at the front of the flatcar explodes several seconds before the one a the rear of the
flatcar. Ash from each firecracker dticks to the flatcar and falls onto the ground at the instant each
firecracker explodes.

A. Sketch an event diagram for the frame of the track. Track frame
Include al four piles of ash in your pictures.

1. Identify the object(s) whose position, in this
reference frame, is  always the same as the
position of:

a thefirst explosion

b. the second explosion

2. Inthis reference frame, the magnitude of the spatia
separation between the explosionsis equal to the
distance between two particular objects. Identify
these objects.

B. Sketch an event diagram for the frame of the flatcar.
Include dl four piles of ash in your pictures. Flatcar frame
In this reference frame, the magnitude of the spatial
separation between the explosions is equal to the
distance between two particular objects. Identify these
objects.

C. Under what circumstances does the position of an object
in a certain reference frame indicate the position of an
event in thet reference frame?

Under what circumstances is the distance between two objects equal to the magnitude of the spatial separation
between two events?

O Tutorialsin Introductory Physics,  © L.C. McDermott, P.S.  Shaffer, and the Physics Education Group, Department of Physics,
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Appendix C-5 Measurement tutorial homework (page 2 of 3)

Homework: Measurement

I1. Measuring the length of a spaceship

A physics student describes an incorrect method for measuring the length of a spaceship that is moving
directly away from him with aspeed  v. (One light-second is the distance light travels in one second.)

“Suppose there is a half-silvered mirror on each end of the spaceship. If I send a short
pulse of light toward the spaceship, some of the light will be reflected back to me from the
back of the spaceship, and the rest will travel to the front of the spaceship and be partially
reflected back to me from that end. So I will receive two light pulses, separated in time.
The length of the spaceship in light-seconds is one-half of the time between these pulses
times the speed of light.”

Explain why the method described is incorrect.

I11. City bus
A city bus moves from |€&ft to right reletive to the road.
Events 1, 2, and 3 are asfollows: Event 1: The bus driver drops his hat onto the road
Event 2. A passenger on the bus sticks his gum to the wall
Event 3: A drop of ail drips from the rear of the bus onto the road

Events 1, 2, and 3 occur one after the other in numerical order. After events 1, 2, and 3 have occurred, the
hat is to the right of the drop of oil on the road.

A. A student sketches the event diagram shown below for the road frame. The diagram is flawed.

Identify the error(s) in the event diagram.

Draw a correct event diagram for the road frame. Event diagram for road frame

Student eventdiagram for road frame (incorrect)

Event 3 Event 2 Event 1

{

(.
Gum hat

(on the wall) (ust dropped)

CIC I II'II | I
&

(just dropped to ground)
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Appendix C-5 Measurement tutorial homework (page 3 of 3)

Homework: Measurement

B. Another student sketches the event diagram shown : :
below for the bus frame. The diagram is flawed. Student event diagram for bus frame (incorrect)

Identify the error(s) in the event diagram. Correct

the diagram appropriately. (GG N I

Event :

{ O N N

vent 9

‘-&
Event 1

| O | I I |
vent 3
Event 3
ven Event 1

C. Criticize the following statements.

1. “The hat is dropped from the front of the bus and the oil drips from the back. So the spatial
separation between event 1 (the hat drops) and event 3 (the oil drips) in the road frame is
approximately equal to the length of the bus.”

2. “The distance between the location of event 1 and the location of event 3 in the bus frame
is definitely less than the length of the bus, because the hat moves toward the back of the
bus in the time between the events.”

O Tutorialsin Introductory Physics, ~ © L.C. McDermott, P.S.  Shaffer, and the Physics Education Group, Department of Physics,
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Appendix C-6 Smultaneity pretest

PRETEST: SIMULTANEITY Name

Two spaceships, A and B, pass very close to each other with relativistic relative speed. Alanisa restin
the front of spaceship A and Beth is a rest in the front of spaceship B. Andy and Becky are at rest in the

backs of spaceships A and B respectively.

The diagram below shows the two spaceships in Alan's frame. At the instant shown,  two sparks jump
between the spaceships and make char marks on both ships. One sparck marksan  *, and the other marks
an O. When each spark jumps, it emits a flash of light that expands outward in a spherically symmetric
patern. The sparks jump at the same ingtant in the reference frame of ship A.

Beth Becky
- = X 0 =3
Ship AL X Q N
Andy Alan

Answer each of the following questions for the observers listed.

(i) Doesheor sherecevethe wavefront from the spark that marksthe ~ before, after, or at exactly the
same time as the wavefront from the spark that marksthe  O?

(ii) Inhisor her frame, does the spark that marksthe ~ jump before, after, or at exactly the same time as
the spark that marksthe O?

Briefly explain your reasoning for each case.
o Alan * Beth
(i) 0]

(ii) (i)

* Andy * Becky

() (®

(ii) (i)
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Appendix C-7 Smultaneity tutorial (page 1 of 3)

SIMULTANEITY Name

I. Spherical Wavefronts

Two physics students, Alan and Beth, move past each other. At the instant that they pass, a spark jumps
between them. The spark emits a flash of light that travels outward in a spherically symmetric pattern.

The first diagram at right represents the
wavefront of the flash of light a short time
after the spark jumps in Alan’s frame.
-

A. Explain how this picture is consistent with

the fact that Alan observes the speed of

light to be the same in al directions.

Wavefront in Alan's frame Wavefront in Alan's frame

1. Inthe second diagram above, sketch the wavefront at a later timein Alan’s frame. Include Alan’s
and Beth's positions in your sketch.

2. Isthere atime a which the distance from Alan to Beth is greater than the distance from Alan to the
wavefront? Explain.

B. In the spaces at right, sketch the wavefront
a short time after the spark jumpsin
Beth's frame and a a later time in Beth's
frame. Include Beth’'sand Alan’s
positions in your sketches.

Is your sketch consistent with the fact that
Beth observes the speed of light to be the
same in al directions? If not, modify

yo,ur di agram so that it is consistent with Wavefront in Beth's frame Wavefront in Beth's frame
this observation.
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Smultaneity tutorial (page 2 of 3)

Simultaneity

1

4.

5.

I1.  Reativity of Simultaneity

A spark jumps between the front end of atrain and the track (spark F), and another spark jumps between the
rear end of the train and the track (spark R). When each spark jumps, it emits a flash of light (wavefronts F
and R). Each spark also leaves a char mark on both the train and the track.

A. Alanis equidistant from the char marks
on the track. Wavefronts F and R hit
him at the same instant. The diagram at
right represents this instant in Alan’s
frame.

In Alan’s frame, does spark F jump

before, after, or at the same instant

as spark R? Explain your
reasoning.

Alan’s assistant Andy stands at rest relative to the track, near the front char mark on the track.

In Andy’s frame, does spark F jump
reasoning.

The diagram at right represents an
instant a short time after the spark
jumps between the front of the
train and the track in Alan’s frame
(before he receives either
wavefront). Complete the diagram
by drawing the wavefronts at this
instant. Explain your reasoning.

In Alan’s frame, does event 1 happen

reasoning.

In Alan's frame, does wavefront F hit Beth

Explain your reasoning.

char marks
\ rear front

\

Wavefronts in Alan's frame

before, after, or at the same instant as spark R? Explain your

rear front

A

Wavefronts in Alan's frame

Beth stands at rest relative to the train, exactly hafway between the front and rear of the train. Let event 1
be “spark F jumps,” event 2 be “Alan and Beth pass each other,” and event 3 be “spark R jumps.”

before, after, or at the same instant as event 2? Explain your

before, after, or at the same instant as wavefront R?

O Tutorialsin Introductory Physics, ~ © L.C. McDermott, P.S. Shaffer, and the Physics Education Group, Department of Physics,
University of Washington, 2000.

2




220

Appendix C-7 Smultaneity tutorial (page 3 of 3)

Simultaneity

B. A cassette tape player sits at Beth'sfeet.  In Alan's frame, when wavefront F hits the tape player, it plays
the opening chords of Beethoven's Fifth Symphony at top volume; when wavefront R hits the tape
player, it issilenced. If both wavefronts hit the tape player at the same ingtant in Alan’s frame, it remains
silent.

Does the tape player play the opening chords of the symphony:

* inAlan’'sframe?

* inBeth'sframe?

Check that your responses are consistent with your answers to the following questions.

1. Later in the day, Beth gects the cassette from the tape player. She descends from the train, and she
and Alan examine the cassette together. Will the cassette have wound at al from its starting position?

2. Will Beth hear the opening chords of the symphony?

C. InBeth'sframe, does wavefront F hit Beth  before, after, or at the same instant as wavefront R? Explain.

1. InBeth'sframe, isthe speed of wavefront F greater than, lessthan, or equal to the speed of
wavefront R? Explain.

In Beth's frame, event 1 occursat t=1t,” and event 3occursat t = t,°.
2. s t® greater than, less than, or equal tot ,®? Explain.

3. Thediagram at right represents
an instant a short time after both
sparks have jumped in Beth's A
frame (but before the wavefront rear front
from either spark hits her). Add 75 o
to the diagram by drawing the
wavefronts et this instant.
Explain.

Wavefronts in Beth's frame

4. Beth's buddy Becky stands at the rear of the train, at rest relative to the train. In Becky's frame,
event Loccursat t= G,

Is t,®*® greater than, less than, or equal to t ,®*? Explain your reasoning.

O Tutorialsin Introductory Physics, ~ © L.C. McDermott, P.S. Shaffer, and the Physics Education Group, Department of Physics,
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Appendix C-8 Synchronization and causality pretest

PRETEST: SYNCHRONIZATION AND CAUSALITY Name

Two spaceships, A and B, pass very close to each other. Alanis at rest in the front of spaceship A and
Beth is at rest in the front of spaceship B. Andy and Becky are at rest in the backs of spaceships A

and B respectively.

In Alan’s frame, the speed of spaceship B is0.6 ¢ (g= 1.25) and spaceships A and B each have length
120 c-ns. (One light-nanosecond, abbreviated  cns, is the distance light travelsin 10 *° seconds.)

Becky
Beth
- = Sl
Ship AG:= ~
Alan

Andy

1. Define events 1, 2, and 3 as follows: Event 1:  Alan and Beth pass each other
Event 2: Andy and Beth pass each other
Event 3:  Alan and Becky pass each other

The diagram above represents the spaceships at the ingtant of event 1 in Alan’s frame.

Determine numerical vaues for the following ratios, in which the subscripts refer to the events
defined above. Usethenotation  dx,,® = x,® - x® = the spatial separation between events 2 and 3 in
Beth's frame.

Explain your reasoning and show your work.

* dx12(B) / dx12(A)

(B) (A)
o dt, /dt,

o dx, A / dx,®

O Tutorialsin Introductory Physics, ~ © L.C. McDermott, P.S.  Shaffer, and the Physics Education Group, Department of
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Appendix C-9 Synchronization and causality tutorial (page 1 of 3)

SYNCHRONIZATION AND CAUSALITY Name

. Length contraction
Two spaceships, A and B, pass very close to each other. Alan is a rest in the front of spaceship A and Beth is
at rest in the front of spaceship B. Andy and Becky are at rest in the backs of ships A and B respectively.

In Alan’s frame, the speed of ship B is0.6 ( g = 5/4) and ships A and B each have length 120 ns. (One
nanosecond of distance is the distance light travels in one nanosecond.)

Define events 1, 2, and 3 as follows: Event 1. Alan and Beth pass each other
Event 2: Andy and Beth pass each other
Event 3: Alan and Becky pass each other

A. Theinstant of event 1 is shown at right in Alan’'s frame. Alan’sframe

1. Doesevent 2 occur before, after, or at the same time as
event 3 in Alan’'s frame? In Andy’s frame? Explain.

Beth Becky
<
— _—
Andy Alan
2. Sketch an event diagram showing events 1, 2, and 3 in
Alan’'s frame in the space provided.
3. Deermine anumerica vduefor  dx, ", the spatial e
separation between events 2 and 3 in Alan’s frame.
B. Give an explanation of the phrase “the proper length of
spaceship B.”
Beth’'sframe

1. Determine the proper length of spaceshipBin  c-ns.

2. InBeth's frame, isthe length of spaceship A greater than,
lessthan, or equal to 120 c-ns? Explain.

3. Sketch an event diagram showing events 1, 2, and 3 in —
Beth's frame. Make your diagram consistent with your
answers to the above questions.
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Appendix C-9 Synchronization and causality tutorial (page 2 of 3)

Synchronization and causality

4. Determine anumerica value for theratio  dx,{® /dx, *. Explain your reasoning.

4 Check your answer with a staff member before proceeding.

5. Consider the following student dialogue .

Student 1: “The length of spaceship A in Beth's frame is less than the length of spaceship A
in Alan's frame, since in Beth's frame, the length of spaceship A is contracted
from its proper length.”

Student 2: “Exactly. And since event 2 occurs at the back of ship A and event 3 at the front,
dx,3® is the length of ship A in Beth's frame, and  dx,3® /7 dx,3? is less than one.”

Student 2's conclusion is incorrect. Identify the error in the student’s reasoning.

I1. Relative Synchronization of Clocks

A. Alan has synchronized clocks at the front and back of spaceship A, and Beth has synchronized clocks at
the front and back of spaceship B. When Andy and Beth pass each other, both of their clocks read
12 noon.

1. Determine the reading on the clock a the front of ship B at the instant of event 2.

2. When event 3 occurs, is reading on the clock at the back of shipB  before 12 noon, after 12 noon, or
exactly 12 noon? Explain your reasoning.

Recdll that, in Alan’'s frame, events 2 and 3 occur at the  same instant .

3. InAlan’'s frame, do the clocks on Beth's spaceship al havethe  samereading at agiven instant? If
not, which clock on ship B is “ahead” of the other? Explain.
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Appendix C-9 Synchronization and causality tutorial (page 3 of 3)

Synchronization and causality

I11. Causality

A. Laer, Alan (in the front of ship A) and his assistant Andy (in the back of ship A) are adeep. Alan's
bedside darm clock goes off and ingtantly wakes Alan up. Andy wakes up at exactly the same instant.

Isit possible that Andy woke up because he heard Alan’s darm? Explain why or why not.

B. An empty spaceship of proper length L, moving with relativistic speed V, relaive to a large asteroid,
callides head-on with the asteroid. At an instant shortly after the collision (t=1t,), thefront of the
spaceship is brought to rest relative to the surface of the asteroid.

1. Isit possible that the collision brings the back of the spaceship to rest relative to the asteroid at t=1t?
Explain why or why not.

A space probe behind the spaceship moves with constant speed V, toward the asteroid at al times.

2. Describe the motion of the back of the spaceship during atime interval equa to L/c on the space
probe clock after the collision. Explain.

3. Identify the relevant eventsin the scenario described. Sketch event diagrams for the asteroid frame
and the space probe frame.

Asteroid frame Space probe frame
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Appendix C-10 Synchronization and causality tutorial homework (page 1 of 7)

HW: Synchronization and causality Name

I. Trainin atunnel paradox

(In the following problem, consider one dimension only.) A train moves with constant velocity down a
straight track that passes through atunnel. When the train is at rest with respect to the tunnd, the train is
exactly the same length as the tunnel. However, the train in this case is moving relative to the tunnel a nearly
the speed of light.

The engineer on thetrain says:  “The tunnel is Lorentz-contracted and is shorter than the train;
therefore at no time can the train be wholly within the tunnel.”

The keeper of thetunnel says  “The train is Lorentz-contracted and is shorter than the tunnel;
therefore, there will be a time at which the train is wholly within the tunnel.”

They are both infuriated by their failure to reach an agreement.

A. The engineer decides to settle the issue by placing rockets on the front and rear of the train, equipped
with timing devices such that the rockets will be launched simultaneously, in a vertical direction, when the
midpoint of the train passes the midpoint of the tunnel. (The engineer synchronizes these timing devices
while the train is approaching the tunnel.)

1. Sketch event diagrams for the train frame and the tunnel frame, showing the train and the tunnel at
the instant(s) associated with the following events. Show qualitatively correct relative lengths of
objects and relative times of events.

The midpoint of the train is at the midpoint of the tunnel
The front rocket fires
The rear rocket fires

Trainframe Tunnel frame

2. Do the rockets fire inside or outside the tunnel inthe train frame?  in the tunnel frame?
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Appendix C-10 Synchronization and causality tutorial homework (page 2 of 7)

Homework: Synchronization and causality

B. Thetunnel keeper then tries to settle the issue (permanently) by erecting giant indestructible iron gates at
the front and rear of the tunnel, equipped with timing devices such that the gates will close smultaneoudy
when the midpoint of the train passes the midpoint of the tunnel. (The tunnel keeper knows that this will
destroy the train and perhaps the tunnel when the front end of the train plows into a gate, but is so
infuriated as to not care.)

1. Sketch event diagrams for the train frame and the tunnel frame, showing the train and the tunnel a
the instant(s) associated with the following events.

The midpoint of the train is at the midpoint of the tunnel
The front gate closes
The rear gate closes

Trainframe Tunne frame

C. Condgder theingtant at which the front of the train is brought to rest relative to the front gate.

1. Isit possible that the collision brings the back of the train to rest reletive to the front gate at exactly
the same instant? Explain why or why not.

A flatcar far, far behind the train moves with constant speed V, toward the tunnel.

2. Describe the motion of the back of the train during atime interval equa to LJc on the flatcar clock
after the collison. Explain.

3. Doesthe rear gate close on the back of the train, or does it close on the train track?
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Appendix C-10 Synchronization and causality tutorial homework (page 3 of 7)

Homework: Synchronization and causality

I1. Timelike, spacelike, and lightlike intervals

Pairs of events with a possible causal connection are referred to as having a timelike separation; the square of
the spacetime interval between such eventsiswritten  dt,2 = o, % — dx,” %% Pairs of events without a
possible causal connection are referred to as having a spacelike separation; the square of the spacetime

interval between such eventsiswritten  ds,; = dx,,7? — cdt," % If the spacetime interval between two eventsis
zero, their separation issaid to be  lightlike.

Two events, 1 and 2, are measured to occur 10 ¢c-ns gpart in frame A.

A. Supposeevents1and 2 are separated by @ lightlike interval. Determine the time duration (in -~ ns) between
the eventsin frame A.

B. Supposeinstead that inframe A, event 1 occurs 15 ns before event 2.

1. Isthere areference frame in which the events occur at the same place? If so, describe the motion of
that frame relative to frame A. If not, explain why not.

2. Isthere areference frame in which the events occur at the same time? |f so, describe the motion of
that frame relative to frame A. If not, explain why not.

3. Isthere areference frame in which event 1 occurs after event 2? |f so, describe the motion of such a
frame relative to frame A. If not, explain why not.

C. Supposeinstead that inframe A, event 1 occurs6 nsof time before event 2. Determinethe minimum
spatial separation (in - ¢-ns) between the events in any frame.
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Appendix C-10 Synchronization and causality tutorial homework (page 4 of 7)

Homework: Synchronization and causality

I11. Lorentz Transformations

In what follows you will derive the Lorentz transformations using the invariance of the spacetime interval and
your knowledge of kinematics. Credit for this problem will be based only on clear and complete reasoning
(the correct answers are easily obtained from many textbooks).

A spark jumps between the front end of atrain and the track, and another spark jumps between the rear end

of the train and the track. In Alan’s frame, the sparks jump at the same instant. Beth stands at rest relative to
the train. When each spark jumps, it emits a flash of light. Define the following events:

Event 0: A spark jumps between the back of thetrainandthe  track

Event 1. A spark jumps between the front of the train and the track

Event 2. The wavefront from the spark that jumped between the front of the train and the track reaches the
back of the train

A. Sketch event diagrams showing the location of the train in each of the following frames at the instants of
eventsO, 1, and 2. Draw a separate picture for each different instant. Indicate the location of each event
on the appropriate diagram. ( Hint: In Alan’'s frame, events 0 and 1 are smultaneous. In Beth's frame,
events 0 and 2 occur at the same location.)

Alan's frame Beth's frame
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Appendix C-10 Synchronization and causality tutorial homework (page 5 of 7)

Homework: Synchronization and causality

Define v = dxy,fd,”
u = ditg, ek,

B. Giveaname for the quantity v in this context. Explain.

Does the quantity u have a name in this context? Explain.

C. Timedilation

1 Writedt,® intermsof dt,” and dx,,”’. Explain your ressoning.

2. Usethe above expression to write the ratio  dt,® / dt,,” intermsof v. Show your work.

D. Length Contraction

1 Writedx,,?intermsof dk,,® and d,®. Explain your reasoning.

2. Usethe above expression to write the ratio  dx,* / dx,,® interms of  u. Show your work.
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Homework: Synchronization and causality

Synchronization and causality tutorial homework (page 6 of 7)

E. Ddine L= dx,”
T= d,®
1. Giveanamefor thequantity L in thiscontext. Explain.

2. Giveanamefor thequantity —Tin this context. Explain.

3. Write thefollowing quantitiesintermsof L, T, u, and v only. Show your work and explain your
reasoning.

a  dx,®

b. dlz(A)

¢ d,®

4. Show that u = —vc®. (Hint: What quantity relates the four quantitiesin part 3?)

O Tutorialsin Introductory Physics, ~ © L.C. McDermott, P.S.  Shaffer, and the Physics Education Group, Department of Physics,
University of Washington, 2000.
6




Appendix C-10

231

Synchronization and causality tutorial homework (page 7 of 7)

Homework: Synchronization and causality

F. Lorentz transformations

The Lorentz transformations are completely general; they relate event coordinates in two arbitrary
frames, which we will refer to as the “primed” and “unprimed” frames, by convention.

Define g= 1/(11- V?/c) if you haven't aready
Assume the transformations are linear  , that is, assume they have the form
dt” = Adt + Bdx
dx” = Cdt + Ddx
In parts 1-4 below, let the primed frame be the rest frame of Beth and the unprimed frame be the rest
frame of Alan.

1. Consdering events0 and 1, write B intermsof  vand g Show your work.

2. WriteDintermsof vand g. Show your work, stating carefully which events you are considering.

3. WriteAintemsof vand g. Show your work, stating carefully which events you are considering.

4. WriteCintermsof vand g. Show your work, stating carefully which events you are considering.

5. Collect your results from parts 1-4 to relate the spatial separation and the time duration between any
two events in the primed frame to the spatial separation and the time duration between the same two
events in the unprimed frame.
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