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SUMMARY

This supplementary file contains proofs of Proposition 1, Corollary 1, Proposition 2, Theo-
rem 1 and a technical lemma needed in the proof of Theorem 1. Equations in this supplement
are numbered (S1), (S2), ...; equation numbers such as (1), (2),... or (Al), (A2),... refer to the
main body of the paper.

PROOF OF PROPOSITION 1

It suffices to prove that the finitely-valued objective functional M (P; %, 1) given in equa-
tion (2) in the paper admits a unique minimizer on the space of Hilbert—Schmidt operators acting
on H. By the triangle inequality, monotonicity and convexity of p we have that

Ep(pll 2(X; 1) = {AZ + (1 = N7} = p{l| 2 (X5 )[1})
< Eplp{MP2(X; 1) = 2| + (1 = MIIZ(X; 1) = Z'[|} = p{ 1 2(X5 ) [1}]
< AEp[p{l|Z(X; 1) = 2|} = pHlZ2 (X5 )11
+ (1 =X Eplp{l|2(X; 1) = Z'||} — p{|2(X; w)II}]

for any A € [0, 1] and arbitrary Hilbert-Schmidt operators %, %'. Notice that since p is strictly
increasing, the first inequality is strict unless & (X; u) — Z and P(X;u) — %' are collinear
almost surely. Equivalently, the inequality is strict whenever the distribution of &?(X; i) is not
concentrated on the line {t# + (1 — t)%Z' : t € R}.

We now investigate what this condition means geometrically in the space . First, notice that
as the rank of Z2(X; ) is 1, the rank of tZ + (1 — t)%’' has to be 1 also. Now we distinguish
two cases.

First, if #Z, %' are collinear, then the line is of the form {«Z : o € R}, which by the condition
on the rank is {au ® u : o € R} for some u € H. Since Z(X; u) is positive semidefinite, we
in fact have {ou ® u : a > 0}. Thus, the operator &?(X; i) lying on this line is equivalent to X
lying on the line {¢: + Su : B € R}.

Second, if Z, %' are not collinear, then operators of the form t% + (1 — t)%’ have rank 1 for
at most two values of . To see this, notice that the rank condition implies that for all ¢ < 7,

Ri;i R;j R R} _
det{t (Rji Rjj) +(1—1) <R31 R;‘j =0,

where R;; = (e;, #Zej), R;; = (ei, #'e;). This system of quadratic equations has at most two so-
lutions. Thus, the set {tZ + (1 — t)#’' : t € R} reduces at most to the set {u; @ u1, vous ®
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2 KRrAUS, D., PANARETOS, V. M.

ug } for some nonnegative a1, o and some up, uz € H. Hence, the operator &2 (X; 1) belonging
to this set is equivalent to X belonging to the set of at most four points {u £ Srug, pu £ Pous}.

Therefore, if the distribution P is not concentrated on a line or on four points, the objective
function to be minimized is strictly convex. It follows that the minimum of the functional exists
and is unique.

PROOF OF COROLLARY 1

The empirical version of the functional defining the dispersion operator is the expectation with
respect to the empirical distribution P. Under our assumptions on P, the empirical distribution P
is almost surely not concentrated on a line or on four points. Therefore, strict convexity, and thus
existence and uniqueness, follows with probability 1 by applying Proposition 1 to the empirical
distribution P. Consistency then follows from strict convexity and the consistency of /i, using
standard arguments.

PROOF OF PROPOSITION 2

Consider Z of the form > ;7 | S ® ¢y, for some sequence 01,02, ... We will prove that
such an operator solves the estimating equation (5) showing that % and % have the same set of
eigenfunctions, and that the sequence 1, do, . . . satisfies the condition (6).

We investigate the coordinates of the left-hand side of (5), with the aim of showing that the
values

PH%Z — 2(X;p)l}
B Z— P (X, S1
are zero for all j, k. By the orthonormality of (1, o, ..., we have that
o o0 o0 2
1% — 2(X;m)|” = D oker @06 — D) /\}/2)\;16/253'&% ® Pk

k=1 j=1k=1

=Y (G = MBD)”+ D \BE B
k k#j

First, we compute the off-diagonal coordinates with j # k. The first summand in (ST) is zero
because (¢, Zpi) = 0. To show that the second summand in (ST)) is zero, we use the fact that,
by assumption, the sequence {s;3;}3°, with s; = (—1)'t:=3} has the same joint distribution as
{B:i}52,. Compute

"NE — P(X;
= oo | S )
. p’[{Zi(& - )‘7;6?)2 + Zi;éz )‘i)‘lﬁz?ﬂ?}l/z] 1/241/2
-5("sa s S NGB k)
_ E{ P28 = XasiBi)°Y? + 2, Midilsi8:) (s181)°]?) AL/2
D20 = NilsiBi)? 12 + 2o Nida(siBi) 2 (s 2
= Ay

)\llc/zsj/@jskﬂk}

Thus, Aj;, = 0. Therefore, the operator &% is diagonalized by the same functions @1, ¢2,. ..
as €. By computing the diagonal coordinates with j = k in (5) we obtain (6).



97

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144

Supplementary file: Dispersion operators and resistant functional data analysis 3

A TECHNICAL LEMMA
LEMMA 1. Under the assumptions of Theorem 1,

(a) the linear operator 2 (P; u) defined in equation (Al) is a bijection of H onto itself, it is
bounded and has bounded inverse,

(b) the linear operator D (P; %, 1) defined in equation (A2) is a bijection of HS(H,H) onto
itself, it is bounded and has bounded inverse.

Proof. We prove part (a); the proof of part (b) is similar. The proof uses and extends the steps
of the proof of Lemma 1 (iii) of |Gervini| (2008) modified for the present context of general p and
generalized to the case of infinitely many components in the Karhunen—Loe¢ve expansion.

Recall that

TR =) L [P UX =) AUX s e ],
2P = Ee | “”{ X—uE X AP }@(X’“)}’

see the appendix of the main body of the paper. To show that 2(P; 1) is a bijection, we need
to find for any h € H a unique element f € H such that Z(P; u)f = h. The set of orthonor-
mal eigenfunctions {}}2°, of € can be extended to an orthonormal basis of # by possibly
adding some functions {1} }}_, with ¢ finite or infinite or zero. It is then enough to verify
the relation Z(P;u)f = h in terms of the Fourier coefficients of both sides with respect to
the basis {¢r}32, U {tr}i_;, i.e., to show that (Z(P;p)f, or) = (h, i) forall k =1,2,...
and (Z(P; p) f,x) = (h,¢x) forall k =1,...,q. As (Z(P; ) f,n) = (f, Z2(P; u)eor) and
(D(P; ) f,¥n) = (f, Z(P; u)ipy), we first investigate Z(P; p)y and Z(P; p) .
We begin by exploring the structure of the operator 2(P; 11). We can rewrite

EP{P/(”X — N”)@(X7M)} = Ep(E®8&),

X = pl?
where
- AUX =) A UX =) e
T Z TIX e Peen = 2 N Beer - (8)
k= k=
with

v P IX — ) o
Ak—)\kEP{HX_ E B ¢

= PIX = ) /[ { (I1X = pll) o HW
= S Xl )

Thus, we need to find the covariance operator of €. The series expansion of € is a Karhunen—
Loeve expansion because the coefficients 3 have zero mean and unit variance and are uncorre-
lated (which follows from the fact that the distribution of {3} is invariant under the change of
the sign of any component). Therefore, since Ep(||€]?) < oo, which follows immediately from

the assumption that
/ X _
PREC ST
X = u
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4 KRrAUS, D., PANARETOS, V. M.
the operator of interest, as the covariance operator of £, takes the form

k=1
Using analogous arguments for

PUIX — )
1X = ull

(X - 'u)v
we can show that
/! I/
PUUIX = ul) 4 } { (X = pll) | a2
EP{ E Epq ———5 Bk p ok @ @k
[ X — wll? | X — plf? g

Hence, we finally obtain Z(P; i) in the form

// X / X_
+§:E H ‘l ij) ﬂi—uﬂn}Mﬁd¢k®Wk

Therefore, for k = 1,2,... we have

p'(UIX — pl) PUX —pll)  P'IX —pl) 2
2(P; pn)er —EP{ or + Ep - MeBie | P
[ X = pl 1 X = pu|? X — plf? :
and, fork =1,...,q, we have

b = 5o ZIX DY,

Thus, we obtain

<9(P7N)f790k>:Vk<fﬂ0k> (k:1727)7
(DP;u) fobk) =nlf, o) (k=1,...,9),

where
MWX—MW} PIUIX —ull)  PUX = pl)\ a2

Vk—Ep{ + A\t Ep — 15} (k':1,2,)
X — wl 1 X — 2 X —pl® 7

and

_ o JPUX —pl)
"= EP{ IX 4l }

So £, the candidate for 2(P; ;1) =1 h, should have Fourier coefficients (f, ¢r), (f, 1) satisfying
the system of equations

Vk<f790k>:<h7§0k> (k:1727)7 n<fawk>:<h7wk> (kzlv"’a(J)‘

To be able to write (f, ¢x) = (h, pr)/vk, we need to show that v (k=1,2,...) and 7 are
nonzero and finite. Then, f will be uniquely determined by the formula

q
oy 4y el
k=1 "
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provided that f is a well-defined element of H, that is,

o0 q w
||f||2=Z Z 0 _ . (S3)

k=1 k=1

We assumed that < oo and we immediately see that 17 > 0 because p is strictly increasing.
We now deal with v, (k=1,2,...). We will show that there exist 0 < a < b < 0o such that
v € |a,b] forallk =1,2,...

First we establish the lower bound a. Using the Karhunen-Logéve expansion we can
rewrite

PUX = ) 11X = sl)
e ZAk‘ZAkEP{ e S

Each term in the series on the right hand side of (S4)) is obviously positive and by finiteness of
the left hand side it is finite, and thus the differences

E p’(HX—uu)}_A . {p’(llX—ull) } o
P{ 1X —ul FER X P Pk (55

which appear in the expression for vy, are positive and bounded away from zero by a constant a.

The remaining term

/!

P UIX = ) 42

Ak EP{/B (S6)
IX —pfz

appearing in v, is nonnegative as p” > 0 because p is convex. It follows that v, > a for all
k=1,2,...
Now we find the upper bound b. By applying the same idea as in (S4) to €, we obtain

) °° (X )
Bele/ 1 — D} = 3w B P et )

In view of (S7), the terms (S6) are smaller than or equal to Ep{p” (|| X — p||)}. The differences
(S3)) are smaller than
/ X _
PREETIN
IX = p

Therefore, we have that v, < bforall k =1,2,... with

(20X =) .
b= gef “UE AL 4 Bt (1x - )

Finally, it remains to show (S3)), which is now straightforward because

= 3 S, $ 0 T ”

— P min(a,n) ~ min(a,n)

[y

< oQ.

This shows that f is a well defined element of H and thus the linear operator 2(P; ) is a bijec-
tion of 7 onto itself. It also shows that the inverse 2(P; 1) ! is a bounded operator. Hence also
the operator Z(P; ) is bounded by the bounded inverse theorem or by direct verification. O
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6 KRAUS, D., PANARETOS, V. M.

Remark: As vy are bounded away from zero and bounded from above, the operator Z(P; i) is
only a small perturbation of a multiple of the identity. This gives an intuitive explanation why it
inherits its bijectivity and boundedness.

PROOF OF THEOREM 1

It is enough to prove the weak convergence of nt/ 2%(?’1, ﬁ’g, an; R , 1, f12). The weak con-
vergence of the vector with components S; will then follow directly from Slutsky’s theorem.
The continuous mapping theorem and Slutsky’s theorem will then establish the weak conver-
gence of the statistic 7'. Applying a Taylor expansion (Nelson, |1969, Theorem 6, p. 12) of
PB(P1,Pa,an; #, 11, 12) around the true values of the parameters yields

”1/2@051, |f’2,an;«%’?,,&hﬂz) = nl/z,%’(lsl, |52’an;*%’:ulvu2)
+ D1 (P1, Pa, ans Z°, 15, p3)n'/A(% — %)
+al/*D(Py; 2°, 1)y (fin — )
— (1= an)2D(Py; 2°, )y (j1z — ),

(S8)

where
0
@ (P17P27a 74 /.1,1,/12) @%(Plvp%a galuhMQ)
= a®(Py; %, 1) — (1 — a)D(Po; Z, p2)
and

DP: A1) = - G(P; %, ), D(P;%,u>=i%<P;%,u>-

0%

See the Appendix in the main body of the paper for explicit formulae. .
We now turn to develop certain asymptotic representations for fi1, fi2 and Z. Using the Taylor
expansion, law of large numbers and consistency of ji; we get

0 = n2G(P1; ) = n/2G(P1; ) + 2(Py; i)' (g — 1)
= 012 G(Py; 1) + D(P; )nd*(jin — ) + op(1),

where the term op(1) is due to the fact that we replace Z(P1; 1) by its limit Z(P1; u1). From
this and an analogous expansion for p2 we obtain

ny (1 — ) = —2(Pr; ) "0y G(Py; ) + op(1),
ny 2 (fiz — p2) = —2(Pa; p12) "'y *G(Pa; p2) + op(1).

The existence of the bounded inverse operators in the above equations, as well as of other in-
verse operators appearing later in the proof, is shown in Lemma |1} The Taylor expansion of the
estimating score for % around the true values is

0 = n1/2g(|51’ Isg,an;@,ﬂl,ﬂg) = nI/Q%(Isl, Isg,an;% s 142)
+Do(P1, Py, an; 74, i, pb)n? (% — %)
+al?D(Py; %, i)y (A — )

+ (1= an)2D(Po; 2%, i ny* (i — o),

(89)
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where D¢ (P1, P2, a; Z, pu1, u2) = a®(P1; %2, 11) + (1 — a)O(P2; Z, p2). This yields

n1/2(‘%? - ‘%) = _QO(Ph P27 G;%, M1, ,U/Q)_l
(024 (Py, Py, an; R, 1, i) + a/2D(P; %, i nt? iy — 1)

+ (1= ay) V2D(Po; 2, yb)nd (12 — 2)}
+ Op(l)7

(S10)

here again the term op(1) is present because we replace the empirical distributions by their
theoretical counterparts in ®g and .

The different Taylor expansions we have used contain various elements denoted by ©, T,
which lie on the line segments between the true and estimated corresponding parameters. We
will replace all of these elements by the true values of the parameters. Due to the consistency
of the estimators, the difference between a quantity at the true value of the parameters and at
a value on the line segment between the true value and the estimator converges in probability to
zero. Moreover, the quantities involving elements marked with ©, T or ¥ are always multiplied by
a term that is bounded in probability (by its convergence in distribution which will be seen later).
Hence, the change we make by replacing the elements marked with °, T or * by their true values
is asymptotically negligible. The reason for doing this is that we obtain simpler formulas.

Denote

91(P1,Pa,a; Z, pa, p2) =T — D1(P1, Po, a5 %, pia, 112) Do (P1, Pa, a3 2, pua, pi2) ™",
Hy (P, Po, a; Z, 1, pi2) = 57)1(P17P27a;<@7ﬂ1>ﬂ2)D(Pl§%aMl)-@(PliMl)_la
92(P1,Po,a; Z, pa, p2) = 3+ D1(P1, P2, a; Z, 11, p2)Do(P1, P2, a3 Z, i1, p2) ™",
Ha(P1, P2, a; Z, pn, p12) = H2(P1, Pa, a; Z, pua, pi2)D(Po; Z, 112) D (Pa; p2) ",

where J stands for the identity operator on HS(H, H). Inserting (S9) and (S10) into (S8), we
obtain

n2B(P1, Py, an; Z, fun, fi2) = a3/ > 91 (P1, Pz,a;%,m,m)niﬂg(ﬁ’ﬁ%, pa)
— ap/*Hy (Py, P2, a; %, 111, M2)ni/2G<F31; pa)

+ (1 = an)V2Hy (P, Pa, a; %, 111, o)/ 2G(Po; o)
+ Op(l).

The term op(1) is due to the fact that we have replaced the quantities marked with ©, T, * by their
true counterparts.
By the central limit theorem for Hilbert spaces (Bosg, 2000, Theorem 2.7), the operators

n}/ &% (P1; %, 111), ni/ ’q (P1; p1) jointly converge in distribution to a zero-mean Gaussian ran-
dom variable in HS(?, H) x H. The asymptotic covariance operator of ni/ &% (P1; %, 1), i.e.,
an operator on operators on #, can be estimated by the empirical covariance J(P1; %, j11), where

/ . _ ®2
apia = e (| =2 o - iy g )
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8 KRAUS, D., PANARETOS, V. M.

with the notation .72 = o/ ® &/ for &/ € HS(H,H), the asymptotic covariance operator of
n}/QG(ﬁl; 1), i.€., an operator on #, can be estimated by /(Isl; fi1), where

I (P;p)=Ep [{w(“ X G(P;M)}m]

with f®? = f ® f for f € H, and the asymptotic cross-covariance operator of ni/ % (Isl;% , 1)

and n1/2G(FA’1; (1), 1.e., an operator from # to operators on H, can be estimated by J(ﬁ’u z@, Q1),
where

P2 (X5 ) — 2|}

s(psct.) = o | (# - 2 (X340} - 9 (Ps2.10)

(2K ) — ]
JUX—ul), o
®{ X =) # G(P"‘)})‘

Similarly, n;/ g (Isg;%, 12), n;/ 2G(|52; o) jointly converge in distribution to a zero-mean
Gaussian random element with covariance estimators analogous to those mentioned above for
the sample from P;. As the samples are independent, all four random variables jointly converge
in distribution. o .

Finally, it follows by Slutsky’s theorem that the test operator n'/2.%(P1, Py, an; %, i1, fiz) is
asymptotically distributed as a zero-mean Gaussian operator whose covariance operator can be
consistently estimated by

W(P1, Pa, an; Z, fun, fiz) = anW1(P1, P2, an; Z, jun, fi2)
+ (1 - an)wg(lsl, ISQ) Qnp; Qv ﬂla ﬂ?)a

where

W1 (P1, P2, a; Z, pa, p2)
= 91(P1, P2, a; Z, pu1, 12)I(P1; Z, p11)H1(P1, P2, a3 Z, i, p)*
— $91(P1,P2,a; Z, ju1, p2)J(P1; %, p1 )H1 (P1, P2, a; Z, i, pi2)*
— Hy(P1,Pa, a; %, pua, p2)J(P1; Z, 111)* H91(P1, P2, a; Z, pa, p12)*
+ My (P1, Po, a; Z, pa, p2) F (P1; Z, pa )Hi (P1, Pa, a; Z, pa, p2)”

with * denoting adjoint operators, and s (Py, P2, a; Z, p1, p2) is defined analogously with
Hs, $2 in place of Hj, $1, respectively, and P3 instead of Py in 3, J, ¢
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